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Preface 


The main purpose of this second edition is essentially the same as the first edition with changes noted below. 
Accordingly, first we quote from the preface by Murray R. Spiegel in the first edition of this text. 

“This book is designed to be used either as a textbook for a formal course in vector analysis or as a useful 
supplement to all current standard texts.” 

"Each chapter begins with a clear statement of pertinent definitions, principles and theorems together 
with illustrated and other descriptive material. This is followed by graded sets of solved and supplementary 
problems. ... Numerous proofs of theorems and derivations of formulas are included among the solved pro- 
blems. The large number of supplementary problems with answers serve as complete review of the material 
of each chapter.” 

“Topics covered include the algebra and the differential and integral calculus of vectors, Stokes’ 
theorem, the divergence theorem, and other integral theorems together with many applications drawn 
from various fields. Added features are the chapters on curvilinear coordinates and tensor analysis ... .” 

“Considerable more material has been included here than can be covered in most first courses. This has 
been done to make the book more flexible, to provide a more useful book of reference, and to stimulate 
further interest in the topics.” 

Some of the changes we have made to the first edition are as follows: (a) We expanded many of the sec- 
tions to make it more accessible for out readers. (b) We reformatted the text, such as, the chapter number is 
included in the label of all problems and figures. (c) Many results are restated formally as Propositions and 
Theorems. (d) New material was added, such as, a discussion of linear dependence and linear independence, 
and a discussion of R” as a vector space. 

Finally, we wish to express our gratitude to the staff of McGraw-Hill, particularly to Charles Wall, for 
their excellent cooperation at every stage in preparing this second edition. 


SEYMOUR LIPSCHUTZ 
DENNIS SPELLMAN 


Temple University 
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Vectors and Scalars 


1.1 Introduction 


The underlying elements in vector analysis are vectors and scalars. We use the notation R to denote the 
real line which is identified with the set of real numbers, R? to denote the Cartesian plane, and R° to 
denote ordinary 3-space. 


Vectors 


There are quantities in physics and science characterized by both magnitude and direction, such as dis- 
placement, velocity, force, and acceleration. To describe such quantities, we introduce the concept of a 
vector as a directed line segment PQ from one point P to another point Q. Here P is called the initial 
point or origin of PQ , and Q is called the terminal point, end, or terminus of the vector. DP 

We will denote vectors by bold-faced letters or letters with an arrow over them. Thus the vector PO may 
be denoted by A or A as in Fig. 1-1(a). The magnitude or length of the vector is then denoted by 


IPĜ |, AL, IŻ], or A. 
The following comments apply. 


(a) Two vectors A and B are equal if they have the same magnitude and direction regardless of their initial 
point. Thus A — B in Fig. 1-1(a). 

(b) A vector having direction opposite to that of a given vector A but having the same magnitude is denoted 
by —A [see Fig. 1-1(b)] and is called the negative of A. 


(a) (b) 
Fig. 1-1 


Scalars 


Other quantities in physics and science are characterized by magnitude only, such as mass, length, and 
temperature. Such quantities are often called scalars to distinguish them from vectors. However, it must 
be emphasized that apart from units, such as feet, degrees, etc., scalars are nothing more than real 
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numbers. Thus we can denote them, as usual, by ordinary letters. Also, the real numbers 0 and 1 are part of 
our set of scalars. 


1.2 Vector Algebra 


There are two basic operations with vectors: (a) Vector Addition; (b) Scalar Multiplication. 


(a) Vector Addition 


Consider vectors A and B, pictured in Fig. 1-2(a). The sum or resultant of A and B, is a vector C formed by 
placing the initial point of B on the terminal point of A and then joining the initial point of A to the terminal 
point of B, pictured in Fig. 1-2(b). The sum C is written C — A 4- B. This definition here is equivalent to the 
Parallelogram Law for vector addition, pictured in Fig. 1-2(c). 


(a) (b) (c) 
Fig. 1-2 


Extensions to sums of more than two vectors are immediate. Consider, for example, vectors A, B, C, D 


in Fig. 1-3(a). Then Fig. 1-3(b) shows how to obtain the sum or resultant E of the vectors A, B, C, D, that is, 
by connecting the end of each vector to the beginning of the next vector. 


D 


E=A+B+C+D 


(b) 
Fig. 1-3 


The difference of vectors A and B, denoted by A — B, is that vector C, which added to B, gives 
A. Equivalently, A — B may be defined as A + (—B). 

If A = B, then A — B is defined as the null or zero vector; it is represented by the symbol 0 or 0. It has 
zero magnitude and its direction is undefined. A vector that is not null is a proper vector. All vectors will 
be assumed to be proper unless otherwise stated. 


(b) Scalar Multiplication 


Multiplication of a vector A by a scalar m produces a vector mA with magnitude |m| times the magnitude of 
A and the direction of mA is in the same or opposite of A according as m is positive or negative. If m = 0, 
then mA = 0, the null vector. 
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Laws of Vector Algebra 


The following theorem applies. 
THEOREM 1.1: Suppose A, B, C are vectors and m and n are scalars. Then the following laws hold: 
[Ai] (A+B)+C=(A+B)+C Associative Law for Addition 


[A>] There exists a zero vector 0 such that, for 
every vector A, 


A+0=0+A=A Existence of Zero Element 
[A3] For every vector A, there exists a vector 

—A such that 

A+ (—A) = (—A)+A=0 Existence of Negatives 
[A4] A+B=B+A Commutative Law for Addition 
[Mi] m(A + B) = mA + mB Distributive Law 
[Mo] (m+nA=mA+nA Distributive Law 
[M3] m(nA) = (mn)A Associative Law 
[Mj] I(A)=A Unit Multiplication 


The above eight laws are the axioms that define an abstract structure called a vector space. 
The above laws split into two sets, as indicated by their labels. The first four laws refer to vector addition. 
One can then prove the following properties of vector addition. 


(a) Any sum A; + A, +---+A,, of vectors requires no parentheses and does not depend on the order of 
the summands. 

(b) The zero vector 0 is unique and the negative —A of a vector A is unique. 

(c) (Cancellation Law) If A+ C = B + C, then A = B. 


The remaining four laws refer to scalar multiplication. Using these additional laws, we can prove the 
following properties. 


PROPOSITION 1.2: (a) For any scalar m and zero vector 0, we have m0 = 0. 
(b) For any vector A and scalar 0, we have 0A = 0. 
(c) If mA = 0, thenm=0orA=0. 
(d) For any vector A and scalar m, we have (—m)A = m(—A) = —(mA). 


1.3 Unit Vectors 


Unit vectors are vectors having unit length. Suppose A is any vector with length |A| > 0. Then A/|A| 
is a unit vector, denoted by a, which has the same direction as A. Also, any vector A may be represented 
by a unit vector a in the direction of A multiplied by the magnitude of A. That is, A = |Ala. 


EXAMPLE 1.1 Suppose |A| = 3. Then a = |A|/3 is a unit vector in the direction of A. Also, A = 3a. 


1.4 Rectangular Unit Vectors i, j, k 


An important set of unit vectors, denoted by i, j, and k, are those having the directions, respectively, of the 
positive x, y, and z axes of a three-dimensional rectangular coordinate system. [See Fig. 1-4(a).] 

The coordinate system shown in Fig. 1-4(a), which we use unless otherwise stated, is called a right- 
handed coordinate system. The system is characterized by the following property. If we curl the fingers 
of the right hand in the direction of a 90° rotation from the positive x-axis to the positive y-axis, then 
the thumb will point in the direction of the positive z-axis. 
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Generally speaking, suppose nonzero vectors A, B, C have the same initial point and are not 
coplanar. Then A, B, C are said to form a right-handed system or dextral system if a right-threaded screw 
rotated through an angle less than 180° from A to B will advance in the direction C as shown in Fig. 1-4(b). 


Ka 


Fig. 1-4 


Components of a Vector 


Any vector A in three dimensions can be represented with an initial point at the origin O = (0, 0, 0) and its 
end point at some point, say, (A1, A», A3). Then the vectors Aji, A»j, Ask are called the component vectors 
of A in the x, y, z directions, and the scalars Aj, A», As are called the components of A in the x, y, z 
directions, respectively. (See Fig. 1-4(c).) 

The sum of Aji, A2j, and Ask is the vector A, so we may write 


A = Aj + A,j+A3k 


IA| = Aj +43 +45 


Consider a point P(x, y, z) in space. The vector r from the origin O to the point P is called the position 
vector (or radius vector). Thus r may be written 


The magnitude of A follows: 


r= xi + yj + zk 


It has magnitude |r| = y2 + ? + 2. 


The following proposition applies. 
PROPOSITION 1.3: Suppose A = Aji + A2j + Ask and B = Bji + Boj + B3k. Then 
(i) A+B = (A; + Bii + (A2 + B2)j + (As + B3)k 
Gi) mA = m(Ajii + Aaj + Ask) = (mA) )i + (mA2)j + (mA3)k 


EXAMPLE 1.2 Suppose A = 3i + 5j — 2k and B = 4i — 8j + 7k. 


(a) To find A + B, add corresponding components, obtaining A + B = 7i — 3j + 5k 
(b) To find 3A — 2B, first multiply by the scalars and then add: 


3A — 2B = (9i + 15j — 6k) + (—8i + 16j — 14k) = i+ 31j — 20k 
(c) To find |A| and |B], take the square root of the sum of the squares of the components: 


IA] = 494-2544 — v38 and |B) = V16+ 64 4- 49 = 4/129 
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1.5 Linear Dependence and Linear Independence 


Suppose we are given vectors A1, À»,..., A, and scalars aj, az, ..., an. We can multiply the vectors by the 
corresponding scalars and then add the corresponding scalar products to form the vector 


B = aA; + 22À2 t: àa4As 


Such a vector B is called a linear combination of the vectors Aj, A», ..., A, 
The following definition applies. 


DEFINITION Vectors Aj, A>, ..., A, are linearly dependent if there exist scalars a4, az, . .., an, not all 
zero, such that 


ajA; + 22A2 +--+ +a,A, = 0 
Otherwise, the vectors are linearly independent. 
The above definition may be restated as follows. Consider the vector equation 
XIA + X2À2 +--+ +X, An = 0 


where xj, X2,...,X, are unknown scalars. This equation always has the zero solution x; = 0, 
X2 = 0,..., x, = 0. If this is the only solution, the vectors are linearly independent. If there is a solution 
with some x; 4 0, then the vectors are linearly dependent. 

Suppose A is not the null vector. Then A, by itself, is linearly independent, since 


mA —0 and A ¥0, implies m = 0 
The following proposition applies. 


PROPOSITION 1.4: Two or more vectors are linearly dependent if and only if one of them is a linear 
combination of the others. 


COROLLARY 1.5: Vectors A and B are linearly dependent if and only if one is a multiple of the other. 


EXAMPLE 1.3 

(a) The unit vectors i, j, k are linearly independent since neither of them is a linear combination of the other two. 

(b) Suppose aA + bB + cC = a'A + b'B + c'C where A, B, C are linearly independent. Then a = à, b= b, 
C=C: 


1.6 Scalar Field 


Suppose that to each point (x, y, z) of a region D in space, there corresponds a number (scalar) dx, y, z). 
Then @ is called a scalar function of position, and we say that a scalar field h has been defined on D. 


EXAMPLE 1.4 
(a) The temperature at any point within or on the Earth's surface at a certain time defines a scalar field. 
(b) The function d(x, y, z) = P3 yr z? defines a scalar field. Consider the point P(2, 3, 1). Then 

oP) = 8(3) — 1 = 23. 


A scalar field œ, which is independent of time, is called a stationary or steady-state scalar field. 


1.7 Vector Field 


Suppose to each point (x, y, z) of aregion D in space there corresponds a vector V(x, y, z). Then V is called a 
vector function of position, and we say that a vector field V has been defined on D. 
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EXAMPLE 1.5 

(a) Suppose the velocity at any point within a moving fluid is known at a certain time. Then a vector field is defined. 

(b) The function V(x, y, z) = xy^i — 2yz*j + x?zk defines a vector field. Consider the point P(2, 3, 1). Then 
V(P) = 18i — 6j + 4k. 


A vector field V which is independent of time is called a stationary or steady-state vector field. 


1.8 Vector Space R" 


Let V = R” where R” consists of all n-element sequences u = (a1, a2, ..., an) of real numbers called the 
components of u. The term vector is used for the elements of V and we denote them using the letters u, 
v, and w, with or without a subscript. The real numbers we call scalars and we denote them using 
letters other than u, v, or w. 

We define two operations on V = R”: 


(a) Vector Addition 
Given vectors u = (a, a2,..., an) and v = (bi, bo,...,b,) in V, we define the vector sum u + v by 
Uu t v — (a; c bi, a + bo... an + bn) 


That is, we add corresponding components of the vectors. 


(b) Scalar Multiplication 


Given a vector u = (a), à5,...,a,) and a scalar k in R, we define the scalar product ku by 
ku = (ka;, kao,..., kan) 
That is, we multiply each component of u by the scalar k. 


PROPOSITION 1.6: V = R” satisfies the eight axioms of a vector space listed in Theorem 1.1. 


SOLVED PROBLEMS 


1.1. State which of the following are scalars and which are vectors: 
(a) specific heat, (b) momentum, (c) distance, (d) speed, (e) magnetic field intensity 
Solution 


(a) scalar, (b) vector, (c) scalar, (d) scalar, (e) vector 


1.2. Represent graphically: (a) a force of 10 Ib in a direction 30^ north of east, 
(b) a force of 15 Ib in a direction 30° east of north. 


Solution 
Choosing the unit of magnitude shown, the required vectors are as indicated in Fig. 1-5. 


N N 
l 
Unit = 5 Ib 


v 


m (b) 
Fig. 1-5 
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1.3. An automobile travels 3 miles due north, then 5 miles northeast. Represent these displacements 
graphically and determine the resultant displacement: (a) graphically, (b) analytically. 


Solution 


Figure 1.6 shows the required displacements. 
Vector OP or A represents displacement of 3 miles due north. 
Vector PQ or B represents displacement of 5 miles north east. 
Vector OQ or C represents the resultant displacement or sum of vectors A and B, i.e. C = A + B. This is the 
triangle law of vector addition. 
The resultant vector OQ can also be obtained by constructing the diagonal of the parallelogram OPQR having 
vectors OP = A and OR (equal to vector PQ or B) as sides. This is the parallelogram law of vector addition. 
(a) Graphical Determination of Resultant. Lay off the 1 mile unit on vector OQ to find the magnitude 7.4 miles 
(approximately). Angle EOQ = 61.5°, using a protractor. Then vector OQ has magnitude 7.4 miles and 
direction 61.5? north of east. 

(b) Analytical Determination of Resultant. From triangle OPQ, denoting the magnitudes of A, B, C by A, B, C, 
we have by the law of cosines 


C? = A? + B? — 2AB cos ZOPQ = 3? + 5? — 2(3)(5) cos 135° = 34 + 15/2 = 55.21 
and C — 7.43 (approximately). 


C 


f —-— . Then 
sinZOQP  sinZOPQ 


By the law of sines, 


AsinZOPQ — 3(0.707) 
C |^. 7143 


sin ZOOP = = 0.2855 and ZOOQP = 16°35’. 


Thus vector OQ has magnitude 7.43 miles and direction (45° + 16°35’) = 61°35’ north of east. 


N 


N Q 


P 
C 
W E 
L3 
W E Unit = 5 ft 
Unit = 1 mile S 
S R 
Fig. 1-6 Fig. 1-7 


1.4. Find the sum (resultant) of the following displacements: 
A: 10 ft northwest, B: 20 ft 30? north of east, C: 35 ft due south. 


Solution 


Figure 1-7 shows the resultant obtained as follows (where one unit of length equals 5 feet). 

Let A begin at the origin. At the terminal point of A, place the initial point of B. At the terminal point of B, 
place the initial point of C. The resultant D is formed by joining the initial point of A to the terminal point of C, 
that is, D — A 4- B 4 C. Graphically, the resultant D is measured to have magnitude 4.1 units — 20.5 ft and 
direction 60° south of east. 


1.5. 


1.6. 


1.7. 
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Show that addition of vectors is commutative, that is, A+ B = B + A. (Theorem 1.1 [A4].) 


Solution 
As indicated by Fig. 1-8, 

OP+PQ=O0OQo0rA+B=C and OR+RQ=OQorB+A=C 
Thus A+B=B+A. 


Fig. 1-8 Fig. 1-9 


Show that addition of vectors is associative, that is, A + (B + C) = (A+ B) + C. (Theorem 1.1 [Aj].) 


Solution 
As indicated by Fig. 1-9, 


OP--PQ— OQ — (A--B) and PQ+QR=PR=(B+C) 
OP+PR=OR=DorA+(B+C)=D and O0Q+QOR=OR=Dor(A+B)+C=D 


Then A 4- (B 4- C) — (A 4- B) 4 C. 


Forces F;, F5,..., Fg act on an object P as shown in Fig. 1-10(a). Find the force that is needed to 
prevent P from moving. 


Solution 


Since the order of addition of vectors is immaterial, we may start with any vector, say F;. To F; add Fo, then F5, 
and so on as pictured in Fig. 1-10(b). The vector drawn from the initial point of F, to the terminal point of Fs is 
the resultant R, that is, R= F; + Fo +---4+ Fg. 

The force needed to prevent P from moving is —R, sometimes called the equilibrant. 


(a) (b) 


Fig. 1-10 
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1.8. Given vectors A, B, and C in Fig. 1-11(a), construct A — B + 2C. 


Solution 
Beginning with A, we add —B and then add 2C as in Fig. 1-11(b). The resultant is A — B 4- 2C. 


RR 


(a) (b) 
Fig. 1-11 


1.9. Given two non-collinear vectors a and b, as in Fig. 1-12. Find an expression for any vector r lying in 
the plane determined by a and b. 


Solution 


Non-collinear vectors are vectors that are not parallel to the same line. Hence, when their initial points 
coincide, they determine a plane. Let r be any vector lying in the plane of a and b and having its initial 
point coincident with the initial points of a and b at O. From the terminal point R of r, construct lines parallel 
to the vectors a and b and complete the parallelogram ODRC by extension of the lines of action of a and b if 
necessary. From Fig. 1-12, 


OD — x(OA) — xa, where x is a scalar 


OC = y(OB) = yb, where y is a scalar. 


But by the parallelogram law of vector addition 
OR=OD+OC or r=xa+yb 


which is the required expression. The vectors xa and yb are called component vectors of r in the directions a 
and b, respectively. The scalars x and y may be positive or negative depending on the relative orientations 
of the vectors. From the manner of construction, it is clear that x and y are unique for a given a, b, and r. 
The vectors a and b are called base vectors in a plane. 


Fig. 1-12 Fig. 1-13 


1.10. 


1.11. 


1.12. 


1.13. 


1.14. 
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Given three non-coplanar vectors a, b, and c, find an expression for any vector r in three-dimensional 
space. 


Solution 


Non-coplanar vectors are vectors that are not parallel to the same plane. Hence, when their initial points 
coincide, they do not lie in the same plane. 

Let r be any vector in space having its initial point coincident with the initial points of a, b, and c at O. Through 
the terminal point of r, pass planes parallel respectively to the planes determined by a and b, b and c, and a and c; 
Refer to Fig. 1-13. Complete the parallelepiped PORSTUV by extension of the lines of action of a, b, and c, if 
necessary. From 


OV = x(OA) = xa where x is a scalar 
OP = y(OB) = yb where y is a scalar 
OT = x(OC) = zc where z is a scalar. 


But OR = OV + VQ + QR = OV + OP + OT or r = xa + yb + ze. 

From the manner of construction, it is clear that x, y, and z are unique for a given a, b, c, and r. 

The vectors xa, yb, and ze are called component vectors of r in directions a, b, and c, respectively. The vectors 
a, b, and c are called base vectors in three dimensions. 

As a special case, if a, b, and c are the unit vectors i, j, and k, which are mutually perpendicular, we see that 
any vector r can be expressed uniquely in terms of i, j, k by the expression r = xi 4- yj + zk. 

Also, if c = 0, then r must lie in the plane of a and b, and so the result of Problem 1.9 is obtained. 


Suppose a and b are non-collinear. Prove xa + yb = 0 implies x = y = 0. 


Solution 


Suppose x # 0. Then xa + yb = 0 implies xa = —yb or a = —(y/x)b, that is, a and b must be parallel to the 
same line (collinear) contrary to hypothesis. Thus, x — 0; then yb — 0, from which y — 0. 


Suppose x4a + y, b = x2a + yb, where a and b are non-collinear. Prove x; = x? and y, = yo. 


Solution 


Note that xja + yıb = x»a + y?b can be written 


xa + yib — 653a + yb) 2 0. or (i — x5)a + (yı — y2)b = 0. 


Hence, by Problem 1.11, xı — x2 = 0, yı — y2 = 00r x1 = x», y1 = yo. 


Suppose a, b, and c are non-coplanar. Prove xa + yb + ze = 0 implies x = y = z= 0. 


Solution 


Suppose x # 0. Then xa + yb + ze = 0 implies xa = —yb — ze or a = —(y/x)b — (z/x)c. But —(y/x)b — (z/xJe 
is a vector lying in the plane of b and c (Problem 1.10); that is, a lies in the plane of b and c, which is clearly a con- 
tradiction to the hypothesis that a, b, and c are non-coplanar. Hence, x = 0. By similar reasoning, contradictions are 
obtained upon supposing y 4 0 and z 4 0. 


Suppose xja+ yıb + z1¢ = x2a + y,b + z2¢, where a, b, and c are non-coplanar. Prove x; = x2, 
yi = y», and zı = 22. 


Solution 


The equation can be written (xı — x2)a + (y — y2)b + (zı — z2)e = 0. Then, by Problem 1.13, 


Xy—x?2-0,yi—yo2-0,z —70520 or xq—xsyr- y» Z1 = Z2. 


CHAPTER 1 Vectors and Scalars 


1.15. 


1.16. 


1.17. 


Suppose the midpoints of the consecutive sides of a quadrilateral are connected by straight lines. 
Prove that the resulting quadrilateral is a parallelogram. 


Solution 


Let ABCD be the given quadrilateral and P, Q, R, S the midpoints of its sides. Refer to Fig. 1-14. 
Then, PQ=}(a+b), QR= j(b+ce), RS=j(c+d), SP=}(d+a). 
But, a + b + c +d = 0. Then 


PQ =!(a+b)=—1(c+d)=SR and QR=!(b+c)=—1(d+a) = PS 


Thus, opposite sides are equal and parallel and PQRS is a parallelogram. 


Fig. 1-14 Fig. 1-15 


Let P, P2, and P3 be points fixed relative to an origin O and let rj, r2, and r3 be position vectors from 
O to each point. Suppose the vector equation ar; + a2r2 + a3r3 = 0 holds with respect to origin O. 
Show that it will hold with respect to any other origin O’ if and only if a; + a» + a3 = 0. 


Solution 


Let rj, r5, and r5 be the position vectors of Pı, P2, and P5 with respect to O' and let v be the position vector of O' 
with respect to O. We seek conditions under which the equation air} + azr} + azr} = 0 will hold in the new 
reference system. 

From Fig. 1-15, it is clear that rı = v + rj, r2 = v + rj, r3 = v +r} so that arı + aoro + a3r3 = 0 
becomes 


arı + ao; + a3r3 = a1 (V rj) + ao(v + r5) + ax(v + r3) 


= (a1 + a + a3)v + air] + aor, +ar, = 0 
The result air} + aor, + azr} = 0 will hold if and only if 
(ai +a: +a3)v=0, i.e. ai +a +a = 0. 
The result can be generalized. 


Prove that the diagonals of a parallelogram bisect each other. 


Solution 


Let ABCD be the given parallelogram with diagonals intersecting at P as in Fig. 1-16. 
Since BD+a=b, BD=b-—a. Then BP = x(b — a). 

Since AC=a+b, AP = y(a + b). 

But AB = AP + PB = AP — BP, 

that is, a = y(a + b) — x(b — a) = (x + y)a + (y — x)b. 


1.18. 


1.19. 
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Since a and b are non-collinear, we have by Problem 1.12, x + y = 1 and y —x = 0 (i.e., x = y = 5) and P is 
the mid-point of both diagonals. 


Fig. 1-17 


Find the equation of the straight line that passes through two given points A and B having position 
vectors a and b with respect to the origin. 


Solution 

Let r be the position vector of a point P on the line through A and B as in Fig. 1-17. Then 
OA+AP=OP or a+AP=r (ie, AP=r-—a) 

and 
OA+AB=OB or a+AB=bD (ie,AB—b-—a) 

Since AP and AB are collinear, AP = tAB or r — a = ¢(b — a). Then the required equation is 


r=a+¢b—a) or r—(1—0a-4 tb 


If the equation is written (1 — £)a + tb — r = 0, the sum of the coefficients of a, b, and r is 1 — t+ t — 1 = 0. 
Hence, by Problem 18, it is seen that the point P is always on the line joining A and B and does not depend on the 
choice of origin O, which is, of course, as it should be. 


Another Method. Since AP and PB are collinear, we have for scalars m and n: 
mAP = nPB or m(r—a)-n(b-r) 
Solving r = (ma + nb)/(m + n), which is called the symmetric form. 


Consider points P(2, 4, 3) and Q(1, —5, 2) in 3-space R, as in Fig. 1-18. 


(a) Find the position vectors rı and r» for P and Q in terms of the unit vectors i, j, K. 
(b) Determine graphically and analytically the resultant of these position vectors. 


Solution 


(a) rı = OP = OC + CB + BP = 2i + 4j + 3k 
r = OQ = OD + DE + EQ =i — 5j + 2k 
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(b) Graphically, the resultant of r; and r3 is obtained as the diagonal OR of parallelogram OPRQ. Analytically, 
the resultant of rı and rz is given by 


ri +r = (2i + 4j + 3k) + (i — 5j + 2k) = 3i — j + 5k 


Q(1,-S, 2) 


Fig. 1-18 Fig. 1-19 
1.20. Prove that the magnitude of the vector A =A,i+A2j+A3k, pictured in Fig. 1-19, is 


IA] = yA} + A; +43. 


Solution 


By the Pythagorean theorem, 


(OP) = (00) + (OP) 


where OP denotes the magnitude of vector OP, and so on. Similarly, (OO) = (OR) + (RO). 


Then (OP)? = (OR) + (RO) + (QP? or A? = A2 + A2 + A} (ie, A = \/A? + A2 + A2. 


1.21. Given the radius vectors r; = 3i—2j+k, r; = 3i+ 4j+ 9k, ri; = —i+2j+2k. Find the 
magnitudes of: (a) r3, (b) r; + r2 + r3, (c) rı — r2 + 443. 


Solution 


(a) [r5] = | Ci + 2j + 2k| = (71? + QY? + 2? = 3. 
(b) ri 4- r2 +r = 3i + 4j + 12k, hence [ri + r2 +r3| = /9+ 164 144 = 4/169 = 13. 
(c) rj — r; -- 4r4 = 2i - 2j = /4 44 = V8 = 24/2. 


1.22. Find a unit vector u parallel to the resultant R of vectors rı = 2i + 4j — 5k and rz = —i — 2j + 3k. 


Solution 


Resultant R = r; + r2 = (2i + 4j — 5k) + (—i — 2j + 3k) = i + 2j — 2k. Also, 


Magnitude of R = |R] = [i + 2j — 2k| = Ja» + (2)? + (-2y 23. 
Then u is equal to R/|R|. That is, 


u=R/|R| = (i + 2j — 2k)/3 = (1/3)i + 2/3)j — Q/3)k 


Check: |(1/3)i + 2/3)j — (2/3)k| = (1/3)? + (2/3) + (—2/3 = 1. 


1.23. 


1.24. 


1.25. 
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Suppose rı = 2i-j+k, r;—i—3j—2k, r3 = —2i+j—3k. Write r4=i+3j+2k as a 
linear combination of r1, r2, r3; that is, find scalars a, b, c such that r4 = ar, + brz + cr3. 


Solution 


We require 


i+ 3j+ 2k = a(2i — j + k) + b(i — 3j — 2k) + c( —2i + j — 3k) 
= (Qa + b — 2c)i + (—a + 3b + c)j + (a — 2b — 3c)k 


Since i, j, k are non-coplanar, by Problem 1.13, we set corresponding coefficients equal to each other obtaining 
2a+b—2c=1, a+3b+c=3, a—2b—3c=2 
Solving, a = —2, b= 1, c = —2. Thus r4 = —2r, + rp — 2r3. 

The vector r4 is said to be linearly dependent on r1, r2, and r3; in other words rj, r2, r3, and r4 constitute a 
linearly dependent set of vectors. On the other hand, any three (or fewer) of these vectors are linearly 
independent. 


Determine the vector having initial point P(x, y,, z1) and terminal point Q(x2, y2, Z2), and find its 
magnitude. 


Solution 
Consider Fig. 1-20. The position vectors of P and Q are, respectively, 

ri —xjibcyjjczk and r= o») yj+ ak 
Then rı + PQ =r, or 


PQ = r = r; = Gol + yj + 2k) — Gai + yij t+ zik) 
= (x; — x))i+ O2 — yj +  — zi)k. 


Magnitude of PQ = PO = (x; — xiY. + (yo — y. + (z2 — z1). Note that this is the distance between 
points P and Q. 


PO Yi zp 


Q(X, Y». Z2) 


Fig. 1-20 Fig. 1-21 
Determine the angles a, B, and y that the vector r = xi + yj + zk makes with the positive directions 
of the coordinate axes and show that 
cos? a+ cos? B+ cos? y= 1. 
Solution 


Referring to Fig. 1-21, triangle OAP is a right triangle with right angle at A; then cos æ = x/|r|. Similarly, 
from right triangles OBP and OCP, cos — y/|r| and cosy-z/|r|, respectively. Also, 


I 2r- /2- yz. 
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Then, cosa = x/r, cos B = y/r, and cos y = z/r, from which a, B, and y can be obtained. From these, it 
follows that 


x-ycrTZ 
r2 E 


2 


cos? a + cos? B + cos” y = l. 


The numbers cos a, cos f, cos y are called the direction cosines of the vector OP. 


1.26. Forces A, B, and C acting on an object are given in terms of their components by the vector 
equations A = Aji + Aj + Ask, B = Bii + Boj + Bsk, C = Cii + C5j + C3k. Find the magnitude 
of the resultant of these forces. 

Solution 
Resultant force R= A + BJ C= (Ai + By 4 C))i l (A2 + Bo C2)j (A3 + B3 + C3)k. 


Magnitude of resultant = v (A1 + Bi + Ci)? + (A; + By + Cy)? + (A3 + B3 + G3)’. 
The result is easily extended to more than three forces. 


1.27. Find a set of equations for the straight lines passing through the points P(x1, y,, z1) and Q(x, yo, z2). 


Solution 
Let rı and r; be the position vectors of P and Q, respectively, and r the position vector of any point R on the line 


joining P and Q, as pictured in Fig. 1-22 


ri 4 PR—r or PR—r-r; 
ri-PQ-r, o PQ-r-r 


But PR = ¢PQ where t is a scalar. Then, r — rı = t(r? — rij) is the required vector equation of the straight 
line (compare with Problem 1.14). 
In rectangular coordinates, we have, since r — xi 4- yj 4- zk, 


Qd + yj + zk) — (it yij + zi K) = t[God + yoj + ak) — it yij + zi K)] 


or 


(x = axi + (y yj + ( — zk = t[Go — xii + O2 — yj + G2 — zok] 


P (x1, Y 24) 


Cun R 


> Q (Xo, y». Z2) 


Fig. 1-22 
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Since i, j, k are non-coplanar vectors, we have by Problem 1.14, 


x= x, = tx. — x), y - yi = t(yo — y1), z ^ zi = t(z2 — zi) 


as the parametric equations of the line, t being the parameter. Eliminating t, the equations become 


1.28. 


1.29. 


1.30. 


x-xn y»y-»n 4-4 
X2—Xq y2—y Z2-—4ZX 


Prove Proposition 1.4: Two or more vectors, A1, Ao,..., Am, are linearly dependent if and only if one 
of them is a linear combination of the others. 


Solution 


Suppose, say, Aj is a linear combination of the others, 
Aj = GA; t c 8j Aji + a Ayer dod aAnAm 
Then, by adding —Aj to both sides, we obtain 
ayAy t + aA; — Aj t+ ayy Ajy t oo + amAm = 0 


where the coefficient of A; is not 0. Thus the vectors are linearly dependent. 
Conversely, suppose the vectors are linearly dependent, say 


biA, +---+bjA;+---+bnAn = 0 where b; 40 


Then we can solve for A; obtaining 
Aj = (bi/b)A, + +++ + (bj-1/b;)Aj-1 + (Bj41/BA AGE + +++ + (Om /d)Am 


Thus Aj is a linear combination of the others. 


Consider the scalar field « defined by g(x, y, z) = 3322? — xy? — 15. Find ¢ at the points 
(a) (0, 0, 0), (b) (1, —2, 2), (c) (- 1, —2, —3). 


Solution 


(a) q(0, 0, 0) = 3(0(07 — (000? — 15 = 0 — 0 — 15 = —15. 
(b) e(1, —2, 2) = 30? Y — (D(-2? — 15 = 12-8— 15 = 5. 
(c) g(—1, —2, —3) = 3(—1(-3Y — (-1)( -2» — 15 = 27-8 + 15 = 4. 


Describe the vector fields defined by: 
(a) V@, y) 2 xi E yj; (b) V6, y) 2 —d — yj, (©) VG, y, z) = xi + yj + zk 
Solution 


(a) At each point (x, y), except (0, 0), of the xy plane, there is defined a unique vector xi+ yj of 
magnitude yx? + y? having direction passing through the origin and outward from it. To simplify graphing 
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procedures, note that all vectors associated with points on the circles x? + y? = a°, a > 0 have magnitude 
a. The field therefore appears in Fig. 1-23(a) where an appropriate scale is used. 


y 


Set 


" 


PT 


eT. 
zu 


=> 
fo 
— 
D> 
c 
— 


Fig. 1-23 


(b) Here each vector is equal to but opposite in direction to the corresponding one in Part (a). The field therefore 
appears in Fig. 1-23(b). 
In Fig. 1-23(a), the field has the appearance of a fluid emerging from a point source O and flowing in the 
directions indicated. For this reason, the field is called a source field and O is a source. 
In Fig. 1-23(b), the field seems to be flowing toward O, and the field is therefore called a sink field and O 
is a sink. 
In three dimensions, the corresponding interpretation is that a fluid is emerging radially from (or pro- 
ceeding radially toward) a line source (or line sink). 
The vector field is called two-dimensional since it is independent of z. 
(c) Since the magnitude of each vector is /x2 + y? + Z2, all points on the sphere x? + y? + z2 = a’, a > 0 have 
vectors of magnitude a associated with them. The field therefore takes on the appearance of that of a fluid 
emerging from source O and proceeding in all directions in space. This is a three-dimensional source field. 


SUPPLEMENTARY PROBLEMS 


1.31. 


1.32. 


1.33. 


1.34. 


1.35. 


1.36. 


Determine which of the following are scalar and which are vectors: 


(a) Kinetic energy, (b) electric field intensity, (c) entropy, (d) work, (e) centrifugal force, (f) temperature, 
(g) charge, (h) shearing stress, (1) frequency. 


An airplane travels 200 miles due west, and then 150 miles 60° north of west. Determine the resultant 
displacement. 


Find the resultant of the following displacements: A: 20 miles 30° south of east; B: 50 miles due west; 
C: 40 miles 30? northeast; D: 30 miles 60? south of west. 


Suppose ABCDEF are the vertices of a regular hexagon. Find the resultant of the forces represented by the 
vectors AB, AC, AD, AE, and AF. 


Consider vectors A and B. Show that: (a) |A + B| < |A| + |B]; (b) |A — B| > |A] — IB]. 


Show that: JA + B + C] < |A| + |B] + |C]. 


1.37. 


1.38. 


1.39. 


1.40. 


1.41. 


1.42. 


1.43. 


1.44. 


1.45. 
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Two towns, A and B, are situated directly opposite each other on the banks of a river whose width is 8 miles 
and which flows at a speed of 4 mi/hr. A man located at A wishes to reach town C which is 6 miles upstream from 
and on the same side of the river as town B. If his boat can travel at a maximum speed of 10 mi/hr and if he 
wishes to reach C in the shortest possible time, what course must he follow and how long will the trip take? 


Simplify: 2A + B + 3C — (A — 2B — 20A — 3B — C)). 


Consider non-collinear vectors a and b. Suppose 


A=(x+4yjat+ Qx+y+ Db and B=(y—2x+2)a+ (2x — 3y — Db 
Find x and y such that 3A = 2B. 


The base vectors aj, a», and a3 are given in terms of the base vectors bı, b», and b; by the relations 


a; = 2b; H 3b2 bz, a= bi 2b; H 2b3, az = —2b, + b2 — 2b; 
Suppose F = 3b; — b» + 2b;. Express F in terms of aj, a», and a3. 


An object P is acted upon by three coplanar forces as shown in Fig. 1-24. Find the force needed to prevent 
P from moving. 


LIPILTITITPTSTITITYTITTÁTIEÉM 


60° 60° 


1001b 


Fig. 1-24 Fig. 1-25 
A 100 Ib weight is suspended from the center of a rope as shown in Fig. 1-25. Determine the tension T in 
the rope. 


Suppose a, b, and c are non-coplanar vectors. Determine whether the following vectors are linearly independent 
or linearly dependent: 


r;—2a—3b-cc, r,—3a—5b-42c, r4—4a—5b-c. 


(a) If O is any point within triangle ABC and P, Q, and R are midpoints of the sides AB, BC, and CA, respectively, 
prove that OA + OB + OC = OP + OQ + OR. 


(b) Does the result hold if O is any point outside the triangle? Prove your result. 


In Fig. 1-26, ABCD is a parallelogram with P and Q the midpoints of sides BC and CD, respectively. Prove 
that AP and AQ trisect diagonal BD at points E and F. 


A 


Q 
Fig. 1-26 
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1.46. 


1.47. 


1.48. 


1.49. 


1.50. 


1.51. 


1.52. 


1.53. 


1.54 


1.55. 


1.56. 


1.57. 


1.58. 


1.59. 


Prove that the line joining the midpoints of two sides of a triangle is parallel to the third side and has one 
half of its magnitude. 


Prove that the medians of a triangle meet in a common point, which is a point of trisection of the medians. 
Prove that the angle bisectors of a triangle meet in a common point. 


Let the position vectors of points P and Q relative to the origin O is given by vectors p and q, respectively. 
Suppose R is a point which divides PQ into segments that are in the ratio m : n. Show that the position vector of R 
is given by r = (mp + nq)/(m + n) and that this is independent of the origin. 


A quadrilateral ABCD has masses of 1, 2, 3, and 4 units located, respectively, at its vertices 
A(—1, —2, 2), B(3, 2, —1), CU, —2, 4), and D(3, 1, 2). Find the coordinates of the centroid. 


Show that the equation of a plane which passes through three given points A, B, and C not in the same straight 
line and having position vectors a, b, and c relative to an origin O, can be written 


pa trb+pe 
= m+n+p 


where m, n, p are scalars. Verify that the equation is independent of the origin. 


The position vectors of points P and Q are given by rı = 2i + 3j — k, r2 = 4i — 3j + 2k. Determine PQ in 
terms of i, j, and k, and find its magnitude. 


Suppose A = 3i — j — 4k, B = —2i + 4j— 3k, C=i+2j-— k. Find 
(a) 2A — B + 3C, (b) |A + B + C], (c) [3A — 2B + 4C], (d) a unit vector parallel to 3A — 2B + 4C. 


The following forces act on a particle P: F; = 2i + 3j — 5k, F; = —5i + j + 3k, F; = i — 2j + 4k, 
F4 = 4i — 3j — 2k, measured in pounds. Find (a) the resultant of the forces, (b) the magnitude of the resultant. 


In each case, determine whether the vectors are linearly independent or linearly dependent: 
(a) A = 2i +j — 3k, B = i — 4k, C = 4i + 3j — k, (D A = i — 3j + 2k, B = 2i — 4j — k, C = 3i + 2j — k. 


Prove that any four vectors in three dimensions must be linearly dependent. 


Show that a necessary and sufficient condition that the vectors A = Aji + A2) + Ask, 
B = Bii + Boj + B3k, C = Cii + C5j + C3k be linearly independent is that the determinant 


A A2 As 
Bı B5 B3} be different from zero. 
C C? C3 


(a) Prove that the vectors A = 3i + j — 2k, B = —i + 3j + 4k, € = 4i — 2j — 6k can form the sides of a 
triangle. 


(b) Find the lengths of the medians of the triangle. 


Given the scalar field defined by $(x, y, z) = 4yx* + 3xyz — z? + 2. Find (a) $1, —1, —2), (b) (0, —3, 1). 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


1.31. 
1.32. 
1.33. 
1.34. 
1.37. 


(a) s, (b) v, (c) s, (d) s, (e) v. (f) s. (g) s, (b) v, G) s. 

Magnitude 304.1 (504/37), direction 25°17’ north of east (arcsin 37111 /74). 
Magnitude: 20.9 mi, direction 21°39’ south of west. 

3AD. 


Straight line course upstream making an angle 34°28’ with the shore line. 1 hr 25 min. 


5A — 3B + C. 


.x-2,y--1. 


2a, + 5a; + 3a3. 
323 Ib directly opposite 150 Ib force. 


100 Ib 


. Linearly dependent since r3 = 5r, — 2r». 


Yes. 
(2, 0, 2). 


1.52. 
1.53. 


1.54. 


1.55. 
1.58. 
1.59. 
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2i — 6j + 3k, 7. 

(a) 11i — 8k, (b) 4/93, 

(a) 2i — j, (b) V5. 

(c) V398, (3A — 2B + 4C)/4/398. 

(a) Linearly dependent, (b) Linearly independent. 
(b) V6, (1/2) /114, (1/2) 4/150. 

(a) 36, (b) —11. 


The DOT and CROSS Product 


2.1 Introduction 


Operations of vector addition and scalar multiplication were defined for our vectors and scalars in 
Chapter 1. Here, we define two new operations of multiplication for our vectors. One of the operations, 
the DOT product, yields a scalar, while the other operation, the CROSS product yields a vector. We 
then combine these operations to define certain triple products. 


2.2 Dot or Scalar Product 


The dot or scalar product of two vectors A and B, denoted by A * B (read: A dot B), is defined as the product 
of the magnitudes of A and B and the cosine of the angle 0 between them. In symbols, 


A * B = |A||B| cos 6, 0x0-x7 


We emphasize that A * B is a scalar and not a vector. 
The following proposition applies. 
PROPOSITION 2.1: Suppose A, B, and C are vectors and m is a scalar. Then the following laws hold: 


G) A*B-—B-:A Commutative Law for Dot Products 
di) A+ (B+C)=A:B+A°C_ Distributive Law 
(iii) m(A+B) = (mA) B= A> (mB) = (A+ B)m 
(iv) it-i=jrejo=k-k=1, i-j=j-k=k-i=0 
(v) If A+ B — Oand A and B are not null vectors, then A and B are perpendicular. 


There is a simple formula for A * B when the unit vectors i, j, k are used. 


PROPOSITION 2.2: Given A = Aji + A2j + Ask and B = Bji + Boj + B3k. Then 
A*B—A,B; + A2B2 + A3B3 
COROLLARY 2.3: Suppose A = Aji+ A»j + Ask. Then A * A = Aj + Aj + A}. 


EXAMPLE 2.1 Given A = 4i+ 2j -3k, B=S5i-—j—2k, C= 3i+j-+ 7k. Then: 


A+B = (4)(5) + (2)(-1) + (-3\(-2) = 20-24+6=24, A*€ 1242-21 — —7, 


B-C=15-1-14=0, A*A—4 +2? (3? = 164449=29 


Thus vectors B and C are perpendicular. 
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2.3 Cross Product 


The cross product of vectors A and B is a vector C = A x B (read: A cross B) defined as follows. The 
magnitude of C = A x B is equal to the product of the magnitudes of A and B and the sine of the 
angle 6 between them. The direction of C = A x B is perpendicular to the plane of A and B so that A, 
B, and C form a right-handed system. In symbols, 


A x B= |A||Bj sin 0 u 0<0<7 


where u is a unit vector indicating the direction of A x B. [Thus A, B, and u form a right-handed system. ] 
If A — B, or if A is parallel to B, then sin 0 — 0 and we define A x B — 0. 
The following proposition applies. 


PROPOSITION 2.4: Suppose A, B, and C are vectors and m is a scalar. Then the following laws hold: 


dG) AxB-—-(Bx4A) Commutative Law for Cross Products Fails 
di) Ax (B+C)=AxB+AxC_ Distributive Law 
(ii) m(A x B) = (mA) x B = A x (mB) = (A x B)m 
(Gv) ixi=jxj=kxk=0, ixj=k,jxk=i,kxi=j 
(v) If A x B — 0 and A and B are not null vectors, then A and B are parallel. 
(vi) The magnitude of A x B is the same as the area of a parallelogram with sides A 
and B. 


There is a simple formula for A x B when the unit vectors i, j, k are used. 


PROPOSITION 2.5: Given A = Aji + A2j + Ask and B = Bji + Boj + B3k. Then 


i j k 
m _ A2 A3 m A, Aa Aj A» 
AxB= Al A5 A3 xl B E B Bi B.E 
Bı B2 Bs 


EXAMPLE 2.2 Given: A = 4i + 2j — 3k and B = 3i + 5j + 2k. Then 


= 19i — 17j + 14k 


|J 
d. 2. 023 
3 5 


2.4 Triple Products 


Dot and cross multiplication of three vectors A, B, and C may produce meaningful products, called triple 
products, of the form (A * B)C, A * (B x C), and A x (B x C). 
The following proposition applies. 


PROPOSITION 2.6: Suppose A, B, and C are vectors and m is a scalar. Then the following laws hold: 


(i) In general, (A * B)C 4 A(B : C). 

gi) A*(BxC)—-B*:(Cx A)= C*(A x B) = volume of a parallelepiped having 
A, B, and C as edges, or the negative of this volume, according as A, B, and C do 
or do not form a right-handed system. 

(ii) In general, A x (B x C) 4 (Ax B) x € 
(Associative Law for Cross Products Fails) 

(iv) Ax(BxC)-«(A*C)B-(A*:B)C 
(AxB)x C= (A: OB- (B: OA 


There is a simple formula for A * (B x C) when the unit vectors i, j, k are used. 
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PROPOSITION 2.7: 


Given A = A4i + A2j + Ask, B = Bii + Boj + B3k, C = Cii + Coj + C3k. Then 


EV A» EC 
A*(BxCO- Bi 


B; Bi 
C; Q G 
EXAMPLE 2.3 Given A = 4i + 2j — 3k, B=5i+j—2k, C= 3i-— j 2k. Then: 
4 2 -3 
A:Bx©=|5 1 -2|28—1241549—8—20— -8. 
3-1 2 


2.5 Reciprocal Sets of Vectors 


The sets a, b, c and a’, b, c' are called reciprocal sets or reciprocal systems of vectors if: 
a:a —b:b'—c:c-—l 
/ / / / / / 
a*b—a-*:c—b-:a-b-:c—c:a—c-:b-0 


That is, each vector is orthogonal to the reciprocal of the other two vectors in the system. 
PROPOSITION 2.8: 


The sets a, b, c and a’, b’, c' are reciprocal sets of vectors if and only if 


H bxc j cxa , axb 
a ———— = ——— = — 
a-bxc' a-bxc' a-bxe 

where ac b x c 40. 


SOLVED PROBLEMS 


Dot or Scalar Product 


2.1. Prove Proposition 2.1(i): A +B = B ° A. 


Solution 


A+B = |A||B| cos 0 = |B||A| cos 0 = B * A. 
Thus the commutative law for dot products is valid. 


2.2. Prove that the projection of A on B is equal to A * b where b is a unit vector in the direction of B. 
Solution 


Through the initial and terminal points of A pass planes perpendicular to B at G and H as in Fig. 2-1. Thus 


Projection of A on B = GH = EF = Acos0— A*b 


B Cc 
x ` 1 : B+C \ 
1 1 \ \ 
\ 
0 å F y : 1 
E 1 D 1 \ 
\ 1 \ i \ 
I I \ r IH 
i i l ' 
Sia See eoe MU L LL LU 
= H B F 


2.3. 


2.4. 


2.5. 


2.6. 


2.7. 


2.8. 
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Prove Proposition 2.1(ii): A: (B--C) 2 A* B A*C. 
Solution 
Let a be a unit vector in the direction of A. Then, as pictured in Fig. 2-2 
Proj(B + C) on A = Proj(B) on A + Proj(C) on A and so (B-- C):a=B-+a+C:a 


Multiplying by A, 


(B+ C):Aa=B+Aa+C:Aa and (B+C)-A=B:A+C°A 
Then by the commutative law for dot products, 
A:(B+C)=A°B+A°C 
Thus the distributive law is valid. 
Prove that (A + B)-(C+D)=A*C+A-:D+B:-C+B°D. 


Solution 


By Problem 2.3, (A + B): (C+D) =A*(C+D)+B:(C+D)=A*C+A-:D+B:C+B°D. 
The ordinary laws of algebra are valid for dot products. 


Evaluate: (a) i-i (b)i-k, (o k-j, (d j-Qj-3j+k), (© Qi p- Gi K). 


Solution 

(a ici = |iljiJcosO° = (D(1)(1) = 1 

(b) i-k = |i||k| cos90° = (1)(1)(0) = 0 

(c) k+j = Ikllj] cos90^ = (1)(1)(0) = 0 

(d j-Qi-3j+k =2j-i-3j-j+j-k=0-3+0=-3 


J 
(e) Qi-j): Gi+k) = 2i- Gi+k) —j- GBi+k) = 6i-i4+ 2i-k-—3j-i-—j-k=6+0-—0-0=6 
Suppose A = A,i+ Ajj + Ask and B = Bji + Boj + B3k. Prove that A * B = A,B, + A2B2 + A3B3. 
Solution 
Since ic i =j * j =k+k = 1, and all other dot products are zero, we have: 
A * B = (Aii + A2) + Ask) * (Bii + Boj + B3k) 

= Aji * (Bii + Boj + B3k) + Aoj * (Bii + Boj + B3k) + Ask * (Bii + Boj + B3k) 

= A, Byie-i+A,Boi- j + A1B3i * k + A2B1j * i + A.Boj+j+A.Bsj-k 

+ A3B1k * i + A3B2k ° j + AsBsk* k 
= A4Bj + A2B2 + A3B5 


Let A = Aji + Aoj + Ask. Show that A = VA * A = yA? + AZ + Aj. 
Solution 
A* A = (A)(A)cos0° = A?. Then A = VA * A. 
By Problem 2.6 and taking B = A, we have 
A * A = (Aii + Aoj + Ask) * (Aii + Aoj + Ask) 
= (A1)(A1) + (A2)(A2) + (A3)(A3) = AT + A$ + AS 


Then A = VA + A = \/A? + A} + A? is the magnitude of A. Sometimes A * A is written A’. 
Suppose A * B = 0 and A and B are not zero. Show that A is perpendicular to B. 


Solution 


If A: B = AB cos 0 = 0, then cos 0 = 0 or 0 = 90°. Conversely, if 0 = 90°, A: B = 0. 
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2.9. 


2.10. 


2.11. 


2.12. 


Find the angle between A = 2i + 2j — k and B = 7i + 24k. 


Solution 


We have A * B = |A||B| cos 6. 


Al = y0} QY-(-1? 23 and |B| = (7) + (0) + (24) = 25 


A * B= (2)(7) + (20) + (-)@4) = —10 


Therefore, 
A-B —10 =) 
989g 0.1333 and 6 — 98^ (approximately). 
|A||B] (3905) 15 pp y 


Determine the value of o so that A = 2i + aj + k and B = i + 3j — 8k are perpendicular. 


Solution 


By Proposition 2.1(v), A and B are perpendicular when A + B = 0. Thus, 


A+B = (2)(1) + (0993) + (0(-8 = 2+ 3a—8 =0 
and if a= 2. 


Show that the vectors A= —i +j, B—-—i—j—2k, C = 2j-+ 2k form a right triangle. 
Solution 


First we show that the vectors form a triangle. From Fig. 2-3, we see that the vectors form a triangle if: 


(a) one of the vectors, say (3), is the sum of (1) and (2) or 
(b) the sum of the vectors (1) + (2) + (3) is zero 


according as (a) two vectors have a common terminal point, or (b) none of the vectors have a common terminal 
point. By trial, we find A = B + C so the vectors do form a triangle. 

Since A * B = (—1)(—1) + (D(—1) + (0)(—2) = 0, it follows that A and B are perpendicular and the triangle 
is a right triangle. 


(3) (2) 
di 6) 


a) ad) 


(a) (b) 
Fig. 2-3 
Find the angles that the vector A = 4i — 8j + k makes with the coordinate axes. 


Solution 


Let a, B, y be the angles that A makes with the positive x, y, z axes, respectively. 


A +i = AI) cosa = V 4} + (—8)? + (D? cosa = 9 cos a 


A i= (4i — 8j+k)-i=4 
Then cos a = 4/9 = 0.4444 and a = 63.6° approximately. Similarly, 
cos B = —8/9, B = 152.7° and cosy- 1/9, y= 83.6° 


The cosines of a, B, y are called the direction cosines of the vector A. 
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2.13. Find the projection of the vector A = i — 2j + 3k on the vector B = i+ 2j + 2k. 


Solution 


We use the result of Problem 2.2. A unit vector in the direction of B is 


b = B/|B| = (i + 2j + 2k)/ V1 + 4 + 4 = i/3 + 2j/3 + 2k/3 
The projection of A on vector B is 
A * b = (i — 2j + 3k) + (/3 + 2j/3 + 2k/3) = (1)(1/3) + (—2)(2/3) + (3)(2/3) = 1. 
2.14. Without making use of the cross product, determine a unit vector perpendicular to the plane of 
A = 2i — 6j — 3k and B = 4i + 3j — k. 
Solution 


Let vector C = cji + c2j + c3k be perpendicular to the plane of A and B. Then C is perpendicular to A and also 
to B. Hence, 


C* A «2c 6c; 3c3 — 0 or (1) 2c| — 6c? = 3c3 
C-B= 4c, 3c; C3 —0 or (2) 4c; 4-3c5 = c3 


1 1 1 1 
Solving (1) and (2) simultaneously: cı = ze 2 = 3€ C-c (5 33 | 3! 


1 1 
C3 E = zj + k) 
Then a unit vector in the direction of C is e = : 2 = + (; pip? 3! 
]3* ie 
2 T 2 E 1 2 
COLORA 


2.15. Prove the law of cosines for plane triangles. 


Solution 
From Fig. 2-4, 
B+C=A o C=A-B 
Then 
C-C=(A—B):-(A—B)=A:A+B°:B-—2A°-B 
and 


C? = A? + B? — 2AB cos 0 


R 


Fig. 2-4 Fig. 2-5 
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2.16. Prove the diagonals of a rhombus are perpendicular. (Refer to Fig. 2-5.) 

Solution 

OQ =OP+PQ=A+B 
OR+RP=OP or B+RP=A and RP=A-B 
Then, since |A| = |B], 
OQ- RP =(A+B)-(A—B)=|A/’ — |B = 0 

Thus OQ is perpendicular to RP. 
2.17. Let A = Aji + A2j + Ask be any vector. Prove that A = (A * Di + (A * Dj + (A * Kk. 

Solution 


Since A — Aji + Adj + A3k, 


A-*i-—Aj-i t A5j'i t A3k°i=A, 


Similarly, A * j = A; and A * k = A}. Then 


A= Ajit Aoj - Ask = (A * Di - (A * Dj — (A * Wk. 

2.18. Find the work done in moving an object along a vector r = 3i 4- j — 5k if the applied force is 
F —2i- j — k. 
Solution 
Consider Fig. 2-6. 


Work done — (magnitude of force in direction of motion)(distance moved) 
= (F cos #\(r) = F ° r = (2i — j — Kk): Gi + j — 5k) 
=6—1+5=10 


r 


Fig. 2-6 Fig. 2-7 


2.19. Find an equation of the plane perpendicular to the vector A = 2i — 3j + 6k and passing through the 
terminal point of the vector B = i + 2j + 3k. [See Fig. 2-7.] 
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Solution 


Since PQ = B — r is perpendicular to A, we have (B —r)* A= Oorr:A = B- A is the required equation of 
the plane in vector form. In rectangular form this becomes 


(xi + yj + zk) + Qi — 3j + 6k) = (i + 2j + 3k) + Qi — 3j + 6k) 


or 


2x — 3y E622 2— 64-18 — 14 
2.20. Find the distance from the origin to the plane in Problem 2.19. 
Solution 


The distance from the origin to the plane is the projection of B on A. A unit vector in the direction of A is 


2i — 3j k 2 
a=A/IAl i—3j4-6 i ijo Sk 
V+ +6 7T TT 


Then the projection of B on A is equal to 


6 
7 


14 14 2. 3. , 2 3 6 
B-a= Gea ex 7i k) =; Qt 9722. 


Cross or Vector Product 
2.21. Prove A x B = —(A x B). 


Solution 


A x B = C has magnitude AB sin 0 and direction such that A, B, C form a right-handed system as in Fig. 2-8(a). 
B x A = Dhas magnitude BA sin 0 and direction such that B, A, D form a right-handed system as in Fig. 2-8(b). 
Then D has the same magnitude as C but in the opposite direction, i.e. C = —D. Thus A x B = —(A x B). 
Accordingly, the commutative law for cross products is not valid. 


(a) (b) 
Fig. 2-8 


2.22. Suppose A x B = 0 and A and B are not zero. Show that A is parallel to B. 
Solution 


Since A x B = AB sin 0 u = 0, we have sin 0 = 0 and hence 0 = 0° or 180°. 
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2.23. 


2.24. 


225. 


2.26. 


Show that |A x B|? + |A * B? = |A/?|B/’. 
Solution 
|A x B|? + |A ° B|? = |ABsin 0 ul? + |AB cos 0? 
= A?B? sin? 0 + A? B? cos? 0 
—-A'B = |AP |B)’ 
Evaluate: (a) 2j x 3k (b) 2j x =k (c) —3i x —2k, 2j x 3i— k 
Solution 


(a) (2j) x Gk) = 6(j x k) = 6i 

(b) (2j) x (=k) = —2(j x k) = —2i 

(c) (3i) x (—2k) = 6(i x k) = —6j 

(d 2j x 3i-k = 6(j x i) — k = —6k — k = —7k. 


Prove that A x (B + C) = A x B +A x C for the case where A is perpendicular to both B and C. 
[See Fig. 2-9.] 


Solution 


Since A is perpendicular to B, A x B is a vector perpendicular to the plane of A and B and having magnitude 
AB sin 90° = AB or magnitude of AB. This is equivalent to multiplying vector B by A and rotating the resultant 
vector through 90° to the position shown in Fig. 2-9. 

Similarly, A x C is the vector obtained by multiplying C by A and rotating the resultant vector through 90° to 
the position shown. 

In like manner, A x (B + C) is the vector obtained by multiplying B + C by A and rotating the resultant 
vector through 90° to the position shown. 

Since A x (B + C) is the diagonal of the parallelogram with A x B and A x C as sides, we have 
Ax (B+C)=AxB+AxC. 


Fig. 2-9 Fig. 2-10 


Prove that A x (B + C) = A x B + A x C for the general case where A, B, and C are non-coplanar. 
[See Fig. 2-10.] 


Solution 


Resolve B into two component vectors, one perpendicular to A and the other parallel to A, and denote them by 
B, and B}, respectively. Then B = B, + By. 

If 0is the angle between A and B, then B, = B sin 6. Thus the magnitude of A x B, is AB sin 0, the same as 
the magnitude of A x B. Also, the direction of A x B, is the same as the direction of A x B. Hence 
AxB, =AxB. 

Similarly, if C is resolved into two component vectors C, and C , , parallel and perpendicular respectively to 
A, then Ax C, =AxC. 
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Also, since B l C-B, l B, l C, l C, = (BL l Ci) t (B, l Ci) it follows that 


Ax (BL -C))-Ax(B4 C). 


Now B, and C, are vectors perpendicular to A and so by Problem 2.25, 


Ax (BL +C,)=AxB,+AxC, 


Then 
Ax (B+C)=AxB+AxC 


and the distributive law holds. Multiplying by —1, using Problem 2.21, this becomes (B+ C) x A= 
BxA- C x A. Note that the order of factors in cross products is important. The usual laws of algebra 
apply only if proper order is maintained. 


i j k 
2.27. Suppose A = Ai + A5j + Ask and B = Bii + Boj + B3k. Prove Ax B=|A; A5» Asl. 


B, B, B 
Solution ! : 3 


A x B = (Aii + A2j + Ask) x (Bii + Boj + B3k) 
= Aji x (Bii + Boj + B3K) + Aaj x (Bii + Boj + B3k) + Ask x (Bji + Boj + B3k) 
= Å B;i x i+A,Boi x j + A, B3i x k + A2B1j x i+ A2B2j x j + A2B3j x k 
+ A3B\k x i + A3B2k x j+A3B3k x k 


i j k 
= (A2B3 — A3B2)i + (A3B, — A, B3)j + (AıB2 — A5Bi)k = |A] A 43l. 
Bi B B 


2.28. Suppose A = j + 2k and B = i + 2j + 3k. Find: (a) A x B, (b) B x A, (c) (A + B) x (A — B). 
Solution 


i j 
@) AxB=(j+2k)x(i+2j+3k)=|0 1 2 
1 2 


1 2| D. zo. d TERM 
= i- —-i — k. 
28 "ppm ns 2 1 
ij k 
(D BxA=(i4+2j+3k)x(G+2k)=]1 2 3 
0 1 2 
2 3|. 1 3|. 1 Zli i—2i+k 
= 1— L—1-— ? 
12| jo 2P "Io 1 1 
Comparing with (a), we have A x B = —(B x A). Note this is equivalent to the theorem: If two rows of a 


determinant are interchanged, the determinant changes sign. 


(c) A+B=i+3j+5k and A — B = —i — j — k. Then 


"n 
F. e 3 5j) |1 raii 

A+BxA-B=| 1 3 s|-|, ji-|, jk 
set aesti 


= 2i — 4j + 2k. 
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2.29. Suppose A = —i +j + k, B=i-—j+k, C =i +j-— k. Find: (a) (A x B) x C, (b) A x (B x C). 


Solution 
i j k 
(a) AxB=]|—1 1 1|=2i+2j 
—] 1 
i j k 
Then (A x B) x C = (2i + 2j) x G+j-k)=|2 2 0| = —2i+ 2j 
1 1 -I 
i j k 
b) BxC=(-j+k)x(@+j-k)=|1 -1 1| = 2j+ 2k. 
1 1 -1 
ij k 
Then A x (B x C) = (-i+j+k x (2j +2k)=|—1 1 1|-—2j—2k. 
0 2 2 


Thus (A x B) x C Z A x (B x C). This shows the need for parentheses in A x B x C to avoid ambiguity. 


2.30. Prove: (a) The area of a parallelogram with touching sides A and B, as in Fig. 2-11, is |A x B|. 
(b) The area of a triangle with sides A and B is 1 |A x BJ. 


Solution 
(a) Area of parallelogram = h|B| = |A] sin 0|B| = |A x BJ. 


(b) Area of triangle = 4 area of parallelogram = 4 |A x BJ. 


3 (B4 


Fig. 2-11 Fig. 2-12 Fig. 2-13 
2.31. Prove the law of sines for plane triangles. 


Solution 


Let a, b, c represent the sides of a triangle ABC as in Fig. 2-12. Then, a + b + c = 0. Multiplying by ax, bx, 
and cx in succession, we find 


axb=bxc=cxa 
that is 
ab sin C = bc sin A = casin B 


or 
sinA sinB sinC 


d ow wb ue 


2.32. Consider a tetrahedron, as in Fig. 2-13, with faces F1, F5, F3, F4. Let V4, V5, V5, V4 be vectors whose 
magnitudes are equal to the areas of F1, F2, F5, F4, respectively, and whose directions are perpen- 
dicular to these faces in the outward direction. Show that V4 + V5 + V4 + V4 = 0. 


Solution 


By Problem 2.30, the area of a triangular face determined by R and S is JIR x S|. 
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The vectors associated with each of the faces of the tetrahedron are 
Vi 2jAxB, V2=5BxC, V3=$CxA, V4=3(C—A) x (B — A) 


Then 


Vi V2 + V; + V4 = I[Ax B+B x C+C x A« (C — A) x (B — AJ] 


—-j[Ax B-Bx C-Cx A-CxB-CxA-AxB-A x A]- 0. 


This result can be generalized to closed polyhedra and in the limiting case to any closed surface. 
Because of the application presented here, it is sometimes convenient to assign a direction to area and we 
speak of the vector area. 


2.33. Find the area of the triangle having vertices at P(1, 3, 2), QQ,—1, 1), R(—1, 2, 3). 


Solution 


PQ = 2 — Di + (21 —3)j + (1 —2)k = i — 4j — k 
PR = (—1 —1)i + (2 —3)j + 3 -2k = —2i — j+ k 


From Problem 2.30, 


1 1 
area of triangle = 7 |PQ x PR| = 5 |G 4j — k) x (—2i — j + k)| 


i j k 
1 1 "E 1 Xo wA». ; 1 
-5 l =;5| 5i+j 9k| - 5 Vt 5 + 0? + (—9) -5v107. 


2.34. Determine a unit vector perpendicular to the plane of A — 2i — 6j — 3k and B — 4i 4- 3j — k. 


Solution 


A x B is a vector perpendicular to the plane of A and B. 


i j k 

AxB=|2 -6 —3] = 15i— 10j + 30k 
4na 

AxB 15i — 10j + 30k 3, 2, 6 


A unit vector parallel to A x B is j+zK. 


7 


AxB Jas +C +B 7 7 


Another unit vector, opposite in direction, is (—3i + 2j — 6k)/7. Compare with Problem 2.14. 


2.35. Find an expression for the moment of a force F about a point P as in Fig. 2-14. 


Solution 


The moment M of F about P is in magnitude equal to P to the line of action of F. Then, if r is the vector from P 
to the initial point Q of F, 


M = F(r sin 0) = rF sin 0 = |r x F| 


CHAPTER 2 The DOT and CROSS Product 


If we think of aright-threaded screw at P perpendicular to the plane of r and F, then when the force F acts, the screw 
will move in the direction of r x F. Because of this, it is convenient to define the moment as the vector M = r x F. 


Fig. 2-14 Fig. 2-15 


2.36. As in Fig. 2-15, a rigid body rotates about an axis through point O with angular speed w. Prove that 
the linear velocity v of a point P of the body with position vector r is given by v = « x r, where w is 


the vector with magnitude w whose direction is that in which a right-handed screw would advance 
under the given rotation. 


Solution 
Since P travels in a circle of radius r sin 0, the magnitude of the linear velocity v is w(r sin 0) = |w x r|. Also, v 


must be perpendicular to both œ and r and is such that r, œ, and v form a right-handed system. 


Then v agrees both in magnitude and direction with œ x r; hence v = w x r. The vector œ is called the 
angular velocity. 


Triple Products 


2.37. Suppose A = A,i+ Aj + Ask, B = Bii + Boj + Bsk, C = Cii + Coj + C3k. 


Show that 
A, Az As 
A*(BxC)— Bı B5 B3 
C C? C3 
Solution 
ij k 
A*(BxC)—-A*|Bj B Bs 
CO Q G 


= (Aii + A2j + Ask) * [(B2C3 — B3C2)i + (B3C1 — B1C3)j + (Bi C2 — B2C1)k] 
= A1(B5C3 — B3C2) + A2(B3C1 — B1C3) + A3(BıC2 — B2C1) 


A A5 A3 
=|B, B» B3 
Cy C; C3 


2.38. Evaluate (i + 2j + 3k) * (i+ 3j + 5k) x (i + j + 6k). 


Solution 
12 3 

By Problem 2.37, the result is |1 3 5|—5. 
11 6 


2.39. 


2.40. 


2.41. 


2.42. 


2.43. 
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Prove that A* (Bx C) 2 B: (Cx A) 2 C* (A x B). 


Solution 
A; Az A3 
By Problem 2.37, A: (Bx O)— Bj B B3). 
C a G 


By a theorem of determinants which states that interchange of two rows of a determinant changes its sign, we have 


A. Ay. A B, Bj B B, Bj B 
B, Bj, Bj ——|Ai1 A; A3|2|C1 €; C4| - B: (Cx A) 
Cy © Cs C OQ G) JA A 4 
A Ag A3 GQ G €& € G 
B, Bj, B3|=—|B, B; B|=|A Aj A3| 2 C* (Ax B) 
& € G Ay A A B, Bj B 


Show that A+ (B x C) = (A x B):C. 


Solution 


From Problem 2.39, A + (B x C) = C+ (A x B) = (A x B): C. 

Occasionally, A * (B x C) is written without parentheses as A * B x C. In such a case, there cannot be any 
ambiguity since the only possible interpretations are A * (B x C) and (A+ B) x C. The latter, however, has no 
meaning since the cross product of a scalar with a vector is undefined. 

The result A- B x C = A x B: C is sometimes summarized in the statement that the dot and cross can be 
interchanged without affecting the result. 


Show that A+ (A x C) = 0. 

Solution 

From Problem 2.40 and that A x A = 0, we have A+ (Ax C) = (A x A): C—0. 

Prove that a necessary and sufficient condition for the vectors A, B, and C to be coplanar is that 
A*BxC-0. 

Solution 


Note that A * B x C can have no meaning other than A * (B x C). 

If A, B, and C are coplanar, the volume of the parallelepiped formed by them is zero. Then, by Problem 2.43, 
A*BxC-0. 

Conversely, if A * B x € = 0, the volume of the parallelepiped formed by vectors A, B, and C is zero, and so 
the vectors must lie in a plane. 


Show that the absolute value of the triple product A * (B x C) is the volume of a parallelepiped with 
sides A, B, and C. 


Solution 


Let n be a unit normal to a parallelogram 7, having the direction of B x C, and let / be the height of the terminal 
point of A above the parallelogram 7. [See Fig. 2-16.] 


Volume of parallelepiped = (height h)(area of parallelogram 7) 
= (A+ n)(|B x CJ) 
= A> {|B x C\ln} = A* (B x ©) 


If A, B, and C do not form a right-handed system, A * n < 0 and the volume = |A * (B x ©)|. 
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2.44. 


2.45. 


2.46. 


Fig. 2-16 Fig. 2-17 


Let rı = xii + yj + zi K, r2 = x)i + yoj + wk, and r4 = x3i + y3j + z3k be the position vectors of 
points Pj (xi, Y1, zi), Po(x2, yo, z2), and P3(x3, ys, z3). Find an equation for the plane passing through 
Pi, Po, and P3. 


Solution 


We assume that P1, P2, and P3 do not lie in the same straight line; hence they determine a plane. 

Let r = xi + yj 4- zk denote the position vector of any point P(x, y, z) in the plane. Consider vectors 
P:P =r. — rı, PiP} = r; — rı, and PP = r — ri, which all lie in the plane. [See Fig. 2-17.] 

By Problem 2.42, P,P- P,P) x P,P; = 0 or (r — ri) (r2 — r1) x (r5 — r1) = 0. 

In terms of rectangular coordinates, this becomes 


[x — xii + (y — y0j + ( — zk) * [G2 — x1)i + O2 — yD + (G2 — 2K] x [G3 — xi + 63 — yj 
+ (z3 — zı)k] = 0 


or, using Problem 2.37, 


Find an equation for the plane determined by the points Pj(2, —1, 1), P5(3, 2, —1), and 
P3(=1, 5, 2). 


Solution 


The position vectors of Pı, P2, P3 and any point P(x, y, z) are, respectively, rı = 2i — j + k, r; = 3i + 2j — k, 
r; = —i + 3j + 2k, andr = xi + yj + zk. 
Then PP, =r — rı, P, 2r; — ri, PP; = r5 — ri all lie in the required plane, so that 


(r—-ri)*:(r2 — r1) x (r5 2r) 50 
that is, 
[x — 2)i + (y + Dj - (z — Dk] * [i -3j — 2k] x [3i + 4j +k] = 0 
[(x — 2)i - (y + Dj - (z — Dk] * [11i + 5j + 13k] = 0 
11(x—2) 4-5(y -1) 4-132 — 1) 20 or 11x 4 5y 4- 13z = 30. 


Suppose the points P, Q, and R, not all lying on the same straight line, have position vectors a, b, and 
c relative to a given origin. Show that a x b + b x ¢+ ¢ x a is a vector perpendicular to the plane of 
P, Q, and R. 


Solution 


Let r be the position vector of any point in the plane of P, Q, and R. Then the vectors r — a, b — a, and c — a are 
coplanar, so that by Problem 2.42 


(r—a)*(b-a)x(c—-a)—-0 or (r—a):(axb+bxce+cecxa)=0. 


Thus a x b+ b x c+ ¢ x a is perpendicular to r — a and is therefore perpendicular to the plane of P, Q, and R. 
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2.47. Prove: (a) A x (Bx C) = B(A-C)—-C(A:B), (b) (A x B) x C= B(A- C)— A(B-- ©). 
Solution 


(a) Let A=A,i+Aj+A3k, B= Bii+ Boj+B3k, C= Cii + Cj + Ck. Then 


ES RE k 
Ax (B x C) = (Aii Aaj A3k) x Bi B5 B3 
Cy C; C3 
= (Aji+ A2j + Ask) x ([B2C3 — B3C5]i + [B3C, — B1C3]j + [B1 C2 — B2C, Jk) 
i i k 
= Aj Ad A3 


B,C4— BC; B3Cı — BiC3 By Cy — BoC, 


= (A2B, C2 — A3 B5C| — A3B3C, + A3B1C3)i + (A3B2C3 — A3B3C2 — Ai B1 C2 + Ai B2C))j 


+ (A, B3C; — A,B, C3 — A2B2C3 + A2B3C2)k 
Also 


B(A * C) — C(A * B) = (Bii + Boj + B3K)(A1C; + A2C2 + A3C3) — (Cii + C5j + C3k)(A1B + A2B2 + A3B3) 
= (A2 B,C, + A3B, C3 — A5C4 B) — A3C4 B3)i + (B2A, C; + B2A3Cs — CoA, B1 — CoA3B3)j 
+ (B3441C| + B3A2C2 — C3A,B, — C3A5B5)k 


and the result follows. 


(D (A x B) x C= —C x (A x B) = —{A(C ° B) - B(C ° A)} = B(A ° C) — A(B* C) upon replacing A, B, 
and C in (a) by C, A, and B, respectively. 


Note that A x (B x C) z (A x B) x C, that is, the associative law for vector cross products is not valid for 
all vectors A, B, and C. 


2.48. Prove: (A x B) (Cx D) = (A: CB: D) - (A: DY(B : C). 
Solution 
From Problem 2.41, X * (C x D) = (X x CO): D. Let X = A x B; then 


(A x B). (Cx D) = (A x B) x C} ° D 
= (BA* C) - AB: O]- D 
—(A*CY(B-D)-(A-*DYB*C) using Problem 2.47(b). 


2.49. Prove: Ax (Bx CO) +B x (Cx A)+C x (Ax B) = 0. 


Solution 

By Problem 2.47(a), A x (Bx C) = B(A* C) - C(A ° B) 
B x (C x A) = CŒ- A) -A(*: CO) 
C x (A x B) = A(C B) — B(C ° A) 


Adding, the result follows. 

2.50. Prove: (A x B) x (Cx D) BBA Cx D) — AB: CxD)— CIA BxD)—D(A*B x C). 
Solution 
By Problem 2.47(a), X x (Cx D) = C(X: D) — D(X: C). Let X =A x B; then 


(Ax B) x (Cx D) = C(A x B: D) — D(A x B: C) 
= C(A:B x D) — D(A: B x C) 
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By Problem 2.47(b), (A x B) x Y = B(A * Y) — A(B * Y). Let Y = C x D; then 
(Ax B) x (Cx D) = B(A- C x D)—A(B: Cx D). 


2.51. Let PQR be a spherical triangle whose sides p, q, r are arcs of great circles. Prove that 


sinP  sinQ  sinR 
sinp sinq sinr 


Solution 


Suppose that the sphere, pictured in Fig. 2-18, has unit radius. Let unit vectors A, B, C be drawn from the center 
O of the sphere to P, Q, R, respectively. From Problem 2.50, 


(A x B) x (A x C) = (A +B x OA (1) 


A unit vector perpendicular to A x B and A x C is A, so that (1) becomes 


(sinr sin q sin P) A = (A* B x CA or (2) 
sinrsingsinP=A*BxC (3) 


By cyclic permutation of p, q, r, P, Q, R and A, B, and C, we obtain 


sinpsinrsinQ — B- Cx A (4) 
sinqsinpsinR = C+ A x B (5) 


Then, since the right-hand sides of (3), (4), and (5) are equal (Problem 2.39) 
sin r sin q sin P = sin p sinr sin Q = sin q sin p sin R 


from which we find 


sinP  sinQ sinR 


sinp sinq sinr 


This is called the law of sines for spherical triangles. 


Fig. 2-18 
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2.52. Prove: (A x B)* (B x C) x (C x A) = (A -B x ©. 
Solution 
By Problem 2.47(a, X x (C x A) = C(X* A) — A(X* C). Let X = B x C; then 


(Bx C)x(CxA)—-C(BxC:A)-A(BxC-C) 
= C(A-B x C)-A(B:Cx C) 


= C(A:B x C) 
Thus 

(A x B) + (Bx C) x (Cx A) = (A x B) + CA: Bx C) 
= (Ax B: C)\(A:B x C) 
—(A-Bx CY 

; $ bxc |, cxa , axb 
2.53. Given the vectors a’ = „b = and c’ = ————, suppose a * b x € # 0. Show that 
a*:bxc a*:bxc a*:bxc 


(a) a -a=b'-b=c'-c= 1l, 

(b) a -b=a-c=0,b'-a=b'*c=0,c-a=c b=), 

(c) ifa* b x c= V, thena'* bx c =1/V, 

(d) a', b/, and c' are non-coplanar if a, b, and c are non-coplanar. 


Solution 
bxc a:bxc 


(a) 2a'*a—a-:a/—a- 1 


a-bxc a:bxc 
cxa b:cxa a'bxce 

b’-b=b-b’=b- a = = 

a*:bxc a:bxc asbxe 


j j axb c:axb a-:bxc 
è ce As £ 


= = =1 
a*:bxc asbxec asbxe 


^u own... nu, PXE _brbxe bxbec 
UU aps poc "III YIOP abk 
Similarly, the other results follow. The results can also be seen by noting, for example, that a' has the direction of 
b x c and so must be perpendicular to both b and c, from which a’ * b = 0 and a' * c = 0. 

From (a) and (b), we see that the sets of vectors a, b, c and a’, b’, c' are reciprocal vectors. See also 
Supplementary Problems 2.104 and 2.106. 


(d eee pa giz BD 
V V V 
Th A" , (bxo:(exa)x(axb) (axb):(bxcex(exa) 
en a xc = V3 = v3 
(a-bxc) V? 


1 
V vy using Problem 2.52. 


(d) By Problem 2.42, if a, b, and c are non-coplanar a* b x c #0. Then, from part (c), it follows that 
a’: b' x c £0, so that a’, b’, and c' are also non-coplanar. 
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2.54. 


Show that any vector r can be expressed in terms of the reciprocal vectors of Problem 2.53 as 


r= (r* a)a + (r * bb + (r * ede. 


Solution 
From Problem 2.50, B(A- C x D) -A(B- Cx D) = C(A: B x D) — D(A: B x C). Then 


A(B:CxD) B(A:CxD) , C(A: Bx D) 


D-UABxC A-BxC ` A:BxC 
LetA=a, B=b, C-c,and D = r. Then 
|or*bxc Qreexa _reaxb 


r 


= ac T c 
a'bxc a'bxc a'bxc 


— bxc nds cxa biri axb $ 
D» a:bxc/ ` a:bxcj ` a-bxc 


= (r*a)a- (r * bb + (r * cc. 


SUPPLEMENTARY PROBLEMS 


2.55. 


2.56. 


2.57. 


2.58. 


2.59. 


2.60. 


2.61. 


2.62. 


2.63. 


2.64. 


2.65. 


2.66. 


Evaluate: (ak-*-cj. (b) Gü—2k):G-3k) (o Qi—j 43k): Gi - 2j — k). 


Suppose A =i+3j—2k and B=4i—2j+4k. Find: (a) A+B, (b) A, (c) B, (d) |3A -2Bl, 
(e) QA + B) (A — 2B). 


Find the angle between (a A=3i+2j—6k and B-—4i—3j-ck; (b C=4i-—2j+4k and 
D = 3i — 6j — 2k. 


Find the values of a for which vectors A and B are perpendicular where: 


(a) A = ai — 2j + k and B = 2ai+ aj — 4k, (b) A= 2i+-j+ ak and B = 2i+aj+k. 
Find the acute angles that the line joining the points (1, —3, 2) and (3, —5, 1) makes with the coordinate axes. 


Find the direction cosines of the line joining the points: 
(a) (3, 2, —4) and (1, —1, 2), (b) (—5, 3, 3) and (—2, 7, 15). 


Determine the angles of a triangle where two sides of a triangle are formed by the vectors: 
(a) A = 3i — 4j — k and B = 4i — j+ 3k, (b) A = —2i + 5j + 6k and B = 3i + j + 2k. 


The diagonals of a parallelogram are given by A = 3i — 4j — k and B = 2i + 3j — 6k. Show that the paralle- 
logram is a rhombus and determine the length of its sides and angles. 


Find the projection of the vector A on the vector B where: 
(a) A = 2i — 3j + 6k and B =i + 2j + 2k, (b) A =2i+j-— k and B = —6i 4- 2j — 3k. 


Find the projection of the vector A = 4i — 3j + k on the line passing through the points (2, 3, —1) and 
(—2, —4, 3). 


Find a unit vector perpendicular to both vector A and vector B where: 
(a) A = 4i — j + 3k and B = —2i +j — 2k, (b) A= 6i + 22j — 5k and B = i+ 6j — 2k. 


Find the acute angle formed by two diagonals of a cube. 


2.67. 


2.68. 


2.69. 


2.70. 


2.71. 
2.72. 


2.73. 


2.74. 


2.75. 


2.76. 


2.77. 


2.78. 


2.79. 


2.80. 


2.81. 


2.82. 
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Find a unit vector parallel to the xy-plane and perpendicular to the vector 4i — 3j 4- k. 
Show that A, B, and C are mutually orthogonal unit vectors where: 

(a) A = (2i — 2j + k)/3, B = (i+ 2j + 2k)/3, and € = (2i + j — 2k)/3 

(b) A = (12i — 4j — 3k)/13, B = (4i + 3j + 12k)/13, and C = (3i + 12j — 4k)/13. 


Find the work done in moving an object along a straight line: 
(a) from (3, 2, —1) to (2, —1, 4) in a force field given by F = 4i — 3j + 2k. 
(b) from (3, 4, 5) to (—1, 9, 9) in a force field given by F = —3i + 5j — 6k. 


Let F be a constant vector field force. Show that the work done in moving an object around any closed polygon 
in this force field is zero. 


Prove that an angle inscribed in a semicircle is a right angle. 


2 


Let ABCD be a parallelogram. Prove that AB’ + BC ! CD + DA —-AC + BD 


Let ABCD be any quadrilateral where P and Q are the midpoints of its diagonal. Prove that 


AB +BC +CD +DA =AC 4 BD) +4PO° 
This is a generalization of the preceding problem. 


Consider a plane P perpendicular to a given vector A and distance p from the origin. (a) Find an equation of the 
plane P. (b) Express the equation in (a) in rectangular coordinates. 

Let rı and r? be unit vectors in the xy-plane making angles o and £ with the positive x-axis. 

(a) Prove that r; = cos ai + sin aj and r2 = cos fi + sin Pj. 

(b) By considering r; * r2, prove the trigonometric formulas 


cos(a — B) = cos æ cos B 4- sinasin and cos(a+ BJ) = cos æ cos B+ sin asin B 


Let a be the position vector of a given point (x1, y1, zi), and let r be the position vector of any point (x, y, z). 
Describe the locus of r if: (a) |r — a| = 3, (b)(r—a):a=0, (c)(r—-a):r-O. 


Suppose A = 3i +j + 2k and B = i — 2j — 4k are the position vectors of points P and Q, respectively. 
(a) Find an equation for the plane passing through Q and perpendicular to the line PQ. 
(b) Find the distance from the point (—1, 1, 1) to the plane. 


Evaluate each of the following: (a) 2j x (3i— 4k), (b) @4+2j)xk, (c) Qi—4k) x (i+ 2j), 
(d) (4i +j —2k)x (3i + k), (e) Qi +j -— k) x (3i — 2j + 4k). 


Suppose A=3i—j—2k and B=2i+3j+k. Find: (a) |A x B|, (b) (A+ 2B) x (2A — B), 
(c) |(A + B) x (A — B)J. 


Suppose A = i — 2j — 3k, B = 2i + j — k, C = i + 3j — 2k. Find: 
(a) (A xB)xC| (c) A*-(BxC) (e) (Ax B) x (Bx C) 
(b |A x (Bx CO)J| (d) (Ax B)*C, (f) (Ax BB: C) 


Suppose A z 0 and both of the following conditions hold simultaneously: (a) A: B = A * C, 
and (b) A x B = A x C. Show that B = C but, if only one of the conditions holds, then B z C necessarily. 


Find the area of a parallelogram having diagonals: (a) A = 3i + j — 2k and B = i — 3j — 4k, 
(b) A = 2i + 4j and B = —4i + 4k. 
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2.83. 


2.84. 


2.85. 


2.86. 


2.87. 


2.88. 


2.89. 


2.90. 


2.91. 


2.92. 


2.93. 


2.94. 


2.95. 


2.96. 


2.97. 


2.98. 


2.99. 


2.100. 


Find the area of a triangle with vertices at: (a) (3, —1, 2), (1, —1, —3), and (4, —3, 1), 
(b) (2, —3, —2), (—2, 3, 2), and (4, 3, —1). 


Suppose A = 2i + j — 3k and B = i — 2j + k. Find a vector of magnitude 5 perpendicular to both A and B. 
Use Problem 2.75 to derive the formulas: 


sin(a — B) = sinacosB—cosasinB and sin(a + B) = sin æ cos B + cos «æ sin B 


Suppose a force F = 3i + 2j — 4k is applied at the point (1, —1, 2). Find the moment of F about the point: 
(a) (2, —1, 3), (b) (4, —6, 3). 


The angular velocity of a rotating rigid body about an axis of rotation is given by w = 4i + j — 2k. Find the 
linear velocity of a point P on the body whose position vector relative to a point on the axis of rotation is 
2i — 3j + k. 


Simplify: (a) (A4-B)*(B4-C) x (CA), (b) A* QA +B) x C. 


Prove that (A> B x C)(a- bx ce) = 


aw 
aaa 
aw 
o c cm 
awr 
ana 9 


Find the volume of the parallelepiped whose edges are represented by: 

(a) A= 2i-3j+4k, B=i+2j—k, and C= 3i — j + 2k. 

(b) A=i-—j+2k, B=i+j—k, andC=i-—j-—4k. 

Suppose A * B x C = 0. Show that either (a) A, B, and C are coplanar but no two of them are collinear, 
or (b) two of the vectors A, B, and C are collinear, or (c) all the vectors A, B, and C are collinear. 

Find the constant a so that the following vectors are coplanar: 


(a) 2i-jt+k, i-c2j—3k, 3it+aj+5k, (b)3i—3j— k, —3i—2j+2k, 6i+aj—3k. 


Suppose A= xja+y,b+z¢, B — xac yjb-F zc, and C = x3a + yb + zac. Prove that 


Xp y 21 
A:BxC-|x»o y z(a:bxc) 
X3 ys Z3 


Prove that (A x C) x B = 0 is a necessary and sufficient condition that A x (B x C) = (A x B) x C. Discuss 
the cases where A ° B= 0 or B: C—O. 


Let points P, Q, and R have position vectors rj; = 3i — 2j — k, r2 = i + 3j + 4k and r3 = 2i + j — 2k relative 
to an origin O. Find the distance from P to the plane OQR. 


Find the shortest distance: (a) from (6, —4, 4) to the line joining (2, 1, 2) and (3, —1, 4), 
(b) from (1, —7, 5) to the line joining (13, —12, 5) and (23, 12, 5). 


Consider points P(2, 1,3), Q(1,2, 1), R(—1, —1, —2), S(1, —4, 0). Find the shortest distance between lines 
PQ and RS. 


Prove that the perpendiculars from the vertices of a triangle to the opposite sides (extended if necessary) meet 
at a point (called the orthocenter of the triangle). 


Prove that the perpendicular bisectors of the sides of a triangle meet at a point (called the circumcenter of the 
triangle). 


Prove that (A x B) + (Cx D) + (Bx O) (Ax D) + (C x A) (BxD)-0. 
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2.101. Let POR be a spherical triangle whose sides p, q, r are arcs of great circles. Prove the law of cosines for spheri- 
cal triangles, 


COS p = cosqcosr+ sing sinr 


with analogous formulas for cos q and cos r obtained by cyclic permutation of the letters. Hint: Interpret both 
sides of the identity 


(A x B) + (Ax C) = (B: C(A* A) - (A: CB* A) 


2.102. Find a set of vectors reciprocal to the set vectors: 
(a) 2i+- 3j —k, i—j-— 2k, i+2j+2k, (b)i+2j+3k, 5i-j-k i+j—k. 


bxc cxa axb 
2.103. Suppose a’ = ,b = ,c= . Prove that 
a-bxc a:bxc a:bxc 
bxc cd xad a x b 
a= = c= 
a bxc a bxc a bxc 


2.104. Suppose a, b, c and a’, b’, c' have the following properties: 


a-a=b'-b=c'-c=1 
a*b-—a'*c—b':a-b':*c—c-:a-c-*:b-0 


Prove that the hypothesis of Problem 2.103 holds, that is, 


, bxc i cxa ! axb 
a 


= = | a 
a:bxc' a:bxc' a:bxc 


2.105. Prove that the only right-handed self-reciprocal sets of vectors are i, j, k. 


2.106. Prove that there is one and only one set of vectors reciprocal to a given set of non-coplanar vectors a, b, c. 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


2.55. (a) 0, (b) —6, (c) 1 2.57. (a) 90°, arc cos 8/21 = 67736 

2.56. (a) —10, (b) 4/14, (c) 6, (d) W150, (e) —14 2.58. (a) a= 2, —1, (b)a = 2 

2.59. arc cos 2/3, arc cos 2/3, arc cos 1/3 or 48°12’, 48°12’, 70°32’ 

2.60. (a) 2/7, 3/7, —6/7 or —2/7, —3/7, 6/7, (b) 3/13, 4/13, 12/13 or —3/13, —4/13, —12/13 
2.61. (a) arc cos 7/4/75, arc cos 4/26/ 4/715, 90° or 36°4’, 53°56’, 90° (b) 68.6^, 83.9°, 27.5? 
2.62. 54/3/2, arc cos 23/75, 180? — arc cos 23/75; or 4.33, 72^8', 107^52' 


2.63. (a) 8/3, (b) —1 2.66. arc cos 1/3 or 70°32’ 
2.64. | 2.67. +(3i+ 4/5 
2.65. (a) E (ü — 2j — 2k)/3, (b) t Qi — j — 2k)/3 2.69. (a) 15, (b) 13 
2.74. (a)r:n = p where n = A/|A| = A/A, (b) Aix + Azy + Aaz = Ap 
2.76. (a) Sphere with center at (x1, y;, zi) and radius = 3. 
(b) Plane perpendicular to a and passing through its terminal point. 
(c) Sphere with center at (x1/2, y,/2, z;/2) and radius Jety+z, /2; or a sphere with a as diameter. 
2.77. (a) (r — B) (A — B) = 0 or 2x + 3y + 6z = —28; (b) 5 
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2.78. 
2.79. 


2.80. 
2.82. 
2.83. 
2.84. 


2.86. 
2.87. 
2.88. 


2.90. 


(a) —8i — 6k, (b) 2i — j, (c) 8i — 4j + 4k, (d) i — 10j — 3k, (e) 2i — 11j — 7k 


(a) 4/195, (b) —25i + 34j — 55k, (c) 24/195 


(a) 54/26, (b) 34/10, (c) —20, (d) —20, (e) —40i 


(a) 54/3, (b) 12 2.92. 
(a) /165/2, (b) 21 2.95. 
t[54//3/3]ü + j + k) 2.96. 
(a) 2i — 7j — 2k, (b) —3(6i + 5j + 7k) 2.97. 
—5i — 8j — 14k 2.102. 


(2A*Bx C,(D A-Bx C 


(a) 7, (b) 12 


20j + 20k, (f) 35i — 35j + 35k 


(a) a= —4, (b) a  —13 


3 
(a) 3, (b) 13 

3/2 

2.1 8 3. 3 5 
JT ae a ie 

Oat ge ghia -3i+j-3 


(b) (2i-+ 4j + 6k)/28, (5i — 4j + k)/28, 
(i+ 9j — 11k)/28 


Vector Differentiation 


3.1 Introduction 


The reader is familiar with the differentiation of real valued functions f(x) of one variable. Specifically, 
we have: 


fœ = 


a op O ESO 


dx  h>0 


Here we extend this definition to vector-valued functions of a single variable. 


3.2 Ordinary Derivatives of Vector-Valued Functions 


Suppose R(u) is a vector depending on a single scalar variable u. Then 
AR _ Ru + Au) — R(u) 
Au Au 


where Au denotes an increment in u as shown in Fig. 3-1. 
The ordinary derivative of the vector R(u) with respect to the scalar u is given as follows when the limit 
exists: 


dR MEM AR ES R(u + Au) — R(u) 

du | Au>0 Au Avo Au 
Since dR/du is itself a vector depending on u, we can consider its derivative with respect to u. If this 
derivative exists, we denote it by d’R/du?. Similarly, higher-order derivatives are described. 


Ar = r(u + Au) — r(u) 


AR = R(u + Au) - R(u) 


Fig. 3-1 Fig. 3-2 
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Space Curves 


Consider now the position vector r(u) joining the origin O of a coordinate system and any point (x, y, z). 
Then 


r(u) = x(w)i + yuw)j + wk 


and the specification of the vector function r(u) defines x, y, and z as functions of u. 
As u changes, the terminal point of r describes a space curve having parametric equations 


x-—axu), y=yu), z= z(u) 


Then the following is a vector in the direction of Ar if Au > 0 and in the direction of —Ar if Au < 0 
[as pictured in Fig. 3-2]: 


Ar  r(u- Au) — r(u) 
Au | Au 


Suppose 
Ar dr 


im — = 
Au>0 Au du 


exists. Then the limit will be a vector in the direction of the tangent to the space curve at (x, y, z) and it is 
given by 


Motion: Velocity and Acceleration 


Suppose a particle P moves along a space curve C whose parametric equations are x = x(t), y = y(t), 
z = z(t), where t represents time. Then the position vector of the particle P along the curve is 


r(t) = x(1)i + y(Oj + z()k 
In such a case, the velocity v and acceleration a of the particle P is given by: 


dr dx, dy, dz 


= = = i i k 
Ver dt dt "t ar! E dt 
dy dy dx, dy, d 
E= H= = = i i k 
aay d? dt dt? ii ae! * dt? 


EXAMPLE 3.1 Suppose a particle P moves along a curve whose parametric equations, where t is time, follows: 


x=40° +81, y=2cos3t, z-—2sin3t 


(a) Determine its velocity and acceleration at any time. 
(b) Find the magnitudes of the velocity and acceleration at t = 0. 


(a) The position vector of the particle P is 


r = xi + yj + zk = (40£ + 8t)i + (2 cos31)j + (2 sin 30k 
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Then the velocity v and acceleration a of P follow: 


d 
v= T = (80t - 8)i + (—6sin30j + (6 cos 34k 


d 
a= = = 80i + (—18 cos 3)j + (—18 sin 3k. 


(b) At t= 0, v = 8i + 6k, and a = 80i — 18j. Magnitudes of velocity v and acceleration a follow: 


Ivi = (8)? + (6 =10 and |a| = y (80? + (—18)? = 82 


3.3 Continuity and Differentiability 


A scalar function ġ(u) is called continuous at u if 
jim, du + Au) = Qu) 


Equivalently, (u) is continuous at u if, for each positive number e, we can find a positive number 6 
such that 


Id(u + Au) — d(u)| < € whenever |Au| < 6 


A vector function R(u) = Ri (Wi + Ro(w)j + Ra(u)k is called continuous at u if the three functions 
R,(u), R2(u), Ra(u) are continuous at u or if lima, ,9 R(u + Au) = R(u). Equivalently, R(u) is continuous 
at u if, for each positive number e, we can find a positive number 6 such that 


[R(u + Au) — R(u)| < e whenever |Au| < 6 


A scalar or vector function of u is called differentiable of order n if its nth derivative exists. A function 
that is differentiable is necessarily continuous but the converse is not true. Unless otherwise stated, we 
assume that all functions considered are differentiable to any order needed in a particular discussion. 

The following proposition applies. 


PROPOSITION 2.1 Suppose A, B, and C are differentiable vector functions of a scalar u, and @ is a 
differentiable scalar function of u. Then the following laws hold: 


dA dB 
(i) a a dr 
dB dA 
Gi) —(A*B)—A Tu t du B 
(ii) — (A x B) = A LE B 
du du 
.. d LEON d 
iv) 2a) =o e TA 
(v) La. Bx C)=A-> ove By c+. BxC 
u 
(vi) 4 (Ax (Bx O) Ax Bx 4€ +A x ® 445 BxKO 
du du du du 


The order of the products in Proposition 2.1 may be important. 
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d 
EXAMPLE 3.2 Suppose A = 5u7i + uj — i? k and B = sin ui — cos uj. Find gA B) 
u 
dB dA 
du du 


= (Sui + uj — uk): (cos ui + sin uj) + (10ui + j — 3i2K)* (sin ui — cos uj) 


d 
ga B) =A B 


= [5u? cos u + usin u] + [10u sin u — cos u] 


= (5i? — 1) cosu + llusinu 


Another Method 
A: B = 5i? sinu — ucosu. Then 


d 


d 
3,9 B)= jq, 0€ sinu — ut cos u) = 5u? cosu + 10u sinu + u sin u — cos u 
u u 


= (Si? — 1)cosu+ Ilusinu 


3.4 Partial Derivative of Vectors 


Suppose A is a vector depending on more than one variable, say x, y, z, for example. Then we write 
A — A(x, y, z). The partial derivative of A with respect to x is denoted and defined as follows when the 
limit exists: 


9A — lim A(x + Ax, y, z) ES A(x, y». z) 
ax B Ax>0 Ax 


Similarly, the following are the partial derivatives of A with respect to y and z, respectively, when the 
limits exist: 


9A qu MO yt Ay, DAG, y, 2 
8y Ay->0 Ay 

dA . Ax, y, z+ Az) — A(x, y, z) 
— = lim 

Oz Az 30 Az 


The remarks on continuity and differentiability of functions of one variable can be extended to functions 
of two or more variables. For example, (x, y) is called continuous at (x, y) if 


Jim (x + Ax, y + Ay) = dx, y) 
Ay>0 


or if for each positive number e we can find a positive number 6 such that 
Id(x + Ax, y+ Ay) — d(x, y) <e whenever |Ax| <6 and |Ay| <6 


Similar definitions hold for vector functions of more than two variables. 

For functions of two or more variables, we use the term differentiable to mean the function has continu- 
ous first partial derivatives. (The term is used by others in a slightly weaker sense.) 

Higher derivatives can be defined as in calculus. Thus, for example: 


PA a (dA) PA a (9A) PA a (OA 
à!  OxVOx/ ay? ay Lay J? a az Lz 


A a (dA QA a (dA PA 9 (FA 
axdy adx\dy)’ aydx dy\ax/]’  üxO | Ox \ a2 
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In the case that A has continuous partial derivatives of the second order at least, we have 
eA PA 
üxüy — dyax 
That is, the order of differentiation does not matter. 
3 


EXAMPLE 3.3 Suppose (x, y, z) = xy?z and A = xi + j + xyk. Find o 
x? dz 


(A) at the point P(1, 2, 2). 


QA = Xy d + xy?zj + x!y?zk 


a (A) = xy xy^j - x yk 
o 2: 2: 3 
aaz 0 = xy + yj + 2xy k 
9 
aos; 0 = 2yAi 4 2y°k 


9 
Ox2 dz 


When x = 1, y = 2, and z= 2, (pA) = 8i + 16k. 


Rules for partial differentiation of vectors are similar to those in elementary calculus for scalar functions. 
In particular, the following proposition applies. 


PROPOSITION 3.2 Suppose A and B are vector functions of x, y, z. Then the following laws hold: 


a ðB 93A 

i) —(A:B)—-A: —+—-B 

© à ) ac ax 

(ii) Be en ee Cee 
ax Ox — Ox 

iis 2 

(1) 79 ee 3 AB) re po a 
dyax dy | ox ay Ox — Ox 


: 9B n LUCUS B 9A 
dyox dy Ox dx Oy dyax 


* B, and so on. 


The rules for the differentials of vectors are essentially the same as those of elementary calculus as seen 
in the following proposition. 


PROPOSITION 3.3 Suppose A and B are functions of x, y, z. Then the following laws hold. 


(i) If A = Aii 4- A»j + Ask, then dA = dAii + dAoj + dAsk 
(ii) d(A* B) = A* dB + dA: B 
(ii) d(A x B) = Ax dB + dA x B 


A A A 
(iv) If A= A(x, y, z), then dA = : dx + 2 dy + 2 dz, and so on. 
x y z 


a 


3.5 Differential Geometry 


Differential geometry involves the study of curves and surfaces. Suppose C is a space curve defined by the 
function r(u). Then, we have seen that dr/du is a vector in the direction of the tangent to C. Suppose the 
scalar u is taken as the arc length s measured from some fixed point on C. Then dr/ds is a unit tangent vector 
to C and it is denoted by T (see Fig. 3-3). The rate at which T changes with respect to s is a measure of the 
curvature of C and is given by dT /ds. The direction of dT /ds at any given point on C is normal to the curve 
at that point (see Problem 3.9). If N is a unit vector in this normal direction, it is called the principal normal 
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to the curve. Then dT/ds = KN, where xk is called the curvature of C at the specified point. The quantity 
p = 1/k is called the radius of curvature. 


z 


E 


— 


Fig. 3-3 


ru" 
i? 


A unit vector B perpendicular to the plane of T and N and such that B = T x N, is called the binormal 
to the curve. It follows that directions T, N, B form a localized right-handed rectangular coordinate system 
at any specified point of C. This coordinate system is called the trihedral or triad at the point. As s changes, 
the coordinate system moves and is known as the moving trihedral. 


Frenet - Serret Formulas 
A set of relations involving derivatives of the fundamental vectors T, N, and B is known collectively as the 
Frenet—Serret formulas given by 


dT dN dB 
x RN. uc PER, g N 


where 7 is a scalar called the torsion. The quantity ø = 1/7 is called the radius of torsion. 

The osculating plane to a curve at a point P is the plane containing the tangent and principal normal at P. 
The normal plane is the plane through P perpendicular to the tangent. The rectifving plane is the plane 
through P, which is perpendicular to the principal normal. 


Mechanics 


Mechanics often includes the study of the motion of particles along curves. (This study being known as 
kinematics.) In this area, some of the results of differential geometry can be of value. 

A study of forces on moving objects is considered in dynamics. Fundamental to this study is Newton's 
famous law which states that if F is the net force acting on an object of mass m moving with velocity v, then 


d 
F= dt (mv) 


where mv is the momentum of the object. If m is constant, this becomes F = m(dv/dt) = ma, where a is the 
acceleration of the object. 


SOLVED PROBLEMS 


3.1. Suppose R(u) = x(u)i + y(u)j + z(u)k, where x, y, and z are differentiable functions of a scalar u. 
Prove that 


dR | dx | dy; dz 
du du dw du ` 
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Solution 


dR ; R(u + Au) — R(u) 
= lim —————————— 


du E Au—0 Au 
. [x(a + Awi + yu + Au)j + z(u + Awk] — [xoi + yj + z(u)k] 
= lim 
Au—0 Au 
jg, “TAM — x00, | Yi Au- yw) | zu + Au) = za 
^ Au>0 Au Au E Au 
A dx, dy, dz 
R ?R R PR 
3.2. Given R = (3 cos )i + (3 sin )Ðj + (4t)k. Find: (a) = (b) a . (c) E D 7 


Solution 


dR d d d 
(a) we 48 cos f)i + ae sin t)j + 3i (4t)k = (—3 sin Hi + (3 cos hj + 4k. 


R d (dR 
(b) ( 


TRUE. d SORET 
^ i5 EET 3sin f)i 4 4; eos i + aq ect 3cost)i + (—3 sin t)j. 


(c) S = [(-3sint)? + 83 cos t}? + (42112 = 5, 


2 
A = [(—3 cos n? + (—3 sin 1? + (0)"]' = 3. 


(d) 


t 


3.3. A particle moves along a curve whose parametric equations are x = e’, y = 2cos3t, z = 2 sin 3t, 


where f is the time. 
(a) Determine its velocity and acceleration at any time. 
(b) Find the magnitudes of the velocity and acceleration at t = 0. 


Solution 


(a) The position vector r of the particle is r = xi + yj + zk = e i + 2 cos 3tj + 2 sin 3tk. Then the velocity is v = 
dr/dt = —e~'i — 6 sin 3tj + 6 cos 3tk and the acceleration is a = d?r/dt? = e~'i — 18 cos 3tj — 18 sin 3tk. 


(b Att=0, dr/dt = —i+ 6k and d?r/d? = i — 18j. Then 
magnitude of velocity at t — 0 is J/(—1Y + (6 = 4/37 
magnitude of acceleration at t — 0 is (1 + (218)? = 4/325. 


3.4. A particle moves along the curve x = 22, y — f —4t, z= —t— 5 where t is the time. 
Find the components of its velocity and acceleration at time t — 1 in the direction i — 2j 4- 2k. 


Solution 


dr d 
Velocity — = Ai + (? — 40j + (—t — 5)k] 


= (4i + 2t- 4j—-k= 4i- 2j-k atr=1. 
i — 2j + 2k 
Unit vector in direction i — 2j + 2k is uaa = 4i-3j+ 4k. 


Vd) + (—2 + (27 
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Then the component in the given direction is (4i — 2j — k): (ti 2j + 3k) =2 


aces 2 d dd x cor dr Tipo] 
cceleration = dé =y di = 14 J = ^ T 5J. 


Then the component of the acceleration in the given direction is (4i + 2j)+ (1i — 2j +4k) = 0. 


3.5. A curve C is defined by parametric equations x = x(s), y = y(s), z = z(s), where s is the arc length of 
C measured from a fixed point on C. If r is the position vector of any point on C, show that dr/ds is a 
unit vector tangent to C. 


Solution 


The vector 


dr d tias dx, Py. | dt. 
d cg Mrs zt usb tus 


is tangent to the curve x = x(s), y = y(s), z = z(s). To show that it has unit magnitude, we note that 


(N (AN (E; _ fax? +@y +a] 
~ (5) (2) (5) ~ (ds) i 


since (ds) = (dx)* + (dy) + (dz)? from the calculus. 


dr 
ds 


3.6. (a) Find the unit tangent vector to any point on the curve x = Ê — t, y = 4t — 3, z= 2? — 8t. 
(b) Determine the unit tangent at the point where t = 2. 


Solution 


(a) A tangent to the curve at any point is 


dr d 
r2 (i4 (t 3)j + Q? — 80k] = Qt — Di + 4j + (4t — 8)k. 
dt dt 
The magnitude of the vector is |dr/dt| = [Qt — 1)” + (4 + (4t — 8)”]'/”. Then the required unit tangent 


vector is 


T = [Qt — Di + 4j + (4t — 8K]/[Qt — 1 + (4? + (4t — 81! 7. 


Note that since |dr/dt| = ds/dt, we have 


. dr/dt dr 
~ ds/dt  ds' 
3rd 
(b) At t — 2, the unit tangent vector is T — EL =2i+3j. 


V Gy + Ay + 0° 


3.7. Suppose A and B are differentiable functions of a scalar u. Prove: 


d dB dA 
— (A*B)—A- 
(a) du‘ ) Hi on 


* B, (bj Asa SB Vd og 
du u 
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Solution 
(a) 4 (4. B) — lim (A + AA): (B+ AB) — A: B 
du Au>0 Au 
. A* AB 4- AA: B +AA: AB 
= lim 
Au—0 Au 
AB AA AA dB dA 
i Au Au SES Au ABTA du du 
Another Method 


Let A = Aji l Adj t A3K, B = Bi t Boj H B3K. Then 


d d 
(A> B) = — (A,B, + A2B2 + A3B3) 
du du 


(A + AA) x (B + AB)— A x B 


(b) L aAxB= lim 


Au—>0 Au 
.X'A x AB+ AA xB+AA x AB 
= lim 
Au—0 Au 
. AB AA AA 
m S moo Mo 
7 dB x dA B 
n du du 
Another Method " 2 i j kK 
a TBE ae A1 A» EC 
a UIB B Bi 


Using a theorem on differentiation of a determinant, this becomes 


i j k i j k 
A dB dA 

1 42 A3 ! dA, dA» dA3| _ AEA y 
dB, dB, dB; du du du du du 
du du du Bı B5 B3 


3.8. Suppose A = 577i + tj — ?k and B = sin ti — cos tj. Find: (a) E x B), (b) La A). 


Solution 
(a) La B)—A- ayo. B 


= (50i + tj — Pk) - (cos ti + sin rj) + (10i + j — 3k) - (sin ti — cos tj) 


= 5f? cos t + tsint + lOtsint — cost = (52 — 1)cost+ 11tsint 
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3.9. 


3.10. 


Another Method 


A> B = 5?’ sint — t cost. Then 


d d 
—(A:B)— T sint — tcost) = 5f cost + 10t sint + t sint — cost 


= (5? — 1)cost+ IHtsint 


(b) g Aa odie i j k i j k 
7A” xB)=A x- tz x B= 50 t —P i| 10¢ 1 -3r 
cost sint 0 sint —cost 0 
= [P sin ti — P cos tj 4- (5? sint — t cos t)k] 
+ [-3£ cos ti — 3? sin tj + (—10t cos t — sink] 
= (P sint — 3? cos hi — (P cost + 3? sin Aj + (52 sint — sint — 11t cos t)k 
Another Method 
i j k 
AxB=]| 5. t P| = —P costi — P sin tj + (—5P cost — t sin t)k 


sint —cost 0 


d 
Then 40 x B) = (P sint — 3? cos Hi — (P cos t + 3 sin j + (52 sint — 11tcost — sin )k 


d dA dA dA 
c) —(A+ A) = ST rA SDA E 
AA] atda di 


= 2(5t^i + tj — Pk)- (10ti + j — 32k) = 1008 + 2t + 6r 


Another Method 
A — (52) +04 
d 
Then z“ E P +É) = 100? + 2t 4 6P. 


( py = 2544 £ | fe 


Suppose A has constant magnitude. Show that A - dA/dt = 0 and that A and dA/dt are perpendicular 
provided |dA/dt| # 0. 


Solution 


Since A has constant magnitude, A+ A = constant. 
Then La. A)—A-* qq 57.79 


dA dA dA 
Thus A+ — dm — 0 and A is perpendicular to ES provided ^ z 0. 


Suppose A, B, and C are differentiable functions of a scalar u. Prove 
d ac dB dA 
quiet Bos OS PuBUS S EA: p Kp Boe 


Solution 
d dA 

By Problems 3.7(a) and 3. 9, 3 “a (Bx C)=A> pr x €) TT :BxC 
u u 


dC dB dA 
=a [ex 4 xc] nac 
ed Bue cas Brog A BxC 


CHAPTER 3 Vector Differentiation 


3.11. A particle moves so that its position vector is given by r = cos cfi + sin wtj where o is a constant. 
Show that (a) the velocity v of the particle is perpendicular to r, (b) the acceleration a is directed 
toward the origin and has magnitude proportional to the distance from the origin, (c) rx v=a 
constant vector. 


Solution 


d 
(a) v= ^ = —wsin oti + cos «tj. Then 


r° v = [cos oti + sin oij]* [—wsin oti + cos orj] 


= (cos wf)(—w sin wt) + (sin wt)(wcos wt) = 0 


and r and v are perpendicular. 


(b) dr dv — 5 


— W cos eti — o» 


am ae sin «tj 


= — w [cos ofi + sin rj] = —er 


Then the acceleration is opposite to the direction of r, that is, it is directed toward the origin. Its magnitude is 
proportional to |r|, which is the distance from the origin. 


(c) r x v= [cos ori + sin wtj] x [—«sin wti + cos otj] 
i j k 
—| cosot sinot 0 


—wsinwt wcosæwt 0 


= w(cos wt + sin? ct)k 


= wk, a constant vector. 


Physically, the motion is that of a particle moving on the circumference of a circle with constant angular 
speed w. The acceleration, directed toward the center of the circle, is the centripetal acceleration. 


dA dA 


=A—. 
dt dt 


3.12. Show that A> 


Solution 


Let A = Aji+ Aj + Ask. Then A = \/A? + A2 + A2. 


dA 1 E dA, dA; dA; 
= (A? + A2 + A2)? [2A + 2A + 2A 
d 2 tA +A) E ? dt ? dt 
dA; dA; dA; 
A FA HA 
l dt? dt ? dt 
(A? + A} + ADU 
dA 
A+ — 
LC UM. ieg the pam 
A dt dt 
Another Method 
d d 
ince Av A = A? A: A) 2 — (45). 
Since gk ) ac ) 
d dA dA dA d dA 
A: A)=A: -A=2A: d —(A’) =2A— 
qa Ue d dt g 9 ae di 
dA dA dA dA 
Then 2A: — —2A— or Ae —=A—. 
dt dt dt dt 


dA 
Note that if A is a constant vector A* Pom O as in Problem 3.9. 
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dA 0A 
3.13. Let A = (2z2y — x+)i + (e? — ysin x)j + (x? cos y)k. Find: (a) ae (b) 3s 
X y 
Solution 
(a) 9A = 9 (232y — xi 2 (e® — ysinx)j + os cos y)k 
Ox = ax ax ox 
= (Axy — Ax))i + (ye? — y cosx)j + 2xcos yk 
(598.9 ay cuo on seta vi E ek 
dy y dy dy 


= 2x7i + (xe? — sinx)j — x? sin yk 


; n 9A 9A 
3.14. Let A be the vector in Problem 3.13. Find: (a) —, (b) —. 
ax? 3y? 
Solution 
(a) A a 3ye | 9 Xy : 9 
a gi? Ax i+ x (ye ycosx)j + ax x cos y)k 
= (4y — 12x)i+ (3e? + y sinx)j + 2cos yk 
(b A 9 deu) po eye dex go. 
ay? = ay (2x^)i 4 ay (xe sin x)j By (x^ sin y)k 


— 0 +x ej — x? cos yk = x?e?j — x? cos yk 


eA 9A 
3.15. Let A be the vector in Problem 3.13. Find: (a) ——, (b) ——. 
axdy QyOx 
Solution 
(a) YA — 3 (dA me X TN SO. 
Go m wl a Oe jis x (xe sin x)j ax sin y)k 


= 4xi + (xye?' + e?' — cos x)j — 2xsin yk 


2 
RUE Ze: 


ð a à 
= = 4. 4 3\s xy . ĉo k 
ðyðx y x) 3 xy — 4x ji ay (ye y cos x)j + 3 X COS y) 


= 4xi + (xye?' + e?' — cosx)j — 2x sin yk 


Note that 8’ A/dyax = 8° A/axdy, that is, the order of differentiation is immaterial. This is true in general if A has 


continuous partial derivatives of the second order at least. 
3 


Ox? dz 


3.16. Suppose (x, y, z) = xy’z and A = xz — xy?j + y2’k. Find (pA) at the point (2, —1, 1). 


Solution 


PA = (xy'z)(xà — xy^j + yzk) = ey ci ay zj - xyzk 


0 
9 99 = zo ryt gy xyz k) = 2x zi xy!j 3xy!zk 
9 ð 22. 4s 32 2. 4s 32; 
à; (09 = gg QXY d - xy j + Say k) = day zi — 2xy j + 3y°z°k 
o a P» 4: 32 24 As 
333, 04 —g 0 d — 2xy'j + 3y z k) —4yd — 2y j 


If x = 2, y 2 —1, and z = 1, this becomes 4(—1)}(1)i — 2(—1)^j = 4i — 2j. 
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3.17. Let F depend on x, y, z, t where x, y, and z depend on t. Prove that 


dF — DE. LER OFdy dF dz 
dt ot dxdt dydt dcdt 


under suitable assumptions of differentiability. 


Solution 


Suppose that F = Fi(x, y, z, Di + Fox, y, z, Oj + FG, y, z, Ok. Then 


dF = dF\i+ dF5j + dF3k 
F OF F F F. oF. F. F. 
- [Fan ace ay ales É ? dr 4 tac ay Iac 


atx dy az ax ay az 
OF; OF; oF; , 0FS 
k| ar a dy 4k 
E ag T ay * Ge | 
8F,, 8F,, oF; F,, 8F,,  aF; 
- + 3k Jara + 3k Jd 
(s ar" ar ) C ERES jo 


àFi, dF), 8F OFi, dF),  aF 
+ (44 —*j4+ —k Jays (i+ @j +k Jax 
ay dy dy az az az 


dF dF OF dx OF dy oF dz 
and so = } } } d 
dt ot  Oxdt odydt Ozdt 


Differential Geometry 


T B 
3.18. Prove the Frenet-Serret formulas: (a) a = KN, (b) T — —TN, (c) A = TB — «T. 
s s s 


Solution 


dT dT 
(a) Since T+ T = 1, it follows from Problem 3.9 that T- Ts = 0, that is, ae is perpendicular to T. 
s s 


dT dT 
If N is a unit vector in the direction —, then PA = KN. We call N the principal normal, « the curvature 
and p = 1/k the radius of curvature. ? 


dN aT dN dN 
' = T x — = T x —. 
n PD Ne HRNOUN NT 


dB 
(b) Let B — T x N, so that d zT 
s 
dB dN dB 
Then T: — = T: T x — = 0, so that T is perpendicular to —. 
ds ds ds 
. dB dB 3 : 
But from B: B = 1, it follows that B: — = 0 (Problem 3.9), so that — is perpendicular to B and is thus 
: ds ds 
in the plane of T and N. 
dB 
Since E is in the plane of T and N and is perpendicular to T, it must be parallel to N; then EE —TN. 
s s 
We call B the binormal, 7 the torsion, and ø = 1/7 the radius of torsion. 


(c) Since T, N, B form a right-handed system, so do N, B, and T, that is, N — B x T. 


dN dT dB 
Then =Bx I x T =B x kKN— TN x T = -kT + B= B — «T. 
ds ds ds 
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3.19. Prove that the radius of curvature of the curve with parametric equations x = x(s), y = y(s), and 


z = z(s) is given by 
dixV? dy = (BN? ME 
p= sr + : 
ds? ds? ds? 


The position vector of any point on the curve is r = x(s)i+ y(s)j + z(s)k. Then 


Solution 


dr dx, dy, dz dT dx., dy., dz 


T = — = —i j = i 
ds ds ds ds ds ds ds 


But dT/ds = KN so that 


dT PN? (dN? (dz 
k= = ' ' 
ds ds? ds? ds? 
and the result follows since p = 1/k. 
d dr dr r 
3.20. Show that — • x = —. 
ds d? d? pP 
Solution 
dr T dr dT N Ër dN i dk N (B T dk B 2T 4 dk 
décor Es aa Oe dg O EN gers ae $e tee 
dr dy dr a, dK 
ae Prob LE KN x (w -x TZN] 


d 
-T (EN xB- Nx TEKEEN x) 
S 


= T: (KT +B) 


T 
pæ KT=— 


p 


The result can be written 


<4 X y z 
T= [oer ik oy is cy] x" y" z! 
x" y" z" 


where primes denote derivatives with respect to s, by using the result of Problem 3.19. 


3.21. Given the space curve x = t, y = ł,z = 2D. Find: (a) the curvature x, (b) the torsion 7. 


Solution 


(a) The position vector is r = ti + 2j -- $^ k. Then 


dr ds 
—=i+ 24 27k d = 
m T and od 


dr 
dt 


= dr dr 2, 2, 2 152 
SA a =a) F Qt) 4- 22)* = 14 2t 
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and 
P dr dr/dt_i+2tj+2r°k 
“ds ds/dt = 422 
dT (14 22)Qj + 4tk) — 6 + 2tj -2?K)Y(4t)  —4ti + (2 — 4)j + 40k 
d 4 22y E (1 + 242)? 
Then 
dT dT/dt _ —4ti + (2 — 4j + 4tk 
ds ds/dt — (1 4 22» 
Since dT/ds = KN, 
| |dr| vV(C40)-Q-480y-4D) — 2 
~|ds| (1 4- 22 "(1422y 


1 dT 2ti + (1 — 2j + 2tk 
kds — 1422 


(b) From (a), N — 


Then 


28i —2tj +k 


B=TxN= 2 2 2 |-— 
x 1422 1422 1428 oe 


—2r 1-2? 2t 
14-22? 1-422? 1-422 


dB 4ü-c(4?—2j-4k |, dB dB/d _ 4ti + (4P —2)j — 4k 


Now = = 
dt (1 +27)? ds ds/dt (1 4- 22? 


dB 
. Since — = —7N, we find 7 = PUTET 
ds (1 + 22) 


2 c 
Also, —7N = 1 2ü + (0 — 2074 zi 


14 27 


Note that k = 7 for this curve. 


3.22. Find equations in vector and rectangular form for the (a) tangent, (b) principal normal, and 
(c) binormal to the curve of Problem 3.21 at the point where t = 1. 


Solution 


Let To, No, and Bo denote the tangent, principal normal, and binormal vectors at the required point. Then, from 
Problem 3.21, 


_ i+ 2j+2k 


_ -2i-j+2k 
gx xu tes 


_ 2i-2j+k 
Er rs 


To 3 


[9] (0) 


If A denotes a given vector while ro and r denote, respectively, the position vectors of the initial point and an 
arbitrary point of A, then r — ro is parallel to A and so the equation of A is (r — ro) x A = 0. Then 


Equation of tangent is (r — ro) x To=0 
Equation of principal normalis  (r — ro) x No = 0 


Equation of binormal is (r — ro) x Bo = 0 
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In rectangular form, with r = xi + yj + zk,ro =i+j- i 


k, these become, respectively, 


x-l y-l z-2/3 x—-l1 y-1l z-2/3 x-1 y-l z-2/3 


1 2 Oris qum» EI MEC REESE, 1 


These equations can also be written in parametric form (see Problem 1.28, Chapter 1). 


3.23. Sketch the space curve x = 3 cos t, y = 3sint,z = 4t and find (a) the unit tangent T, (b) the principal 
normal N, curvature x, and radius of curvature p, (c) the binormal B, torsion 7, and radius of torsion o. 


Solution 


The space curve is a circular helix (see Fig. 3-4). Since t = z/4, the curve has equations x = 3cos(z/4), 
y = 3sin(z/4) and therefore lies on the cylinder x? + y? = 9. 


(a) The position vector for any point on the curve is 


r = 3cos ti + 3sin tj + 4tk 


d 
Then ee 3 sinti + 3 cos tj 4 


4k 
dt 
ds dr dr ar er 2 
= E . m t i t 42 E 
3: di VI E vi 3 sin t) (3 cos t)* + 5 
n m dr dr/dt e 3 E St 
us E RU 5 sin fi + zcostj + zk. 
dT d 4 
(b) = * diu | 2 oii H-k] = 2 asd Sain 
dt dt 5 5 5 5 5 


dT  dT/dt 3 
ds  ds/dt | 25 


3 
Cos ti sin tj 
25 


dT dT 
Since — = KN, |— = |k||N| = kas KZ 0. 
ds ds 
dT 3 7 3 OR 1 25 
Then Ex - | ( aes) ( jn =z and pec 
dT 1 dT 
From — = KN, we obtain N = ——- = —cos ti — sin tj. 
ds K ds 
i j k 
(c) B=TxN=|-—2sint 3icos! $|-—$jsinti—2cosrj -- 3k 
—cost —sint 0 


ee BBA A cade 
— — — —cosfl -san = = cos fi +4 sin 
dt 5 S"Mb ds ds/at 25 3599 


4 4 4 1 
TN = —1(—cos ti sin 1j) = 75 cos ti + zz sin tj o Tt=z3 ande cc e 


Normal Plane 


X , 
" 
AUR 
" 
" 
r 
r 
^ 
^ 
j 
1 
1 
1 
i D 
1 F 
1 / 
toy 


7 
D 
r 
D 


\ Rectifying Plane 


ia Osculating Plane 


Fig. 3-4 Fig. 3-5 
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3.24. Find equations in vector and rectangular form for the (a) osculating plane, (b) normal plane, and 
(c) rectifying plane to the curve of Problems 3.21 and 3.22 at the point where t = 1. 


Solution 


(a) The osculating plane is the plane which contains the tangent and principal normal. If r is the position vector 
of any point in this plane and ro is the position vector of the point t = 1, then r — ro is perpendicular to Bo, 
the binormal at the point t = 1, i.e. (r — ro): Bo = 0. 

(b) The normal plane is the plane which is perpendicular to the tangent vector at the given point. Then the 
required equation is (r — ro): To = 0. 

(c) The rectifying plane is the plane which is perpendicular to the principal normal at the given point. The 
required equation is (r — ro)* No = 0. 

In rectangular form the equation of (a), (b) and (c) become respectively, 


Xx «Ty 20 — 1) + 1z — 2/3) 50; 
1x — D + 2y — D + A(z — 2/3) = 0, 
x — 1) — 1(y — D + 2( — 2/3) = 0. 


Fig. 3-5 shows the osculating, normal and rectifying planes to a curve C at the point P. 


3.25. (a) Show that the equation r — r(u, v) represents a surface. 
ð D) 
(b) Show that = x » represents a vector normal to the surface. 


Solution 


(a) If we consider u to have a fixed value, say uo, then r — r(uo, v) represents a curve which can be denoted by 
u = uo. Similarly u = u; defines another curve r = r(u,, v). As u varies, therefore, r = r(u, v) represents 
a curve which moves in space and generates a surface S. Then r — r(u, v) represents the surface S thus 
generated, as shown in Fig. 3-6(a). 

The curves u = uo,u = uj, ... represent definite curves on the surface. Similarly v = vo, V = vi, ... 
represent curves on the surface. 

By assigning definite values to u and v, we obtain a point on the surface. Thus curves u — uo and v — vo, 
for example, intersect and define the point (uo, vo) on the surface. We speak of the pair of numbers (u, v) as 
defining the curvilinear coordinates on the surface. If all the curves u — constant and v — constant are 
perpendicular at each point of intersection, we call the curvilinear coordinate system orthogonal. For 
further discussion of curvilinear coordinates see Chapter 7. 


Fig. 3-6a Fig. 3-6b 


(b) Consider point P having coordinates (uo, vo) on a surface S, as shown in Fig. 3-6(b). The vector or/du at P is 
obtained by differentiating r with respect to u, keeping v = constant = vo. From the theory of space curves, 
it follows that dr/du at P represents a vector tangent to the curve v = vo at P, as shown in the adjoining 
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figure. Similarly, dr/dv at P represents a vector tangent to the curve u = constant = uo. Since dr/du and 
dr/dv represent vectors at P tangent to curves which lie on the surface S at P, it follows that these 


; or Or, 
vectors are tangent to the surface at P. Hence it follows that rs x 55 is a vector normal to S at P. 
u ov 


3.26. Determine a unit normal to the following surface, where a > 9: 


r = acosusin vi + asinusin vj + acos ck 


Solution 
or : m ae 
— = —asinusin vi + a cos usin vj 
ou 
or 2 ? 5 : 
Em = acos u cos vi + a sin u cos vj — a sin vk 
v 
i j k 
Then or Or : i . 
= |-—asinusinv acosusinv 0 


acosucosv dasinucosv —asinv 


2 


= —a’ cos usin’ vi — a’ sin u sin? vj — à? sin v cos vk 
represents a vector normal to the surface at any point (u, v). 
j ; EE, DC C . r al. 
A unit normal is obtained by dividing — x — by its magnitude, | — x —], given by 
Ou wv Ou ðv 


Vat cos? usin? v + a^ sin? u sinf v + a^ sin? v cos? v = Ve cos? u + sin? u) sin v + a^ sin? v cos? v 


= ,/a* sin’ v( sin? v + cos? v) 


2 s if sinv>0 
= 2 


—atsinv if sinv < 0 
Then there are two unit normals given by 
+ (cos u sin vi + sin u sin vj + cos vk) = +n 


It should be noted that the given surface is defined by x = a cos usin v, y = asinu sinv, z = acosv from 
which it is seen that x? + y? + z? = a’, which is a sphere of radius a. Since r = an, it follows that 


n = cos u sin vi + sin u sin vj + cos vk 
is the outward drawn unit normal to the sphere at the point (u, v). 
3.27. Find an equation of the tangent plane to the surface x? + 2xy? — 32? = 6 at the point P(1, 2, 1). 


Solution 


The normal direction N to a surface F(x, y, z) = k, where k is a constant, follows: 


N= [Fx, Fy, Fz] 


We have F, = 2x4 2y?, F. y = 2x, F, = 3z. Thus, at the point P, the normal to the surface (and the tangent 
plane) is N(P) = [10, 2, 3]. 

The tangent plane E at P has the form 10x+2y+3z=b. Substituting P in the equation gives 
b = 10 + 4+3 = 17. Thus 10x + 2y + 3z = 17 is an equation for the tangent plane at P. 
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Mechanics 


3.28. 


3.29. 


3.30. 


Show that the acceleration a of a particle which travels along a space curve with velocity v is given by 


d 2 
ac Te oN 
dt p 


where T is the unit tangent vector to the space curve, N is its unit principal normal, and p is the radius 
of curvature. 


Solution 


Velocity v = magnitude of v multiplied by unit tangent vector T 


or v=vl0T 
Differentiating, 
dv d dv dT 
= T) — — TJ 
augu a oa 
But by Problem 3.18(a), 
dT dTd 
: KN E KUN = — 
dt ds dt dt p 
Then 
dv UN dv v 
E i =— T4 
"od ( p ) atu 


This shows that the component of the acceleration is dv/dt in a direction tangent to the path and v?/p in a direc- 
tion of the principal normal to the path. The latter acceleration is often called the centripetal acceleration. For a 
special case of this problem see Problem 3.11. 


If r is the position vector of a particle of mass m relative to point O and F is the external force on the 
particle, then r x F = M is the torque or moment of F about O. Show that M = dH/dt, where H = 
r x mv and v is the velocity of the particle. 


Solution 

d 
M-2rxF-rx ae) by Newton’s law. 

d d d 

But gC x mv) =r X 4; 09) ^ x mv 
d d 
THEN UN) VOCHY SEX Om) 950 
i.e., Ma ux my) = — 
dt 


dt 


Note that the result holds whether m is constant or not. H is called the angular momentum. The result states that 
the torque is equal to the time rate of change of angular momentum. 


This result is easily extended to a system of n particles having respective masses mı, m, ..., Mn and position 


n 
vectors rj, r2, ...,r„ with external forces F;, Fo, ..., F,. For this case, H = Y mrg x v, is the total angular 
k=l 
a j i dH 
momentum, M = » r X F; is the total torque, and the result is M = PS as before. 
k=l 


An observer stationed at a point which is fixed relative to an xyz coordinate system with origin O, as 


shown in Fig 3-7, observes a vector A = Ai + A5j + Ask and calculates its time derivative to be 


dA dA dA 
a a j+ k. Later, he finds out that he and his coordinate system are actually rotating 


with respect to an XYZ coordinate system taken as fixed in space and having origin also at O. He 
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asks, ‘What would be the time derivative of A for an observer who is fixed relative to the XYZ coor- 
dinate system?’ 


Fig. 3-7 


dA dA 
(a) Let > and — denote respectively the time derivatives of A with respect to the fixed and 
f 


dt |,, 
moving systems. Show that there exists a vector quantity «o such that 
dA| dA 
—|/=—]|+oxA 
dt |p dt, 


(b) Let Dy and Dm be symbolic time derivative operators in the fixed and moving systems respect- 
ively. Demonstrate the operator equivalence 


Dy = Dm + @x 
Solution 


(a) To the fixed observer the unit vectors i, j, k actually change with time. Hence such an observer would 
compute the time derivative of A as 


dA dA. dA2, | dAs di dj dk 
= | k+A FA FA 1 
d d dl dt VOIE UL (9 
Tr dA dA 4,8 a 4,95 Q) 
at 1S, = H ł 
dt, di, dt ° dt? dt 
Since i is a unit vector, di/dt is perpendicular to i (see Problem 3.9) and must therefore lie in the plane of j 
and k. Then 
di 
T= aj + ak 8) 
Similarly, 
dj k + agi (4) 
pm i 
dt s Ss 
dk 
ET asi + oj (5) 
F i* j = 0, differentiati ields i a A j = 0. But i d fi (4) ae j = a f (3); 
rom i* j = 0, differentiation yields ir ~; +z; ° j = 0. But i* — = o4 from (4), and ,* j = a1 from (3); 
then Q4 = — Q]. 
vod? , . dk di 
Similarly from ie k = 0, i: 3i I E ek = 0 and as = —o5; 
: dk dj 
fromj: k 20, jr di t +k = 0 and a = —as. 
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di dj dk 
Then S = aj + œk, » = a3k — ai, AU opi — œj and 
di dj dk : , l ; 
Aj H Ad t A3 di = ( 0445 Q7A3)i H (a1A1 0343)j t (a5A1 t 03AÀ5)k which can be written as 


dt dt 
i j k 
a3 —05 QI 
A A A 


Then if we choose a3 = w1, —@2 = «5,0, = «3 the determinant becomes 


i j K 
w a 0O03|—OXxA 
A; Az A3 


where w = wii + œj + œk. The quantity w is the angular velocity vector of the moving system with 
respect to the fixed system. 


m dA 
(b) By definition DA = = = derivative in fixed system 
f 
dA Ne 
DnA = 1x derivative in moving system. 
m 


From (a), 


DA = DnA + €» x A = (Dy + @ x )A 


and shows the equivalence of the operators Dy = Dm + @ x. 


SUPPLEMENTARY PROBLEMS 


3.31. 
3.32. 


3.33. 


3.34. 


3.35. 


3.36. 


3.37. 


3.38. 


3.39. 


Suppose R = e~i+ In(£ + 1)j — tan tk. Find: (a) dR/dt, (b) d’R/d?’, (c) |dR/dt|, (d) |d R/df | at t = 0. 


Suppose a particle moves along the curve x = 2 sin 3t, y = 2 cos 3t,z = 8t at any time t > 0. 
(a) Find the velocity and acceleration of the particle. 
(b) Find the magnitude of the velocity and acceleration. 


Find a unit tangent vector to any point on the curve x = acos wt, y=asinwt, z= bt where a, b, and w are 
constants. 


Suppose A = fi — tj + (2t + Dk and B = (2t — 3)i + j — tk. Find 
d d d d dB 
— (A* B), (b) — (A x B), A 4- B|, (d A tr=1. 
(a), (&* B» ©) , (Ax B), © zl | os( s) 
Suppose A = sinui + cosuj + uk, B = cos ui — sin uj — 3k, and C —2i4- 3j — k. 
d 
Find j (A x (B x ©) atu = 0. 
u 


d dB dA dB dA 
Show: (a) ds (a: T ds *“B)= AT TG * B where A and B are differential functions of s. 
(b) d A dB dA B A dB dA B 
x x =Ax x 
ds ds ds ds? ds? 


df. dV d dV dN 
© (v Ee uw ae 


d 
Suppose A(t) = 3t^i — (t + 4)j + (? — 20k and B(t) = sin ti + 3e^'j — 3 cos tk. Find p xB)at: — 0. 


PA : Fe : A . n dA k 
Let m 6ti — 24r j + Asin tk. Find A given that A = 2i + j and X i—3katt — 0. 


Show that r = e™ (C; cos2t + C» sin 2t), where C, and C» are constant vectors, is a solution of the differential 
TANE CL MN 
equation —- —+5r=0. 
qu dt? dt 
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3.40. Show that the general solution of the differential equation d L-2a-— J- e?r — 0, where a and w are 
constants, is í 


(a) r= cece + Ce Pen) if a? -o >0 

(b) r = e^" (C, sin Va? — at + C5 cos Va? — at) if a? — a? < 0. 
(c) r 2 e^^(C, + Cod) if o? — e? = 0. 

where C, and C; are arbitrary constant vectors. 


dr dr dr dr ar 
341. Solve: (a) 7-4 -Sr=0, (77-27 +r=0, © +4r=0. 
dY dX 
.42. Ive — = X, — = -Y. 
3 Solve 3 Us 
dA 0A FA PA 9A PFA 
$9 2 . I . 
3.43. Suppose A = cos xyi + (3xy — 2x^)j — (3x + 2y)k. Find Bx? By’? Gx2? By?’ ny Dy 
a 
3.44. Suppose A = x’yzi — 2xz*j +.xz?k and B = 2zi + yj — x’k. Find aay x B) at (1, 0, —2). 
XOY 


3.45. Suppose C, and C, are constant vectors and À is a constant scalar. Show that 
A H 9H 
H = e™™ (C; sin Ay + C; cos Ay) satisfies the partial differential equation ~ TOS m =0. 
y. 
3.46. Suppose p, is a constant vector, w and c are constant scalars and i = /—1. Prove that A = [poe/*"7"/?]/r 
9A ,29A 1 9A 


ore rər cam? 


satisfies the equation [This result is of importance in electromagnetic theory.] 


Differential Geometry 


3.47. Consider the space curve x = t — 2/3, y = ?,z = t + £/3. Find: (a) the unit tangent T, (b) the curvature x, 
(c) the principal normal N, (d) the binormal B, (e) the torsion 7. 


3.48. Suppose a space curve is defined in terms of the arc length parameter s by the equations 
x=arctans, y= Is +1), z-s-arctans 
Find (à T, (DN, (OB, (Ox (97v (Dp (go. 
3.49. Consider the space curve x = t, y = t?,z = P (called the twisted cubic). Find « and r. 
3.50. Show that for a plane curve the torsion 7 = 0. 


3.51. Consider the radius of curvature p = 1/« of a plane curve with equations y = f(x), z = 0, that is, a curve in the xy 
plane. Show that p = ([1 + /??P2/ly/]. 


3.52. Consider the curve with position vector r = a cos ui + b sin uj, where a and b are positive constants. Find its 
curvature « and radius of curvature p = 1/k. Interpret the case where a = b. 


dT dN dB 
3.53. Show that the Frenet—Serret formulas can be written in the form amem w x T, d =w xN, ac w x B. Also, 
determine c. * * P 


"m | rxr 
3.54. Prove that the curvature of the space curve r = r(f) is given numerically by k = Eri where dots denote 
differentiation with respect to t. Ir| 
Í rerx T 
3.55. (a) Consider the space curve r = r(t). Prove that T= Txi for the space curve r = r(t). 
rxr 


(b) Suppose the parameter t is the arc length s. Show that 
dr dr dr 


(d?r/ds2y 
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3.56. Let Q = È x f. Show that x = =. pee 
|r] Q? 
3.57. Find « and 7 for the space curve x= 0—sinO, y= 1— cos, z= 4sin(0/2). 
2t+1 p 
3.58. Find the torsion of the curve x = T ye pe t+ 2. Explain your answer. 
3.59. Consider the equations of the tangent line, principal normal, and binormal to the space curve r = r(t) at the point 
t = to. Show they can be written, respectively, r = ro + fTo, r = ro + tNo, r = ro + tBo where t is a parameter. 
3.60. Consider the curve x = 3 cost, y = 3 sin t, z = 4t. Find equations for the (a) tangent, (b) principal normal and 
(c) binormal at the point where t = m. 
3.61. Find equations for the (a) osculating plane, (b) normal plane, and (c) rectifying plane to the curve 
x—3t— D,y 2 32, z= 3t - D at the point where t= 1. 
3.62. (a) Show that the differential of arc length on the surface r = r(u, v) is given by 
ds? = Edu’ +2F du dv + Gd? 
h p. or & ar\” F or Or G or or ar? 
waere Su Qu (ou)? ~~ Ou Ov ^ dv 0o (aw) 
(b) Prove that a necessary and sufficient condition that the u, v curvilinear coordinate system be orthogonal is 
F=0. 
3.63. Find an equation of the tangent plane to the surface z = xy at the point (2, 3, 6). 
3.64. Find equations of the tangent plane and normal line to the surface 4z = x? — y? at the point (3, 1, 2). 
3.65. Assuming E, F, and G are defined as in Problem 3.62, prove that a unit normal to the surface r = r(u, v) is 
or Or 
a x CRM, 
jc ðu ov 
VEG — F? 
Mechanics 
3.66. Suppose a particle moves along a curve r = (P? — 4tji + (£2 + 40j + (8? — 3?)k. Find the magnitudes of the 
tangential and normal components of its acceleration when f = 2. 
3.67. Suppose a particle has velocity v and acceleration a along a space curve C. Prove that the radius of curvature p of 
3 
its path is given numerically by p — : 
lv x al 
3.68. An object is attracted to a fixed point O with a force F = f(r)r, called a central force, where r is the position 
vector of the object relative to O. Show that r x v — h where h is a constant vector. Prove that the angular 
momentum is constant. 
3.69. Prove that the acceleration vector of a particle moving along a space curve always lies in the osculating plane. 
3.70. (a) Find the acceleration of a particle moving in the xy plane in terms of polar coordinates (p, ¢). 
(b) What are the components of the acceleration parallel and perpendicular to p? 
3.71. Determine the (a) velocity and (b) acceleration of a moving particle as seen by the two observers 


in Problem 3.30. 
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ANSWERS TO SUPPLEMENTARY PROBLEMS 
3.31. (a) —i — k, (b) i + 2j, (c) V2, (d) V5 
3.32. v = 6cos3ti — 6 sin 3tj + 8k, a= —18sin3fi — 18 cos 3tj, |v| = 10, |a] = 18 


—aw sin wti + ac cos wtj + bk 
vaa + D? 
3.34. (a) —6, (b) 7j + 3k, (c) 1, (d) i+ 6j + 2k 3.37. —30i + 14j + 20k 


3.33. 


3.35. 7i + 6j — 6k 


3.38. A =(P — t c2) - (1 — 21*)j 4- (t — Asin tk 
3.41. (a) r = Cie” + Coe, (b) r = e^ (C, + Cot), (c) r = C, cos2t + C5 sin 2t 


3.42. X = Cı cost + C; sint, Y = C; sint — C; cos t 


3.43. 
A 0A 
2 = —y sin xyi + By — 4x)j — 3k, = —x sin xyi + 3xj — 2k, 
ax oy 
9A ? cos xyi — 4j TA ? cos xyi TA DON (xy cos xy + sin xy)i + 3j 
— = xyi — — = x xyi, —— = —— = —(x x 
ax? T 7 3 dy? 5 axdy | yox aA n l 
3.44. —4i — 8j 
1— 2j 4-21 +(+ Ak 2t 1-2 
Sam apps gov (E EOE oN -i+ j 
J/2(1 + 1) 1+2 qf 
1 P? — Di — 2tj + (P? + Dk 1 
(b) k— ——— (acc p (e) t=, 
(1+?) A2(1 4- 8) (1+?) 
i+ A/2sj + sk J2. 
3.48. T= d) k= 
Sd s2 +1 (d) g s +1 
A/2si 4- (1 — s*)j + /2sk J2 e+ 
(b N= cad (jurc E 
s+] s +] J2 
si — J2sj +k s +1 
() B= (0 p= —— 
s +1 J2 
24/9t^ + 977 41 3 
3.49. k= T= 
K 7 Qn +42 4192?" 9F x92 +1 
ab 1. 3 te : : . 
3.52. ;ifa — b,the given curve, which is an ellipse, becomes a circle of radius a and 


K = = 
(a? sin? u + b? cos? u)? p 
its radius of curvature p = a. 


3.53. œw = TT + kB 
3.57. k 1/6 — 2cos 0, T= 


(3 + cos 0) cos 0/2 + 2 sin 0sin 0/2 
12 cos 0 — 4 
3.58. 7 — 0. The curve lies on the plane x — 3y + 3z = 5. 


3.60. (a) Tangent: r = —3i + 47k + t(—2j+4k) or x 3,y 2t,2=4a+4t. 


(b) Normal: r= —3i + 4mj + ti or x=-3+t,y=47,z=0. 


(c) Binormal: r = —3i + 47j + t(j +2k) or x= —-3,y 4m $n z- ir 
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3.61. 


3.63. 
3.70. 


3.71. 


(a) y—z+1=0, (b) y+z—7=0, (c) x 22. 3.64. 3x-—y—2z=4;x=3t+3,y=1-4, 
Z=2—2t. 

3x+2y—-—z=6. 3.66. Tangential, 16; normal 2/73. 

(a) r =[(p — pó ) cos  — (pd + 2p¢) sin pli + [P — pd ) sin ġ + (pd + 2p) cos plj 


(b) p— pb. pb + 2p 


(a) Vof = Vpim + €) X r, (b) apf = Apim + amy. For many cases, œ is a constant, i.e., the rotation proceeds with 
constant angular velocity. Then D,,@ = 0 and 


any = 2€ x Dar + @ x (w x r) = 20 x Vy + € x (w x r) 


The quantity 2€ x Vpn is called the Cortiolis acceleration and œ x (œ x r) is called the centripetal acceleration. 
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Gradient, Divergence, Curl 


4.1 Introduction 


The vector differential operator del, written V, is defined as follows: 


ð ð 0 ð ð a 
vai : k=i z k 
A al a me dat əz 
This vector operator possesses properties analogous to those of ordinary vectors. It is useful in defining 
three quantities that appear in applications and which are known as the gradient, the divergence, and the 


curl. The operator V is also known as nabla. 


4.2 Gradient 


Let (x, y, z) be a scalar function defined and differentiable at each point (x, y, z) in a certain region of 
space. [That is, $ defines a differentiable scalar field.] Then the gradient of $, written Vd or grad ¢ is 


defined as follows: 
ð ð ð ð ə 
Vo= (jit pit yk)o= 961 pp lei 9. 
z dy az 
Note that V defines a vector field. 


EXAMPLE 4.1 Suppose (x, y, z) = 3xy? — y?z?. Find V (or grad 4) at the point P(1, 1, 2). 


a. ə 
Vo= (si sit 6) G0" —- yg) 


= 3yli + Oxy? — 2yz))j — 2y^zk 
Therefore VA(1, 1, 2) = 3(1)°i + [IMA — 2(1)(2)7]j — 200? (2)k = 3i + j — 4k. 


Directional Derivatives 


Consider a scalar function $ = d(x, y, z). Then the directional derivative of ¢ in the direction of a vector A 
is denoted by D4(4). Letting a = A/|A|, the unit vector in the direction of A, 


Dys(¢) = Vo-a 


We emphasize that a must be a unit vector. 
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EXAMPLE 4.2 Consider the scalar function (x, y, z) = x? + y? + xz. 
(a) Find grad 4. (b) Find grad ¢ at the point P = P(2, —1, 3). (c) Find the direction derivative of @ at the 
point P in the direction of A = i + 2j + k. 


a, a, ə 31:23 ; : 
(a) grad b= i+ j+ =k |x + y4 ++ xz) = (2x + z)i + 2yj + xk. 
əx | Oy Oz 
(b) At P(2, —1, 3), grad $ = 7i — 2j + 3k. 
(c) First we find the unit vector a = A/|A| = (i+ 2j + K)//6 in the direction of A. Then the directional 
derivative of $ at the point P(2, —1, 3) in the direction of A follows: 


Vó-a-— (7i — 2j 4- 3I - [a+ 2j +k)/v6| = 6/V6 = V6/6. 


Lagrange Multiplier 


Here we want to find the points (x, y) that give the extrema (maximum or minimum value) of a function 
f(x, y) subject to the constraint g(x, y) = d, where d is a constant. [More generally, we want to find 
the points (xj, xo, ..., Xn) that give the extrema (maximum or minimum value) of a function 
fGQi, Xo, ..., Xn) subject to the constraint g(x, x2, ..., Xn) = d, where d is a constant.] 

This will occur only when the gradients Vf and Vg (directional derivatives) are orthogonal to the given 
curve [surface] g(x, y) = d. Thus Vf and Vg are parallel; and hence there must is a constant A such that 
Vf — AVg. 

The Greek letter A (lamda) introduced above is called a Lagrange multiplier. The condition Vf = AVg 
together with the original constraint yield three (n + 1) equations in the unknowns x, y and A: 


fuo y) = ASLO y) fy, y) 2 AK y) ga, y) d 


Solutions of the system for x and y give the candidates for the extrema of f(x, y) subject to the constraint 
g(x, y) 2 d. 


EXAMPLE 4.3 Minimize the function f(x, y) = x? + 2y? subject to the constraint g(x, y) = 2x + y = 9. 
Using the condition that Vf — AVg and the constraint, we obtain the three equations 

2x 22A, 4y=A, 2x+y=9 
Eliminating A from the first two equations, we obtain x = 4y. This and 2x + y = 9 gives 9y = 9. Thus we obtain 


the solution y = 1 and x = 4. Thus f(4, 1) = 16+ 2 = 18 is the minimum value of f subject to the constraint 
2x 4 y — 9. 


4.3 Divergence 


Suppose V(x, y, z) = Vii + V5 j + V3k is defined and differentiable at each point (x, y, z) in a region of 
space. (That is, V defines a differentiable vector field.) Then the divergence of V, written V* V or div V 
is defined as follows: 


0. 0, ə ; ; 
V: V= (sieben) V2j + V3k) 


Ox d 3. 
OV; | 0V5, 3V3 
E E D 


Although V is a vector, V* V is a scalar. 
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EXAMPLE 4.4 Suppose A = x?2*i — 2? 2j + Tu Find V+ A (or div A) at the point P(1, —1, 1). 


a a 
V-A=[{—i+ ait k - (223 — 2y? 2j - xy? zk) 
Ox oy 


0 
= 2 ey 4 2 2y*z’) 4 2 (xz) = 2x72 — 4y? xy 
ax ay az 


At the point P(1, —1, 1), 


V: A = ADAF — 4(- DO + DG — 7 


4.4 Curl 


Suppose V(x, y, z) = Vii + V2j + V3k is a differentiable vector field. Then the curl or rotation of V, 
written V x V, curl V or rot V, is defined as follows: 


0 0 0 
VxV= (i git x) x (Vii + Vo j + V3k) 


bobo 
la a a 
[æ dy à 
Vi V2 V3 
ð ə ð ə Q0 ə 
—|ày dzli-|ae əzlj+|əx dy |k 
V; V3 Vi V3 VW v 


9V4  OV2\, 90V; | 0V3Y, 90V, OV, 
3 2\i4 1 3 i+ 2 !k 
y oz az ax ax oy 
ð ð 
Note that in the expansion of the determinant the operators z7 — must precede V4, V», Va. 


e az 
EXAMPLE 4.5 Suppose A = x?2°i — 2y*z?j + xy?zk. Find V x A (or curl A) at the point P(1, —1, 1). 


ioj 


a a a 

VxA=(—i+—j+—k) x @Zi-2y2j +2’ zk) 

Ox | dy Oz 

k 
a a a 


xg -2yg xyz 
ð 2 a 22, |: ð 2 ð 2.29, : a 2.2 ð 2-2 
2 H 2 k 
E z) az ye) EZ z) ze x yz) ae? 


= Qxyz + 4y°z)i — (?z — 2x2 2)j + Ok 
At the point P(1, —1, 1), Vx A = 2i +j. 


4.5 Formulas Involving V 


The following propositions give many of the properties of the del operator V. 


PROPOSITION 4.1: Suppose A and B are differentiable vector functions, and and y are differentiable 
scalar functions of position (x, y, z). Then the following laws hold. 


(i) V+ y) —2 Vo Vy or grad(ó + y) = grad $ + grad y 
(i) V*(A--B) — V. A--V-B. or | div(A 4 B) — divA +divB 
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(iii) Vx (A+B)=VxA4+VxB or curl(A + B) = curlA + curlB 
(iv) Vs (6A) = (Vd)* A+ &(V* A) 
(v) V x (6A) = (Vd) x A + &(V x A) 
(vi) V: (A x B) —B:(Vx A) — A*(V x B) 
(vii) V x (A x B) = (B ° V)A — B(V: A) — (A: V)B + A(V: B) 
(viii) V(A* B) = (B° V)A+ (A: V)B+B x (Vx A) - A x (V x B) 


PROPOSITION 4.2: Suppose $ and A are differentiable scalar and vector functions, respectively, and both 
have continuous second partial derivatives. Then the following laws hold. 


2, Ib Fh F$ 


i) Ve (Vd) = Vo=—+75-54+—5 
Oy VND) $ à? oy T az 
2 æ 2 
where V? — ag + yi + ad is called the Laplacian operator. 


Gi) V x (Vo) = 0. The curl of the gradient of ¢ is zero. 
(iii) V* (V x A) = 0. The divergence of the curl of A is zero. 
(iv) V x (Vx A) = V(V: A) — VA. 


4.6 Invariance 


Consider two rectangular coordinate systems or frames of reference xyz and x’y’z’ having the same origin O 
but with axes rotated with respect to each other. (See Fig. 4-1.) 


N 


z ara 


yore 


(x^ y^ z') 


Fig. 4-1 


A point P in space has coordinates (x, y, z) or (x , y’, z) relative to these coordinate systems. The 
equations of transformation between coordinates of both systems or the coordinate transformations are 
given as follows: 


x = lax + ly + haz 
y = bix + loy + baz (1) 
z = hix + lay  laz 


Here lz, j, k = 1, 2, 3 represent direction cosines of the x’, y', z' axes with respect to the x, y, z axes. (See 
Problem 4.38.) In case the origins of the two coordinate systems are not coincident the equations of 
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transformation become 


x = lux + liay + li3z + a; 
y = bix + bay + baz + a5 (2) 
z = lix + boy + l33z + a; 


where the origin O of the xyz coordinate system is located at (aj, a5, a5) relative to the x’y'z’ coordinate 
system. 

The transformation equations (1) define a pure rotation, while equations (2) define a rotation plus 
translation. Any rigid body motion has the effect of a translation followed by a rotation. The transformation 
(1) is also called an orthogonal transformation. A general linear transformation is called an affine 
transformation. 

Physically, a scalar point function or scalar field (x, y, z) evaluated at a particular point should be inde- 
pendent of the coordinates of the point. Thus the temperature at a point is not dependent on whether 
coordinates (x, y, z) or (x, y', z’) are used. Then, if d(x, y, z) is the temperature at point P with coordinates 
(x, y, zZ) while g'(x, y', z’) is the temperature at the same point P with coordinates (x', y’, z’), we must have 
bx, y, z) = P(x, y, Z). If dy, y, 2 = p(x, y, z), where x, y, zand x’, y’, z are related by the transform- 
ation equations (1) or (2), we call (x, y, z) an invariant with respect to the transformation. For example, 
x? + y? + z is invariant under the transformation of rotation (1), since x? + y? -- 2 =x? + y? +z. 

Similarly, a vector point function or vector field A(x, y, z) is called an invariant if A(x, y, z) — 
A'(X,, y', Z). This will be true if 


Ai, y, DJi +A, y, Dj - AsGo y, 2k = A1, y, Z ASQC, y, ZF +A, y’, OK 


In Chapters 7 and 8, more general transformations are considered and the above concepts are extended. 

It can be shown (see Problem 4.41) that the gradient of an invariant scalar field is an invariant vector field 
with respect to the transformations (1) or (2). Similarly, the divergence and curl of an invariant vector field 
are invariant under this transformation. 


SOLVED PROBLEMS 
4.1. Suppose (x, y, z) = 3x2y — y?z). Find V6 (or grad ¢) at the point (1, —2, —1). 
Solution 


ð ð ð 
Vé- [Litll.jtl-kJGXy-vyz) 
Ox | dy Oz 


ECCEMT 32v 1:9 42 32 L1 9 2 3.2 
=iz xy yz) +45, Bey yz) +k (3x°y yz) 


= 6xyi + (3x? — 3? 2) — 2y°zk 
= 6(1)(—2)i + (30? — 3-2? D? - 2(- 2° (- Dk 
= —12i — 9j — 16k 
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4.2. Suppose F and G are differentiable scalar functions of x, y and z. Prove (a) VF + G) = VF + VG, 
(b) V(FG) = FVG + GVF. 


Solution 


8. 8, ə 
@ VF+Q= (<i | ay j zx) FG) 


=i geo o0 deo qoe 
dy az 


ax 
.0F .,0G ,dF  ,0G OF 0G 
=i i j Hj tk k 
ax ax ay oy əz Oz 
.0F ,0F oF .,0G  ,0G 0G 
=i j k H H k 
ax dy az ax dy Oz 


par 4b AE S ep cg? avi we 
—[i H t t {1 t t = t 
ax Jay" “ae ax J8y az 


b Gon O43 A a 9 Q0 
(b VFG) = git git a r COLE S FOI +s (Gk 


aG — BF àG — BF aG AF 
—[F—4 i+ |F—4 j+(F 4 k 
( ax ci ( ay o) ( az c^) 


à à oF F OF 
=F Sai Ck tG ipi. k | = FVG+ GVF 
ax dy az az 


1 
4.3. Find V¢ if (a) 6 = In |r|, (b) d= — 
r 
Solution 


(a) r=xi+yj+ zk. Then |r| 2 yx +y +2 and d= In|r| = iln? +y +2’). 


1 
Ve=5Vin@ +y +2) 


1 f, à a 
& l Ino? +y 4254 j ? nod ry 2)4 k= In(x? + y? 4 z 


2l ox dy z 
1 i 2x T 2y E 2z _xat+yjt+zk r 
m e+y+2 apes er+yt+2 ~ fp yr+ P 


(b Vd= v(:) = « ! = ve +y +272] 


F x? + y? + 2? 
.0 zd . 0 k ð » 
—i (x? y? z) 1/2 rj (x? y | 2) 1/2 Ek (x? y 2) 1/2 
ax dy dz 


1 1 1 
=i{- 50° ey cen bi] — 50" ey cep) | «| 5 y ey) 


| —d-yj-zk r 
(2 +y4+ 2/2 — r? 
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4.4. 


4.5. 


Show that Vr? = nr"? r. 


Solution 


vr = v( 3. y 2) =V +y a gy? 


-ig (GP Oy +A o GP ey 27) Hk (GP y! à 

m ipe pyla yf 2x} I pyla yf 2y} i SHG +y zz] 

— n( 4 yt)?! 6d 4 yj + zk) = nr?) tr = nr’ Pr 
Note that if r = rr, where r; is a unit vector in the direction r, then Vr" = nr"! r. 
Show that V is a vector perpendicular to the surface f(x, y, z) = c where c is a constant. 
Solution 


Let r = xi + yj + zk be the position vector to any point P(x, y, z) on the surface. Then dr = dxi + dyj + dzk lies 
in the tangent plane to the surface at P. 
dp, 3p. | ah 


ð ð ð 
But dd= ? d | $ P ss or ai taita ky: (dxi + dyj+dzk)=0, that is, 
ax Oz dy 


V¢-dr = 0, so that V¢ is perpendicular to dr and therefore to the surface. 


4.6. Find a unit normal to the surface —x*yz* + 2xy?z = 1 at the point P(1, 1, 1). 


4.7. 


4.8. 


Solution 


Let p = —x’y2? + 2xy?z. Using Problem 4.5, V@(1, 1, 1) is normal to the surface —3?yz? + 2xy?z = 1 at the 
Vdd, 1, 1 

point P(1, 1, 1); hence, Yoa, 1 D) will suffice. 
IVA, 1, 1)| 


Vo-( 2xyz)ji + ( xz + Axyz)j + ( 2x7 yz4 2xy")k. 


3i 
Then V4X1, 1, 1) 2 3j. |V, 1, D| = 13j| = 3|j| = 3. Thus, at the point P(1, 1, D 3 = jisaunit normal 
to —x?yz? + 2xy?z = 1. 


Find an equation for the tangent plane to the surface x?yz — 4xyz? = —6 at the point P(1, 2, 1). 


Solution 


V(x? yz — 4xyz)) = Qxyz — 4yz”)i + Qz — 4x2)j + (Gy — 8xyz)k. 
Evaluating the gradient at the point P(1, 2, 1), we get —4i — 3j — 14k. Then 4i + 3j + 14k is normal to the 
surface at P. An equation of the plane with normal N = ai 4- bj + ck has the form 
ax + by + cz = k 


Thus the equation has the form 4x + 3y + 14z = k. Substituting P in the equation, we get k = 24. Thus the 
required equation is 4x + 3y + 14z = 24. 


Let f(x, y, z) and d(x + Ax, y + Ay, z + Az) be the temperatures at two neighboring points P(x, y, z) 
and Q(x + Ax, y + Ay, z+ Az) of a certain region. 


Ko As where As is the 


(a) Interpret physically the quantity 


distance between points P and Q. 


4.9, 


4.10. 
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A d 
(b) Evaluate lim Lm ae and interpret physically. 
As>0 As ds 
do dr 


Show that — — V 
(c) Show tha ds o- d 


Solution 


(a) Since Ad is the change in temperature between points P and Q and As is the distance between these points, 
Ad/ As represents the average rate of change in temperature per unit distance in the direction from P to Q. 


(b) From the calculus, 


ð 
Ag= v ag Ay 4 ar + infinitesimals of order higher than Ax, Ay, and Az. 
ax ay Oz 
Then 
lim B. lim HP | 2$ Ay | dad 
Asso Âs Assodx As Oy As dz As 
or 


dọ _dpdx dpdy | dp dz 


ds dx ds ` dy ds dz ds 


d , f . i EM 
where » represents the rate of change of temperature with respect to distance at point P in a direction 


toward Q. This is also called the directional derivative of 4. 


(c) dọ _ðpdx  0ódy  Əðpdz Gh , 06, , tk): (s d, i Zr) ETS = 


ds  ðxds ðy ds  Ozds \ax l dy az ds ds" ds 


. dr, : dr, ; E : ; 
Note that since T is a unit vector, V o° 2 is the component of V ó in the direction of this unit vector. 
s s 


Show that the greatest rate of change of ¢, i.e. the maximum directional derivative, takes place in the 
direction of, and has the magnitude of, the vector V $. 


Solution 


d dr 
By Problem 4.8(c), — “e = Vo: — T is the projection of V4 in the direction T This projection will be a 
s 


dr d 
maximum when V4 and a have the same direction. Then the maximum value of a takes place in the 
s s 
direction of V@ and its magnitude is |V Q]. 
Let $ = x?yz — 4xyz*. Find the directional derivative of ¢ at P(1, 3, 1) in the direction of 2i — j — 2k. 


Solution 


First find Vo = (2xyz — 4yz*)i + z — 4xz2)j + Gy — 8xyz)k. Then V4X1, 3, 1) = —6i — 3j — 21k. The unit 
vector in the direction of 2i — j — 2k is 


die: 2i  j — 2k —-2i-1j-2k. 
VOX ODER t TT 


Thus the required directional derivative is 


VÆ, 3, 1) +a = (—6i — 3j — 21K)- Qi - 1j 2k) = —4- 1c 14 — 11. 


CHAPTER 4 Gradient, Divergence, Curl 


4.11. Let $ = x2y?z$. (a) In what direction from the point P(1, 1, 1) is the directional derivative of ¢ a 
maximum? (b) What is the magnitude of this maximum? 


Solution 
Vb = Vy?) = 2xy? bi + 3x7y?29j + 6x2? 5k. Then VA(I, 1, 1) = 2i + 3j + 6k. Then, by Problem 4.9: 


(a) The directional derivative is a maximum in the direction V@(1, 1, 1) = 2i + 3j + 6k. 


(b) The magnitude of this maximum is |V@(1, 1, DI = /(2Y + (3? + (6? — 7. 


2 2 
6 6 
4.12. Find the angle between the surfaces z = x? + y? and z= (x — 3) + — 3) at the point 
p-(Y$ vo 1 
~ 12? 12? 12) 
Solution 


The angle between the surfaces at the point is the angle between the normals to the surfaces at the point. 


2 
Let 6, à ey -zand d= (x x5) (e 2 z. 


A normal to z = x? + y? is 


6 6 
Vo, = 2xi+2yj—k and Vd,(P)= SS —k. 


2 2 


A normal to z — (: 3 (> 2) is 


6 
2 2 
ve = x 3 i4 2(y 3 j-k and vaP = - i- Y6 
6 6 6 6 
Now (V$4 (GP) - (V $,(P)) = IV$4 (P) V $5 (P)| cos 0 where 0 is the required angle. 
spe Gin sy eee ree sel pre San ear 
REC E 6 6) T REC 6 61 


1 I1 f1 2/3 1 
N e op Eq] d un ue 
6 6 á 6 ii pio ene and. spun 


1 
Thus the acute angle is 0 = arc cos (3) = 60°. 


4.13. Let R be the distance from a fixed point A(a, b, c) to any point P(x, y, z). Show that VR is a unit 
vector in the direction AP = R. 


Solution 


If r4 and rp are the position vectors ai+ bj+ck and xi+yj+zk of A and P, respectively, then 
R= rp —r4 = (x — a)i + (y — b)j + Z — Ok, so that R = /(x — ay + (y — bY + (z — c.. Then 


VR=V 2m by 4 ‘Vie @-@it+(y—-bj+G-oOk R 
(ve ay +(y—by t(z- c) ducatqtre»dpq R 


is a unit vector in the direction R. 


4.14. Let P be any point on an ellipse whose foci are at points A and B, as shown in Fig. 4.2. Prove that lines 
AP and BP make equal angles with the tangent to the ellipse at P. 


Solution 


Let R; = AP and R, = BP denote vectors drawn respectively from foci A and B to point P on the ellipse, and let 
T be a unit tangent to the ellipse at P. 
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Since an ellipse is the locus of all points P, the sum of whose distances from two fixed points A and B is a 
constant p, it is seen that the equation of the ellipse is Ry + Ro = p. 


By Problem 4.5, V(R, + R2) is anormal to the ellipse; hence [V(R, + R2)]*T = 0 or (VR2)*T = —(VR): T. 


Fig. 4-2 


Since VR, and VR» are unit vectors in direction R; and R; respectively (Problem 4.13), the cosine of the angle 
between VR» and T is equal to the cosine of the angle between VR; and —T; hence the angles themselves are 
equal. 


The problem has a physical interpretation. Light rays (or sound waves) originating at focus A, for example, 
will be reflected from the ellipse to focus B. 


Divergence 
4.15. Suppose A = x?z!i — 2y*z?j + xy?zk. Find V* A (or div A) at the point P(1, —1, 1). 


Solution 


a a 
VeA=(—i+ 31 +—k)-?2i- 2y’2j + xy’ zk) 
Ox | dy Oz 


a a à 
= GE) + —(—2y?z”) + (yz) = 2x2? -A4yg + xy? 
ax dy az 


V-A(1, —1, D 22000 — 4- DOPY + (D(-1? = 7 


4.16. Given $ = 6x?y?z. (a) Find V+ Vó (or div grad 4). 


a a a 
(b) Show that V: Vo = V?$ where V? = am Use denotes the Laplacian operator. 
x2 y? à 


Solution 
à a a 
(a) V= 3, Ory Di + 3, 62i + pa (6x3y?z)k = 18x2y?zi + 1222 yzj + Ox? yk. 
a a a 
Then V: Ve = | —i+—j+—k)- (18x yt 12x yzj + 6xy k) 
Ox | dy Oz 


a ð a 
= 3, (18x°y"2) + jy ey) + x 6» = 36xy^z + 12x°z. 


0. 09. ə dd. dd, dh 
b V: Vd = | | . | | 
( ) o = (; 14 Jd zh) (5 1d ay? T az k) 


_ 0 (a6) 3 (db) |, à IA o Pb, Fo 
= (a | s (2) i (2) = a! oa a2 


pde 5 
- (zz ER s)o- v $ 
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1 
4.17. Prove that V? () = Q0. 


y 
Solution 
v? 1 8 l 8 l 8 1 
rj Ne? aw? WU REID 
ð 1 ð E E 
al : : ; SN i y i 2) 1/2 _ x2 y: i 2) 3/2 
X y Z 
8 1 25,9 [x2 $y? y] 
Ox? x y? z2 Ox 
2x? e y? m 2 
= ag 2 | gy " | 2 2yo?2 
Similarl l f (x? + y? + zy? 
imilarly, 


3 1 B 2y? “a? 2 E xi m a 1 E 22 _ x PRA y 
a (VL ryr2g 0p yl 2p? a2 \ S.yrl2 ~ (+y +2? 


Then, by addition, 


E TEX ) ( 1 ) 
a a? a2//gB-yr2] 

The equation V? = 0 is called Laplace's equation. It follows that $ = 1/r is a solution of this equation. 
4.18. Prove: (a) V: (A -- B) — V- A-- V: B, (b) V: (dA) = (Vd): A+ &(V* A). 

Solution 


(a) Let A=A,i+A2j+A3k, B= Bii + B5j + Bsk. 
Then 


0, 0, 0 " " 
V-(A+B)= (G i+ —jd k): [(A; + B4)i + (42 + B2)j + (As + B3)k] 
x Oy a 
* Aro my) asp a ds d 
cU 17 1 Cy 27 2 HR 3 1 3 
dA, , 04» | 0As | OB, | OB» | 0Bs 
~ ax  0y ag Ox Dy & 
0, 0, 0 ` x 0, 0, 0 A ; 
= | —i + —j+—k |. (4i +42j + 43k) 4 i+—j+—k)]- (Bii + B2j + B3k) 
əx Oy” Oz əx | Oy Oz 
=V-A+V°-B 


ð ð ð 
(D V: ($A) = V: ($Aii + Aaj + ASK) = Z (0A) + By (042 | 5, (PAS) 


a dA, ə dA dA 
= $ o— um o— 22 Tam 
ax ax dy dy a dz 
A; ðA A. 
mae is OP a, oA 2 _ 043 
ox oy əz ox dy az 
dd, db, ə F ; ə. ə., ə ; : 
= 9 $j | $k * (Aii + Aoj + Ask) + ġ| —i + —j + =K }: (Aii + A2j + Ask) 
ax oy az Ox | Oy Oz 


= (Vd): A+ (V: A) 
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4.19. Prove V- (=) E. 


Solution 


Let $ = r^? and A =r in the result of Problem 4.18(b). 
Then V*(r?r) 2 (Vr2)«r + (7) Ver 


= —3r?r-r-- 3r? — 0, using Problem 4.4. 
4.20. Prove V- (UVV — VVU) UV V - VV?U. 


Solution 
From Problem 4.18(b), with @ = U and A= VV, 
V-(UVV) = (VU) (VV) + U(V: VV) = (VU)«(VV) + UV? V 
Interchanging U and V yields 
V«(VVU) = (VV) (VU) + VV’ U. 
Then subtracting, 
V*(UVV) — V*(VVU) = V*(UVV — VVU) 
= (VU) (VV) + U VV — ((VV)*(VU) + VV?U] 
-UVV-vviu 
4.21. A fluid moves so that its velocity at any point is v(x, y, z). Show that the loss of fluid per unit volume 


per unit time in a small parallelepiped having center at P(x, y, z) and edges parallel to the coordinate 
axes and having magnitude Ax, Ay, Az respectively, is given approximately by div v — V* v. 


Fig. 4-3 


Solution 


Referring to Fig. 4-3, 
x component of velocity v at P = vj 
1 avı 
x component of v at center of face AFED = vı — 23 Ax approx. 
lov 


x component of v at center of face GHCB = v, + 2 d Ax approx. 
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lo 
Then (1) volume of fluid crossing AFED per unit time = (^ — ue) AyAz, 
x 


1 Qv, 
A Ax | AyAz. 


(2) volume of fluid crossing GHCB per unit time = (^ + 23 
x 


ð 
Loss in volume per unit time in x direction = (2) — (1) = — AxAyAz. 
x 


ov 
Similarly, loss in volume per unit time in y direction = 3, AxAyAc 
y 


. MEC ut ov 
loss in volume per unit time in z direction = = AAYA. 
z 


Then, total loss in volume per unit volume per unit time 


= = divv = V° v 


This is true exactly only in the limit as the parallelepiped shrinks to P, i.e. as Ax, Ay, and Az approach zero. 
If there is no loss of fluid anywhere, then V+ v = 0. This is called the continuity equation for an incompressible 
fluid. Since fluid is neither created nor destroyed at any point, it is said to have no sources or sinks. A vector such 
as v whose divergence is zero is sometimes called solenoidal. 


4.22. Determine the constant a so that the following vector is solenoidal. 
V = (—4x — 6y + 3z)i + (—2x + y — 5z)j + (5x + 6y + az)k 


Solution 


A vector V is solenoidal if its divergence is zero. 


a a a 
V- V = —(—4x — 6y + 3z) + —(-2x + y — 5z) + — (5x + 6y + az) = —4 + L +a = —3 + a. 
ox dy dz 


Then V: V = —3 +a = 0 when a = 3. 


The Curl 
4.23. Suppose A = x*z*i — 2y?z^j + xy?zk. Find V x A (or curl A) at the point P = (1, — 1, 1). 


Solution 


ax oy Oz 
xg -2yg ay 


9, 24. 9 NN PEEL PENES 2a 
= [$ az eal Frew nell 5 wa edk 


= (2xyz + 4yzi — (?z — 2x? 2j 


Thus V x A(P) = 2i + j. 
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4.24. Suppose A = x777i — 2y*z?j + xy?zk. Find curl curl A = V x (V x A). 


Solution 


By the previous problem, V x A = (2xyz + 4yz”)i — (y?z — 2x?z)j. Then 


V x (V x A) = V x [Qxyz + 42i — (?z — 2x? 3j] 


i j k 
D f] ð 
= ax dy az 


2xyz + 4y?z —ylz -L2x;g 0 


a a a 8 
= E (0) = yc wali Ee x (2xyz 4 soli 


a a 
(—y!z + 2x22) + — Qxyz + 4y’z) |k 
ox ay 


= (y? — 2x7 )i + Qxy + 4y”)j + Qxz — 8yz)k. 


4.25. Let A = Aji+ A; j + Ask, B = Bii + By j + B3k. Show (a) V x (A+B)=VxA+V xB, 
(b) V x (PA) = (Và) x A+ XV x A). 


Solution 
90, 0, 0 ; : 
(a) Vx(A-B)—- i+—j+—k) x [((Ai + Bii + (42 + B5)j + (As + B3)k] 
Ox | dy Oz 
i j k 
ð 0 a 
[| ax ay az 


A; +B, Ar + B5 A3 + B5 


d A+B ? 454 By) i+ | A EB 9 (4; + Bs) j 
= | jy 434 3) a 2 1 2) i4 a A 1 1) gel 3d 


a a 
| E + B2) 5, ^ | Bo[k 


E au E Au E Aik 


ay ac] La æ ax — y 
,[9B5 9B» ii 0B, 0B;|. |ƏB2 OB, k 
l dy az | Là ax |’ | ax dy 
=VxA+VxB 


(b Vx (fA) = V x ($Aii + $A» j + $Ask) 


i. j c 

ð à a 

ox ay Oz 
dA, Ar dA; 


ð ð : ð ð , ə a 
= ES E onli F [Zea = s Fo + HS E pba) | 
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x 

$ ðAz3 ƏA2\,  (ƏAı 9A3\, | (0A2 04i k 
id oy əz ra az ox a ax dy 
ap ap, NV. | H ap, X. | (9% db 

A A | A A | A A, Jk 
e IE" 3 e E: ae A àx^? dy : 
i j ik 
ap cop. 9p 


Ox dy &z 
A, A2 A3 


= dV x A) (V) x A. 


= &V x A)4 


4.26. Suppose V x A = 0. Evaluate V* (A x r). 


Solution 


Let A = Aji + A2j + Ask, r = xi + yj + zk. Then 


i j k 
Axr= EVI A» Aa 
x y z 


= (cA2 — yA3)i + (As — zAi)j + (yAı — xA2)k 


and 


0 ð ð 
VeA xx) —. eA yA3) 4 By OAs ZA) 4 a AI xA») 


0A» 0A3 0A3 0A, 0A, 0A» 
ox oy z oy 


A3 Az dA; 0A3 dA. dA, 
=x l t 
ay Xx) Na ax) “Vax ay 
. , 0À3  0A2Y. 0A; 0A3)\. ðA? dA, 
= [d + yj + zk]- i4 jd k 
ay az əz ox ox ay 


=r-(V x A)=r-curl A. 


If V x A= 0, this reduces to zero. 
4.27. Prove: (a) V x (V) = 0 (curl grad ¢ = 0), (b) V» (V x A) = 0 (div curl A = 0). 


Solution 
i j k 
a 8 a 
(a) v«co-v (Zit) - ax Oy az 
dx ay a 


a (0) 9 PAJ TAPA 0 A [a (0d) a PAN 
= [is ae) C 1G) Gr la) a Ca) 
Po PON (76 ey (F6 SOY Q 
á (Se x) ! (cn AT ; (o aa) = 


provided we assume that œ has continuous second partial derivatives so that the order of differentiation is 


immaterial. 
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i j k 
0 0 0 
Dove = sm. 2 
(b) (V x A) Se wy m 
A; Az A3 


0A3 dA2\. dA; 0A3\, 0A, 0A, 
=V: i+ jJ k 
ay az az ax ax dy 
_ ð (ƏAz 0Ar\ | 0 (ƏAı 0A3\ | 0 (ƏA2 0A, 
~ ax \ dy az j dy \ Oz ax) ` əz \ ax oy 
9A; PA; FA, PA, PA PA 
^ axdy —Oxüz üyüz dydx  Ozüx  Ozüy 


assuming that A has continuous second partial derivatives. 
Note the similarity between the above results and the results (C x Cm) = (C x C)m = 0, where m is a 
scalar and C+ (C x A) 2 (Cx C) A— 0. 


4.28. Find curl (rf(r)) where f(r) is differentiable. 


Solution 


curl(rf(r)) = V x (vf(r)) 
= V x fri + yf Mj t+ zfG)k) 
i j k 
0 ð ð 
ax dy Oz 
xf(r) yf) zf) 


e area af Pa af um 
i *3y d a ur" EJI” ur RON 


of (oN(or FƏ —À]14 Fox fx 
BY ax GG) - ora PARA 2) Jette r` 


a fy gf fe 


Similarly, a= 
ly 


r az r 
Then, the result = (2 2 («2 SEIT OF D) = 0. 
r r r r r r 
4.29. Prove V x (V x A) = — V) A + V(V* A). 
Solution 
i j k 
ð 3 ə 
VAVA ax dy & 
A, A5 As 
Vx ie - “ .  (9A2 94 
~ x a ox dy 
i j k 
2 ud 5 
= ax ay əz 


0A3 045 0A, Az 0A, dA; 
dy Oz az Ox — Ox dy 


| | 0 (0A, 29A, ð (0A, 0A; i 
~ [ə (ax ð dz \ Oz ax 
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ð (0A3 0A» 9 (dA, dA; 
dz X oy Oz Ox \ ox dy 
ð (0A, dA; 90 (0A3 dA, 
ax X Oz ox dy V dy az 
A, PAN. PA PA\. A; A3 
= 2 2} 2 ; J^ 2 ; Jk 
ay Oz Oz əx ax’ dy 
PA , A3 i 3A3 i Al). 9A, PA k 
l dyax " azax dzdy i axdy ps dxóz dydz 
( 9A, A, 2 ( PA PA ami ( PA, PA; Z3 
E i Jd 


ax? dy? oz? ax? dy? az? ax? 3y? oz? 


aA; PA 9A. 9A, PA PA, 9A, PA PA k 
| | | i FL 4 | +o 4 
əx? dydx  Ozóx axdz dydz O2 


8xüy ` 8y) ' azdy J 


er, Z P 
! } Aii + A? j + Ask 
(ss ay? x) il 2J 3 ) 
.0 (0A; dA 0A; .0 (0A; | 0A5 | 0A5 ð (dA; | 0A» | 0Aa 
j 1 | l | I | | | 
ox dy az J dy \ ox ay az 


ox 
dA, | 0A» | 0A3 
ax ` oy ' Oz 


=-VWA4 v( )= V?A 4- V(V- A) 


If desired, the labor of writing can be shortened in this as well as other derivations by writing only the i 
components since the others can be obtained by symmetry. 
The result can also be established formally as follows. From Problem 47(a), Chapter 2, 


A x (Bx C) = B(A: C) — (A: B)C (1) 
Placing A= B= Vand C =F, 
V x (V x F) = V(V: F) —(V: VF = V(V: F) - VF 


Note that the formula (1) must be written so that the operators A and B precede the operand C, otherwise the 
formalism fails to apply. 


4.30. Suppose v = w x r. Prove œ = I curl v where @ is a constant vector. 


Solution 
i j k 
culv—Vxv—Vx(oxr)—-Vx|oj @ 3 


x y Z 


= V x [(@2z — w3y)i + (wx — wız)j + (e1y — e»x)k] 


i i k 
0 0 0 

= cru Du eds = (wii + aj + wK) = 2o. 
oe EY X («i 4- œj 3k) 


@2Z — W3y W3X — 01Z @M1Y — Wx 


Then œ = 5V x v =4 curl v. 


This problem indicates that the curl of a vector field has something to do with rotational properties of the 
field. This is confirmed in Chapter 6. If the field F is that due to a moving fluid, for example, then a 
paddle wheel placed at various points in the field would tend to rotate in regions where curl F z 0, while if 
curl F = 0 in the region, there would be no rotation and the field F is then called irrotational. A field that is 
not irrotational is sometimes called a vortex field. 
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oH dE : 5 ou 
4.31. Suppose V-E=0, V-H=0,V x E= 27 VxH- E Show that E and H satisfy V^u — am 


Solution 


2 
Vx (0 xB) = Vx ( x)- S x B= JEJE SE 


Ot ot ot \ ot 0r? 
2 2 2 FE 
By Problem 4.29, V x (Vx E) = -VE + VV-E)— -V^E. Then VE = ae 


Similarly, V x (V x H) = V PE 2 (V x E) E aH oH 
temet ees sn alc =) ad rte cedi 0t] | 00^ 
2 2 2 H 
But V x (V x H) = -V-H + VV:H)— -VH. Then S Hes 


The given equations are related to Maxwell's equations of electromagnetic theory. The equation 


is called the wave equation. 


Miscellaneous Problems 
4.32. A vector V is called irrotational if curl V = 0. (a) Find constants a, b, and c so that 
V = (—4x — 3y + az)i + (bx + 3y + 5z)j + (4x + cy + 3z)k 
is irrotational. (b) Show that V can be expressed as the gradient of a scalar function. 
Solution 


(a) culV=VxV 


i j k 
VxVv ð ð 0 
x = — T n 
ax dy Oz 
4x —3y-Faz bx+3y+5z 4x+cy+23z 
9 9 ð 0 
= ay az i— Ox az J 
b+3y+5z 4x+cy+ 3z 4x — 3y +az 4x+cy+ 3z 
0 ð 
+ ax ay k 
4x—3y+az bx+3y+5z 
= (c — 5)i — (4 — a)j + (b + 3)k. 
This equals the zero vector when a — 4, b — —3, and c — 5. So 


V = (—4x — 3y + 4z)i + (—3x + 3y + 5z)j + (Ax + 5y + 3z)k. 


a a 
(b Assume V = Vo = 99. | $i | LN Then 
ax oy az 
OD gg ag ie (1) 
ox 
p —3x + 3y + 5z (2) 
ay 


LEES (3) 
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Integrating (1) partially with respect to x keeping y and z constant, we obtain 


$ = —2x — 3xy + Axz + fO, z) (4) 
where f(y, z) is an arbitrary function of y and z. Similarly, we obtain from (2) and (3) 
32 
b= —3xy 4 2:1 + 5yz + g(x, z) (5) 
and 
3» 
$ = 4xz + Syz 4 "d h(x, y). (6) 


Comparison of (4), (5), and (6) shows that there will be a common value of ¢ if we choose 


3 3 3 3 
fo. z2) = 2h + 5yz «o. g(x, z) = —2x3 + 4xz + 29 h(x, y) = —2x7 — 3xy + a 


so that 


Note that we can add any constant to $. In general, if V x V = 0, then we can find ¢ so that V = V4. 
A vector field V, which can be obtained from a scalar field œ, so that V = Vd is called a conservative vector 
field and ¢ is called the scalar potential. Note conversely that, if V = V 4, then V x V = 0 (see Problem 4.272). 


4.33. Show that if $(x, y, z) is any solution of Laplace's equation, then V4 is a vector that is both 
solenoidal and irrotational. 


Solution 


By hypothesis, $ satisfies Laplace's equation V? = 0, that is, V: (V) — 0. Then V¢ is solenoidal (see 
Problems 4.21 and 4.22). 


From Problem 4.27a, V x (Vd) = 0, so that V4 is also irrotational. 
4.34. Give a possible definition of grad B. 
Solution 


Assume B = Bji + B; j + B3k. Formally, we can define grad B as 


0 0 0 
VB = i j- k |(Bjii + Boj + B3k 
(s: 5 x ) 1i + Boj + B3k) 


ii 4 T ik 
ay Ji ay JJ ay J 
OB, 0B2,, OB; 

ki +4 kj Jj kk 
az j az J az 


The quantities ii, ij, and so on, are called unit dyads. (Note that ij, for example, is not the same as ji.) 
A quantity of the form 


anii + anij + aiik + ag ji + 22 jj + a23jK + a3: Ki + a32 Kj + a33kk 


is called a dyadic and the coefficients a11, a12, ... are its components. An array of these nine components in 
the form 
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is called a 3 by 3 matrix. A dyadic is a generalization of a vector. Still further generalization leads to 
triadics, which are quantities consisting of 27 terms of the form a; iii + a2, jii + ---. A study of how the com- 
ponents of a dyadic or triadic transform from one system of coordinates to another leads to the subject of tensor 
analysis, which is taken up in Chapter 8. 


4.35. Let a vector A be defined by A = Aji + A2j + Ask and a dyadic ® by 
® = azii + anij + aiik + an ji + azjj + azjk + a3, ki + a32kj + a33kk 
Give a possible definition of A+ eb. 


Solution 


Formally, assuming the distributive law to hold, 


A+ ® = (Aii + A; j + Ask): 6 = Aji: 6 - AP j: D I Ask: ® 


As an example, consider i* ®. This product is formed by taking the dot product of i with each term of ® and 
adding results. Typical examples are i* a;,ii, i* aij, i* a5; ji, i* a32 kj, and so on. If we give meaning to these 
as follows 

i* ajjli = aj; (i* Di = ajji since is i= 1 
i ay2ij = anli. Dj = anj since is i= 1 
i* ay ji = an (is ji — 0 since i-j=0 
ie az2kj = d3»(ü* k)j =0 since i- k = 0 


and give analogous interpretation to the terms of je ® and k* ®, then 


A* ® = Aj (ani + a15 j + ay3k) + A»(aoji + a25j + a23K) + As(a31d + a32) + 433k) 
= (Ajay, + A2421 + A3431 )i + (Aj ai2 + A2a22 + A3432)j + (A1a13 + A223 + A3a33)k 


which is a vector. 


4.36. (a) Interpret the symbol A* V. (b) Give a possible meaning to (A+ V)B. (c) Is it possible to write this 
as A* VB without ambiguity? 


Solution 


(a) Let A = Ai + A5j + Ask. Then, formally, 


A* V = (Aii + A5 j + Ask) NEUE Tx 
V= i4 t E 14 t 
: 2J 2 ax ay! az 
ð ə ə 


=A,;—+A FA 
E" * ay E 


is an operator. For example, 


ð a a ab ab 0o 
A* V)$ — |A FA FA —A FA FA 
( 5 ( ET ? oy 1 a ax 2 oy az 
Note that this is the same as A* V4. 
(b) Formally, using (a) with $ replaced by B = Bi + Boj + Bsk, 
a a 0B 0B 0B 
(A* V)B = Aj —4d A» 2 H A3 B= Aj H A» t A3 
ox dy Oz ox dy əz 
9B OB 0B 9B B 9B 
= [Ai 4 Ay Lt A3 : i+ [Ai ee Alam *\j 
à dy az à oy dz 


CHAPTER 4 Gradient, Divergence, Curl 


(c) Use the interpretation of VB as given in Problem 4.34. Then, according to the symbolism established in 
Problem 4.35, 


A* VB = (Aii + Aj + Ask): VB = Ajii* VB + A2j- VB + Ask: VB 


aB IB dB B dB B. B dB B 
NUN a NE gs (ON gg OB OR MU ET Og CB OR 
ox ox ax dy dy dy az az az 


which gives the same result as that given in part (b). It follows that (A+ V)B = A* VB without ambiguity 
provided the concept of dyadics is introduced with properties as indicated. 


4.37. Suppose A = 2yzi — x?yj + xk, B=xi+ yzj—xyk, and $ —2x?y2. Find (a) (A+ V)9, 
(b) A- Vo, (c) (B: VA, (d) (Ax V)o, (e) Ax Vo. 


Solution 


: : a a a 
(a) (A: V)d= cE — x°yj + xz k): (s i+ ay) + zk) Jo 


ð f] 
E a) 2 } 2 2 2-173 
(sc "8 i zoe 


ə ə ə 
= 2yz— (2x yg) — x' y — QX yz) + xe — Qx yz) 
ax dy az 


= (2yz)(Axyz*) — Y2) + az? (6x yz) 


= &xy?z! — 2x4ty23 + 6x yz? 


(D A+ Vd = Qyz — xyj + x2k)- (2i iij k) 


= (2yà — x? yj + xk)" (4xyz3i + 2x2 2j + 6x7 yz7k) 


= &xy?z! — 2x'yg + Ox? yz? 


Comparison with (a) illustrates the result (A* V) = A* V4. 


à 
(c) (B:V)A- G H yzj — xyk)* (ži H ži | 2x) |^ 


ð ð ð dA ðA dA 
= (eh 4% vziJA-* + yz xy 
z 


ax oy 


= x (—2xyj + 7k) + yzQzi — xj) — xyQyi + 2xzk) 


= (2y? — 2i — 2x3y +y) + G2? — 2x!yz)k 


For comparison of this with B+ VA, see Problem 4.36(c). 


(d (Ax V= [aae yj + xz k) x (sie zi ra k) |e 


dz 
i j k 
_ | 2yz —xy xe 
| a aa |? 
ax dy az 


f] 0 
: 2 2 
-[(- ei) 


db a ap 8$. ab a 
= 2 xz 2 2 2 | 2 k 
(: z az t); (s ax Oz J d dy UE 


ET —(ex^y? 2 2x2 ji } (Aly? 12z2y? 2)j + (At yz? + Ay gy 
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(0) Ax Vd= (2yzi — x’ yj + x27k) x ($i i$j k) 
Z 
i j k 
_|2yz — ax 
9$. 95 ð$ 
Ox dy az 


ap ao), ap ap ap dp 
2 2 j 2 i (a2, 
- (5% XZ ye (x am Dz jit Dyt a)" 


= (6x^y?z 22 E 232i 4 (Axdyé 1222? 2)j + (4x7 yz" +43 yok 


Comparison with (d) illustrates the result (A x V)¢ = A x V4. 


Invariance 


4.38. Two rectangular xyz and x'y'z coordinate systems having the same origin are rotated with respect 
to each other. Derive the transformation equations between the coordinates of a point in the two 


systems. 


Solution 


Let r and r' be the position vectors of any point P in the two systems (see Fig. 4-1 on page 72). Then, since 


r—r, 


xi | yj Zk’ — xi yj zk 
Now, for any vector A, we have (Problem 4.20, Chapter 2), 
A = (A^ ii + (Ar jj + A OK 


Then, letting A — i, j, and k in succession, 


i= ii + Gie J+ GOK = lui + bij' + bik’ 
j 2 G: Di + GDI+ G* KOK = Doi + laj + bok’ 
= (k iNi + (ke jOj' + (k* kk = hsi + b3j' + bk’ 


Substituting equations (2) into (1) and equating coefficients of i’, j’, and k’, we find 


x = lix + hay + h3z y = lax + lzy +l3z, z = bix + poy + l33z 


the required transformation equations. 


4.39. Prove 


ï = lui + h2j+ lisk 
j = hii + b2 j + b3k 
K = lii + b2j + bsk 


Solution 


For any vector A, we have A = (A* Di + (A* j)j + (A: k)k. 
Then, letting A =i, j’, and k’ in succession, 


i = (i Di + G jj + G* Wk = lib haj + lik 
j =G DIF G* 3j G Wk = bii + wjt lk 
= (k+ Di + (ks jj + K+ Wk = hii + b2j + b3k 


a) 


(2) 


(3) 
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4.40. Prove that aa t pmlpn = 1 if m = n, and 0 if m 4 n, where m and n can assume any of the values 
1, 2, or 3. 


Solution 


From equation (2) of Problem 4.38, 


iti — 1-2 ui + ij thik): Gi + baj + lik) =F, +5, B, 
ij 20 = (i + bij + bik): (roi + lj + bok’) = lilio + bile + lilio 
ie k = 0 = (Iii + Dij + bik’): (isi + D3j' + bak’) = llis + bibs + bibs 


can be proved for m = 2 and m = 3. 
By writing 
3 


Omn = | 7 m a the result can be VE Lol pn = n 


The symbol mn is called Kronecker’s symbol. 
4.41. Suppose (x, y, z) is a scalar invariant with respect to a rotation of axes. Prove that grad ¢ is a vector 
invariant under this transformation. 


Solution 

By hypothesis, A(x, y, z) = $v’, y', z’). To establish the desired result, we must prove that 
a a a ap’ ad’ ad’ 
5 3 db, Ey Od aH, 
ox oy əz ax’ dy’ dz’ 

Using the chain rule and the transformation equations (3) of Problem 4.38, we have 
06 af! ax’ ad’ dy’ Ad’ dz’ ag ad’ i ad’ , 
ax Ox’ üx Oy’ Ox Oc Ox x M ay’ nta? 
db ad’ ax’ ad’ dy’ od oz oq , ad’ i ad’ , 
dy 8x dy y oy az dy ax ^ oy | av 
db ad’ ax’ ad’ dy’ od oz ə , ad’ i ad’ , 
z ax’ az Oy Oz Oz 8v ^ ay "o? 


Multiplying these equations by i, j, and k, respectively, adding, and using Problem 4.39, the required result follows. 


SUPPLEMENTARY PROBLEMS 


4.42. Suppose $ = 2xz* — x?y. Find V6 and |V 4| at the point (2, —2, —1). 

4.43. Suppose A = 2x7i — 3yzj + xz and $ = 2z — xy. Find A+ V and A x Vó at the point (1, —1, 1). 
4.44. Suppose F = x*z+ e/* and G = 2z?y — xy’. Find (a) V(F + G) and (b) V(FG) at the point (1, 0, —2). 
4.45. Find V|r|*. 


446. Prove Vf(r) —^- e 


4.47. Evaluate V| 3? — 4r + Bus f 
Ar 


4.48. Let VU — 2r^r. Find U. 


4.49. Find $(r) such that Vd = r/r? and (1) = 0. 


4.50. 
4.51. 
4.52. 
4.53. 


4.54. 


4.55. 


4.56. 


4.57. 


4.58. 


4.59. 
4.60. 
4.61. 
4.62. 
4.63. 
4.64. 


4.65. 


4.66. 


4.67. 


4.68. 


4.69. 


4.70. 


4.71. 
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Find Vy where y = (x? + y? + 2)e-v PH, 


Let Vo = 2xyzii + x 2j + 332 yz?k. Find A(x, y, z) if (1, —2, 2) = 4. 


Suppose Vy = (y? — 2xyz))i + (3 + 2xy — x22)j + (62 — 3x7 yz")k. Find y. 
Let U be a differentiable function of x, y, and z. Prove VU* dr — dU. 


Suppose F is a differentiable function of x, y, z, t where x, y, z are differentiable functions of t. Prove that 


dF oF dr 
= HVF. 
dt ðt dt 


Let A be a constant vector. Prove V(r* A) = A. 


Suppose A(x, y, z) = Ayi+ A2j + Ask. Show that dA = (VA; ° dr)i + (VA»* dr)j + (VAs* dr)k. 


F GVF — FVG . 
Prove v() = Gi if G # 0. 


Find a unit vector that is perpendicular to the surface of the paraboloid of revolution z = x? + y? at the point 
(1, 2, 5). 


Find the unit outward drawn normal to the surface (x — 1)? + y? + (z + 2 = 9 at the point (3, 1, —4). 

Find an equation for the tangent plane to the surface xz? + x*y = z — 1 at the point (1, —3, 2). 

Find equations for the tangent plane and normal line to the surface z = x? + y? at the point (2, —1, 5). 

Find the directional derivative of  — Axz? — 3x2y^z at (2, —1, 2) in the direction 2i — 3j + 6k. 

Find the directional derivative of P = 4e?*** at the point (1, 1, —1) in a direction toward the point (—3, 5, 6). 


In what direction from the point (1, 3, 2) is the directional derivative of $ = 2xz — y? a maximum? What is the 
magnitude of this maximum? 


Find the values of the constants a, b, and c so that the directional derivative of $ = axy? + byz + cz2x? at 
(1, 2, —1) has a maximum of magnitude 64 in a direction parallel to the z axis. 


Find the acute angle between the surfaces xy?z = 3x + z? and 3x? — y? + 2z = 1 at the point (1, —2, 1). 


Find the constants a and P so that the surface ax? — byz — (a 4- 2)x will be orthogonal to the surface 
4xly +  — 4 at the point (1, —1, 2). 


(a) Let u and v be differentiable functions of x, y, and z. Show that a necessary and sufficient condition that u 
and v are functionally related by the equation F(u, v) = 0 is that Vu x Vv = 0. 


(b) Determine whether u — arctan x 4- arctan y and v — at E are functionally related. 
— xy 


(a) Show that Vu* Vv x Vw = 0 a necessary and sufficient condition that u(x, y, z), v(x, y, z), and w(x, y, z) 
be functionally related through the equation F(u, v, w) = 0. 


(b) Express Vu* Vv x Vw in determinant form. This determinant is called the Jacobian of u, v, and w with 


; , O(u, V, w Uu, V, W 
respect to x, y, and z, and is written ( ) or J A 
A(x, y, z) X, Y, Z 


(c) Determine whether u = x + y + z, v = x2 + y? +2 and w = xy + yz + zx are functionally related. 


Let A = 3xyzli - 2xy°j — x?yzk and $ = 3x? — yz. Find, at the point (1, —1, 1), (a) V-A, (b) A-V¢, 
(c) V- ($A), (d) V«(V9).. 


Evaluate div(2x?zi — xy?z j + 3yz’k). 
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4.72. Let p = 3x?z — y? 2 + Ax y + 2x — 3y — 5. Find V?Q. 


4.73. Evaluate V?(In r). 


4.74. Prove V?r" = n(n + 1)? where n is a constant. 


4.75. Let F = (32y — dit (x2 + y*)j — 2x°2’k. Find V(V* F) at the point (2, —1, 0). 
4.76. Suppose w is a constant vector and v = w x r. Prove that div v = 0. 
4.77. Prove V^($u) = AVY 4- 2V e: Vist yy? e. 
4.78. Let U = 3x?y and V = xz? — 2y. Evaluate grad[(grad U)* (grad V)]. 
4.79. Evaluate V* (r?r). 
4.80. Evaluate V* [rV(1/r?)]. 
4.81. Evaluate V?[V* (r/r2)]. 
4.82. If A — r/r, find grad div A. 
df 2df 


4.83. (a) Prove V?f(r) = qu nae (b) Find f(r) such that V?f(r) = 0. 


4.84. Prove that the vector A = 3y!z!i + 4x z2j — 3xy’k is solenoidal. 


4.85. Show that A = (2x? + 8xy?z)i + (3x2y — 3xy)j — (4y?z? + 2x°z)k is not solenoidal but B = xyz A is 
solenoidal. 


4.86. Find the most general differentiable function f(r) so that f(r)r is solenoidal. 


4.87. Shaw that the vector field V = — 
/ x + y? 


4.88. Suppose U and V are differentiable scalar fields. Prove that VU x VV is solenoidal. 


is a "sink field". Plot and give a physical interpretation. 


4.89. Let A = 2xz*i — yzj + 3xz'k and $ = x?yz. Find, at the point (1, 1, 1): 
(a) Vx A, (b)eul($A) (c)Vx(VxA) (d) V[A*culA]  (e)curl grad(@A) . 


4.90. Let F = xyz, G = xy — 32. Find (a) VI(VF)* (VG)], (b) V* (VF) x (VG)], (c) V x [(VF) x (VG)]. 


4.91. Evaluate V x (r/r2). 


4.92. For what value of the constant a will the vector A = (axy — 2)i+ (a — 2)x?j + (1 — a)xz?k have its curl iden- 
tically equal to zero? 


4.93. Prove curl(¢ grad $) = 0. 


4.94. Graph the vector fields A = xi + yj and B = yi — xj. Compute the divergence and curl of each vector field and 
explain the physical significance of the results obtained. 


4.95. Given A = x°zi+ yzj — 3xyk, B = y^i — yzj + 2xk and $ = 2x? + yz. Find: 
(a) A+ (V$), (b) (A: V)o, (c) (As VB, (d) B(A: V, (e) (V: ADB. 


4.96. Suppose A = yzi — 3xz2j + 2xyzk, B = 3xi + 4zj — xyk, and $ = xyz. Find (a) A x (V), (b) (A x V)¢, 
(c) (V x A) x B, (d) Be V x A. 


4.97. Given A = xz7i + 2yj — 3xzk and B = 3xzi + 2yzj — Z'k. Find A x (V x B) and (A x V) x B at the point 
(1, —1, 2). 


4.98. Prove (v: V)v = Vv — v x (V x v). 


4.99. Prove VY (A x B) = B. (V x A) — A: (V x B). 


4.100. 
4.101. 
4.102. 
4.103. 
4.104. 
4.105. 
4.106. 


4.107. 


4.108. 


4.109. 


4.110. 


4.111. 


4.112. 
4.113. 


4.114. 


4.115. 


4.116. 


4.117. 
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Prove V x (A x B) = (B: V)A — B(V* A) — (A* V)B + A(V* B). 


Prove V(A*: B) = (B: VA + (A> V)B+ B x (Vx A) -A x(V x B). 


Show that A = (6xy + 3)i + (3x2 — Dj + (3xz? — y)k is irrotational. Find $ such that A = V. 


Show that E = r/r? is irrotational. Find œ such that E = —V¢ and such that (a) = 0 where a > 0. 
Suppose A and B are irrotational. Prove that A x B is solenoidal. 

Suppose f(r) is differentiable. Prove that f(r)r is irrotational. 

Is there a differentiable vector function V such that (a) curl V = r, (b) curl V = 2i + j + 3k? If so, find V. 


Show that solutions to Maxwell's equations 


— 18E 13H 


YXA as x có V:H-0, V:E=47p 


where p is a function of x, y, and z, and c is the velocity of light, assumed constant, are given by 
1 3A 
E=-V¢d--—, H=VxA 
c ot 


where A and 4, called the vector and scalar potentials, respectively, satisfy the equations 


lad 
V: A+- = 1 
Qe at 9 (D 
166 
2 EE 
1 02A 
2A — 
VAT GB) 


(a) Given the dyadic ® = ii + jj + kk, evaluate r* (®- r) and (r+ ®)- r. (b) Is there any ambiguity in writing 
re ®- r? (c) What does re B+ r = 1 represent geometrically? 


(a) Suppose A = xzi — y?j + yk and B = 227i — xyj + y’k. Give a possible significance to (A x V)B at the 
point (1, —1, 1). 


(b) Is it possible to write the result as A x (VB) by use of dyadics? 
Prove that $(x, y, z) = x? + y? + Z is a scalar invariant under a rotation of axes. 


Let A(x, y, z) be an invariant differentiable vector field with respect to a rotation of axes. Prove that (a) div A 
and (b) curl A are invariant scalar and vector fields, respectively. 


Solve equation (3) of Solved Problem 4.38 for x, y, and z in terms of x’, y', and z’. 
Suppose A and B are invariant under rotation. Show that A+ B and A x B are also invariant. 


Show that under a rotation 


Show that the Laplacian operator is invariant under a rotation. 


Suppose A = x?zli — 2y?Z/j + xy^zk, B = x?i + yzj — xyk, and $ = 2x?yz?. Find: 
(a) (A* V), (b) A- V, (c) (B: V)Ó, (d) (A x V)j, and (e) A x Vo. 


Prove: (a) V x (A + B) = V x A + V x B, (b) V x (fA) = (Và) x A+ (V x A). 
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ANSWERS TO SUPPLEMENTARY PROBLEMS 


4.42. 10i — 4j — 16k, 24/93 4.64. In the direction of 4i — 6j + 2k, 2/14 
4.43. 5, Ti - j — 11k 4.65. a= 6, b = 24, c = —8 
4.44. (a) —4i + 9j + k, (b) —8j 4.66 T LL 
.44. + 9j +k, j .66. Lal = PER 
4.45. 3rr 4.67. a= 5/2, b=1 
447. (6— 2r 2? — 2y- Tr 4.68. (b) Yes (v = tanu) 
4.48. r9/3 + constant 
i i ðu ðu Qu 
449. d(r)==(1-— əx dy a 
3 r æ w Ov 
4.50. (2— Der 469. (D | — — =| (c) Yes (u? — v — 2w = 0) 
Ox dy a 
Ow Ow Ow 
Ox oy a 
4.51. $ — xy +20 4.70. (a) 4, (b) —15, (c) 1, (d) 6 
4.52. w= xy? — x?yg) + 3y + 3/2)z* + constant 4.71. 4xz — 2xyz + 6y?z 
4.58. (2i + 4j — k)/ - 21 4.72. 62+ 24xy — 223 — 6y^z 
4.59. (2i 4- j — 2k)/3 4.73. 1/r 
m ub eb dde x-2 ytl z-5 4.75. —6i + 24j — 32k 
PV un eM ee OTe resa a 4.78. (6yz2 — 12x)i + 6xz2j + 12xyzk 
3 
orx=4t+2, y=—2r—-1,z=-14+5 4.79. 6r 
-4 
4.62. 376/7 I5 
4.63. —20/9 
4.81. 2r^* 482. —2r?r 
4.83. f(r) =A+B/r where A and B are arbitrary constants. 
4.86. f(r) = C/r? where C is an arbitrary constant. 
4.89. (a)i+j, (b)5i—3j— 4k, (c)5i 3k, (d) —2i+j+ 8k, (e) 0 
4.90. (a) Qy?z + 3 z — I2xyz)i + (Axyz — 6x2z)j + Qxy? +23 — 6x°y)k 
(b) 0 
(c) Qz — 24xyz)i — (12x? + 2xyz)j + Qxy? + 12yZ + x*)k 
4.91. 0 492. a=4 
4.95. (a) 4x z + yz? — 3xy? 


(b) 4x?z + yz* — 3xy? (same as (a)) 
(c) 2y? zi + (3x? — yz*)j + 222 zk 


0 
(d) the operator (2y?zi — x’ yz j 4 2x" zk) = ty i 
IX 


(e) Qxy^z + yz? — Qxyz + yz*j + (4x72 + 2xz°)k 


ə a 
y lj + 2xyc k) — + (-3xy)i + 3xy?zj — 6x^yk) 
ay Oz 


4.96. 


4.97. 
4.102. 
4.106. 
4.108. 
4.109. 


4.112. 
4.116. 


(a) —5x?yzi + xy?z2j + Axyk 
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(b) —5x?yz?i + xy?z?j + Axyz?k (same as (a)) 


(c) 162i-- (&2yz — 12xz7)j + 32xZk (d) 24z + 4xyz? 


A x (V x B) = 18i — 12j + 16k, (A x V) x B = 4j + 76k 


p = 3x? xz — yz + constant 4.103. 4 — In(a/r) 


(a) No, (b) V = 3xj + (2y — x)k + Và, where ¢ is an arbitrary twice differentiable function. 


(a) r*($-r) = (r-4):r = x? + y? +2’, (b) No, (c) Sphere of radius one with center at the origin. 


(a) —4ii — ij + 3ik — jj — 4ji+ 3kk 


(b) Yes, if the operations are suitably performed. 


x= lux + liy + biz, y = lox + bay 
(a) = (b) Ay? mM aryr E 6x7 23 
(c) (2x32? — 2x3 yz)i + (-Ay? 2 + Axy?z)j 


bz’, z = hax’ + bay! + az 


yz + 2xy?z — xy )k 


(d) = (e) (— 12z2y?z* — 2x3 y?z4)i + (—6xtyz + 4x? y3 z4)j + (2x4 + 8xy? 2)k 


Vector Integration 


5.1 Introduction 


The reader is familiar with the integration of real-valued functions f(x) of one variable. Specifically, we 
have the indefinite integral or anti-derivative, denoted by 


| f(x) dx 


and the definite integral on a closed interval, say [a, b], denoted by 


b 


| f(x) dx 


a 


Here we extend these definitions to vector value functions of a single variable. 


5.2 Ordinary Integrals of Vector Valued Functions 


Let R(u) = Ri (uji + R2(u)j + Rs(u)k be a vector depending on a single scalar variable u, where 
R,(u), Ro(u), R3(u) are assumed to be continuous in a specific interval. Then 


[Ro du = i [Ria du+j | Row du+ k | Rw du 
is called an indefinite integral of R(u). If there exists a vector S(u) such that 
d 
R(u) = du 00), 
u 
then 
d 
[ro du = [<u du = S(u) + c 
u 


where c is an arbitrary constant vector independent of u. The definite integral between limits u = a and 
u = b can in such case be written 

b b , 

[noo du — IPS du = S(u) + c 


a 


b 


= S(b) — S(a) 


a 
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This integral can also be defined as a limit of a sum in a manner analogous to that of elementary integral 
calculus. 


EXAMPLE 5.1 Suppose R(u) = u?i + 2u°j — 5k. Find: (a) f R(w) du, (b) f? R(u) du. 


(a) [noo du = [wi + 2j SK] du =i a? du +j | 20° du +k | -5 du 


u? us 
(5 ! ai) (5 «Ji + (—5u + c3)k 
i 


3 A 
zj 5uk +c 


u 
~ 3 
where c is the constant vector cji + c? j + c3k. 


(b) From (a): 


: 3 4 2 
[Ro du =i | si Suk + e| = [(8/3)i + 4j — 10k] — [-(1/3)i + (1/2) — 5k] 
1 


1 


= (7/3)i + (7/2)j — 5k 


5.3 Line Integrals 


Suppose r(u) = x(u)i + y(u)j + z(u)k is the position vector of points P(x, y, z) and suppose r(u) defines a 
curve C joining points P, and Pz where u = u; and u = u2, respectively. 

We assume that C is composed of a finite number of curves for each of which r(u) has a continuous 
derivative. Let A(x, y, z) = Aji + A2j +A3k be a vector function of position defined and continuous 
along C. Then the integral of the tangential component of A along C from P; to P2, written as 


P2 
[a dr = J^ dr — [Ai d+ Andy + Aa de 


P1 C C 


is an example of a line integral. If A is the force F on a particle moving along C, this line integral represents 
the work done by the force. If C is a closed curve (which we shall suppose is a simple closed curve, that is, a 
curve that does not intersect itself anywhere), the integral around C is often denoted by 


fa. dr = fa dx + A» dy + As dz 


In aerodynamics and fluid mechanics, this integral is called the circulation of A about C, where A represents 
the velocity of a fluid. 

In general, any integral that is to be evaluated along a curve is called a line integral. Such integrals can be 
defined in terms of limits of sums as are the integrals of elementary calculus. 


EXAMPLE 5.2 Suppose F = —3x7i + 5xyj and let C be the curve y = 2x? in the xy-plane. Evaluate the line 
integral jo F* dr from P4(0,0) to P2(1, 2). 
Since the integration is performed in the xy-plane (z = 0), we may take r = xi + yj. Then: 


Jr-a- [i+ son (dxi 4- dyj) — IL 3x? dx + 5xy dy). 
C C C 
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First Method. Let x = tin y = 2x?. Then the parametric equations of C are x = t, y = 2t. Points (0, 0) and (1, 2) 
correspond to t = 0 and ft = 1, respectively. Then: 


1 1 
B dr — | [-3? dt + 5t) d(2r’)] = | (-37 + 40i) dr = [=P + 85], =7. 
C 1-0 1—0 
Second Method. Substitute y — 2x? directly where x goes from 0 to 1. Then: 


1 1 
|r. dr = | [-3x? dx + 5x(2x7) d(2x")] = | (—3x? + 4024) dx = [—8 + 8°], = 7. 


C x=0 x=0 


Conservative Fields 
The following theorem applies. 


THEOREM 5.1. Suppose A = V¢ everywhere in a region R of space, where R is defined by a, < x < a», 
bj < y < b2, cy <Z < Co, and where dx, y, z) is single-valued and has continuous 
derivatives in R. Then: 


(i) je > A+ dr is independent of the path C in R joining P; and P5. 


(ii) $o A+ dr = 0 around any closed curve C in R. 


In such a case, A is called a conservative vector field and ¢ is its scalar potential. 


5.4 Surface Integrals 


Let S be a two-sided surface, such as shown in Fig. 5-1. Let one side of S be considered arbitrarily as the 
positive side. (If S is a closed surface, such as a sphere, then the outer side 1s considered the positive side.) A 
unit normal n to any point of the positive side of S is called a positive or outward drawn unit normal. 


Zz 


Fig. 5-1 


Associate with the differential of surface area dS a vector dS whose magnitude is dS and whose direction 
is that of n. Then dS = n dS. The integral 


[pees eae 
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is an example of a surface integral called the flux of A over S. Other surface integrals are 


[^ [^ ds, ^ x dS 


where ¢ is a scalar function. Such integrals can be defined in terms of limits of sums as in elementary cal- 
culus (see Problem 5.17). 

The notation $$, is sometimes used to indicate integration over the closed surface S. Where no confusion 
can arise the notation fs may also be used. 

To evaluate surface integrals, it is convenient to express them as double integrals taken over the pro- 
jected area of the surface S on one of the coordinate planes. This is possible if any line perpendicular to 
the coordinate plane chosen meets the surface in no more than one point. However, this does not pose 
any real problem since we can generally subdivide S into surfaces that do satisfy this restriction. 


5.5 Volume Integrals 


Consider a closed surface in space enclosing a volume V. Then the following denote volume integrals or 
space integrals as they are sometimes called: 


I] AdV and I $ dV 


The Solved Problems evaluate some such integrals. 


SOLVED PROBLEMS 


5.1. Suppose R(u) = 3i + (i? + 4u7)j + uk. Find: (a) f R(u) du, (b) f? R@) du. 


Solution 


(a) [Ro du = Jis + GP + 4u’)j + uk] du 


=i |3 du 4 if w + Au^) du 4 x [wan 
. fi 1 - ^f d 
= 3u+c))i4 (i } ;"«Ji } (^ + 3 


1 1 1 
= (3u)i 4 (i I jj H (56) He 


where c is the constant vector cji + c2j + c3K. 


(b) From (a), 


2 

2 
[Ro du = [ewi j (io jj (jo) e| = 33 Zu jk 
1 
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Another Method 


2 2 2 2 
[Ro du =if3 du 4 if w ài) du ek [u du 
1 1 1 1 


1 se e E enn e 2 
= pui | u* 4 2 54] k — 3i4 2 21 3k. 
1 
5.2. The acceleration of a particle at any time f > 0 is given by 


a= E = (25 cos 2t)i + (16 sin 2t)j + NK. 


Solution 


Suppose the velocity v and the displacement r are the zero vector at t = 0. Find v and r at any time. 
Integrating: 


v= fes cos 2t) dt +j fas sin 2t) dt + x [on dt 


25 9 
= e sinzrJi + (—8cos21)j + (3°) o. 
Putting v = 0 when t = 0, we find 0 = 0i — 8j + Ok + c, and c; = 8j. Then 


dr (2 
eS (3:020) + (8 — 8cos 2nj + (5°) 


Integrating, 


2 
r= (sara Je — 8cos 2t) dt + k{(5°) dt 
2 
= (-Feosz)i+ (8t + Asin 21)j + Ge) +. 
Putting r = 0 when ¢ = 0, we get 


25 25 
0— ete and ¢ = Gi 


Then 


25 25 A ; ; 35 
r= (esa (8 + 4A sin 210)j + G: )k 


2 


5.3. Evaluate fa x PA 
dt? 


Solution 
2 2 
s (am) dA dA dA A dA 


"ap ada ae 
Integrating, 
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5.4. The equation of motion of a particle P of mass m is given by 


dr 
mz = fnr 


where r is the position vector of P measured from an origin O, r, is a unit vector in the direction r, 
and f(r) is a function of the distance of P from O. 


(a) 


Show that r x (dr/dt) = c where c is a constant vector. 


(b) Interpret physically the cases f(r) < 0 and f(r) > 0. 


(c) Interpret the result in (a) geometrically. 


(d) Describe how the results obtained relate to the motion of the planets in our solar system. 


Solution 


(a) 


(b) 


(c) 


(d) 


Multiply both sides of m(d*r/dt?) = f(r)r, by rx. Then 


^r 
m ORE E 


since r and r; are collinear and so r x r; = 0. Thus 


E dr ] , 
Integrating, r x 2 c, where c is a constant vector. (Compare with Problem 5.3.) 


If f(r) < 0, the acceleration dr / df? has a direction opposite to rı; hence, the force is directed toward O and 


the particle is always attracted toward O. 

If f(r) > 0, the force is directed away from O and the particle is under the influence of a repulsive 
force at O. 

A force directed toward or away from a fixed point O and having magnitude depending only on the dis- 
tance r from O is called a central force. 


In time Af, the particle moves from M to N (see Fig. 5-2). The area swept out by the position vector in 
this time is approximately half the area of a parallelogram with sides r and Ar, or ir x Ar. Then the 
approximate area swept out by the radius vector per unit time is ir x Ar/At; hence, the instantaneous 


time rate of change in area is 


lim 1 Ar , dr, 
im irx —=/4rx—=1]rxVv 
A20? At ? dt ? 


where v is the instantaneous velocity of the particle. The quantity H — ir x (dr/dt) = ir x v is called the 


areal velocity. From part (a), 


: dr 
areal velocity = H = ir x P constant 


Since r * H = 0, the motion takes place in a plane, which we take as the xy-plane in Fig. 5-2. 


A planet (such as Earth) is attracted toward the Sun according to Newton's universal law of gravitation, 
which states that any two objects of mass m and M, respectively, are attracted toward each other with a 
force of magnitude F = GMm/r’, where r is the distance between objects and G is a universal constant. 
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Let m and M be the masses of the planet and sun, respectively, and choose a set of coordinate axes with the 
origin O at the Sun. Then, the equation of motion of the planet is 


assuming the influence of the other planets to be negligible. 

According to part (c), a planet moves around the Sun so that its position vector sweeps out equal areas in 
equal times. This result and that of Problem 5.5 are two of Kepler's three famous laws that he deduced 
empirically from volumes of data compiled by the astronomer Tycho Brahe. These laws enabled 
Newton to formulate his universal law of gravitation. For Kepler's third law, see Problem 5.36. 


va 


H = areal velocity 


il dr 
=5r X — = constant 
2 "dt 


Elli — P 
x apee 1 +€ cos 8 


Fig. 5-2 Fig. 5-3 


5.5. Show that the path of a planet around the Sun is an ellipse with the Sun at one focus. 


Solution 
From Problems 5.4(c) and 5.4(d), 


dy GM 
a gan (1) 
rxv=2H=h (2) 


Now r = rrj, dr/dt = r(dr,/dt) + (dr/dt)r, so that 


dri dr 2 drj 
h — E —— — — IA 
rxv m» (+ +n) rr, X 3 (3) 
From (1), 
d d 
^ = zn xh=-0Mri x (n x E) 
dr dr, dri 
= -am| (n dt )n (ri rı) 2 = GM di 


using equation (3) and the fact that r; * (dr; /dt) = 0 (Problem 3.9). But since h is a constant vector, 


dv d 

— x h = — h 

gu m 
so that 

d dr, 

aU x h) = GM di 
Integrating, 


vxh=GMr,+p 
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from which 


r-(vxh)=GMr-r,+r-p 
= GMr + rrı* p = GMr + rpcos 0 


where p is an arbitrary constant vector with magnitude p, and 0 is the angle between p and rj. 
Since r+ (vx h) = (rx v): h = h + h = £2, we have h? = GMr + rp cos 0 and 


n I GM 


a GM -FpcosÓ 1 + (p/GM) cos 0 


From analytic geometry, the polar equation of a conic section with focus at the origin and eccentricity eis r — 
a/(1 4- ecos 0) where a is a constant. See Fig. 5-3. Comparing this with the equation derived, it is seen that the 
required orbit is a conic section with eccentricity e — p/GM. The orbit is an ellipse, parabola, or hyperbola 
according as e is less than, equal to, or greater than one. Since orbits of planets are closed curves, it follows 
that they must be ellipses. 


Line Integrals 


5.6. Suppose A = (3x? + 6y)i — 14yzj + 20xz?k. Evaluate Je A * dr from (0, 0, 0) to (1, 1, 1) along the 


following paths C: 

(aquo er 

(b) the straight lines from (0, 0, 0) to (1, 0, 0), then to (1, 1, 0), and then to (1, 1, 1). 
(c) the straight line joining (0, 0, 0) and (1, 1, 1). 


Solution 


[A-ar= | [Gx + 6y)i — 14yzj + 20xz^k] - (dxi + dyj + dzk) 
C C 
= [ar + 6y) dx — 14yz dy + 20xz* dz 
C 


(a Ifx=ty= D, points (0, 0, 0) and (1, 1, 1) correspond to t = 0 and t = 1, respectively. Then 
1 
a -dr= | GÊ + 6t7) dt — 1PC) a(P) + 20(H(P)? (P) 


C 1—0 


9f? dt — 2815 dt + 601° dt 


t=0 


(9? — 282° + 60?) dt = 3P — 4r! + 6t?| =5 


t=0 


Another Method 


Along C, A= 9?i — 14Pj+ 20 k and r=xi+ yj - zk = ti + 2j -- Pk and dr = (i + 21j + 32K) at. 
Then 
1 


a -dr = | (9i — 14°j + 20 k)* (i + 21j + 32K) dt 


C t=0 


1 
| or — 281° + 60?) dt =5 
0 
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(b) Along the straight line from (0, 0, 0) to (1, 0, 0), y 20, z= 0, dy = 0, dz = 0 while x varies from 
0 to 1. Then the integral over this part of the path is 


1 1 
1 


| (3x7 + 6(0)) dx — 14(0)(0)(0) + 20x(0)?(0) = | 3x dx 2 x) QUI 


x=0 x=0 


Along the straight line from (1, 0, 0) to (1, 1, 0), x= 1, z = 0, dx = 0, dz=0 while y varies from 
0 to 1. Then the integral over this part of the path is 

1 

| Gay + 6y)0 — 14y(0) dy + 20(1)(0)70 = 0 


y=0 


Along the straight line from (1, 1, 0) to (1, 1, 1), x=1, y = 1, dx = 0, dy = 0 while z varies from 
0 to 1. Then the integral over this part of the path is 


1 1 


2 2 2 202843 20 
(3(1)* + 6(1))0 — 14(1)z(0) + 20(Dz^ dz = 20z a= " macs 
z=0 z=0 
Adding, BOA 
| A*dr—14-04 = 
3 3 
C 


(c) The straight line joining (0, 0, 0) and (1, 1, 1) is given in parametric form by x = t, y = t, z = t. Then 
1 
| A*dr— | GÊ + 6t) dt — 14A (£) dt + 20(1)(1)* dt 
C 


1 


1 
BÊ + 6r — 14? + 207) dt = | (6t — 11? + 207) di. 


t=0 t=0 


5.7. Find the total work done in moving a particle in the force field given by F = zi + zj + xk along the 
helix C given by x = cost, y= sint, z = t from t = 0 to t = 7/2. 


Solution 


Total work = | Fs de = [i+ zj to t + dyj 4 dek) = | ax + z dy + x dz) 
fe C 


C 
T/2 1/2 1/2 

= | (t d(cos t) + t d(sin t) + cost dt) = | (—t sint) dt + | (t+ 1)cost dt 
0 0 0 


Evaluating i : (—t sin f) dt by parts we get 
1/2 
[tcos t18? — | cost dt = 0 — [sin F’ = —1. 
0 


Evaluating Ee (t+ 1) cos t dt by parts we get 


1/2 
[t 4- Dsinr]z? — | sint dt => + 1 + [cosrlg^— 7. 


2 
0 


Thus the total work is (7/2) — 1. 
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5.8. Suppose F = —3x7i + 5xyj. Evaluate Je F - dr where C is the curve in the xy-plane, y = 2x?, from 
(0, 0) to (1, 2). 


Solution 


Since the integration is performed in the xy-plane (z — 0), we may take r — xi 4- yj. Then: 


B dr = Je + 5xyj) * (dxi + dy) = IL 3x? dx + 5xy dy). 
C C C 


First Method. Let x = t in y = 2x?. Then the parametric equations of C are x = t, y = 22°. Points (0, 0) and (1, 2) 
correspond to f = 0 and f£ = 1, respectively. Then: 


1 
B -dr = | [-3? dt + 5t(22) a22)] = | (-3 + 401^) dt = [-P + 87°], =7 


C t=0 t=0 
Second Method. Substitute y = 2x? directly where x goes from 0 to 1. Then: 


1 1 
B ‘dr — | [73€ dx + 5x 2x2) d(2x2)] = | (—3x? + 40x^) dx = [—? + 8x5], =7. 


C x=0 x=0 


5.9. Suppose a force field is given by 


= (Qx-ytoit@+y—Z2)j+ Gx 2y + 42k 


Find the work done in moving a particle once around a circle C in the xy-plane with its center at the 
origin and a radius of 3. 


Solution 


In the plane z = 0, F = (2x — yi + (x + y)j + Gx — 2y)k and dr = dxi + dyj so that the work done is 


Je dr = | [x — yji + (x + y)j + (x — 2y)k]: (dxi + dyj) 


| 
= [ox y) dx + (x + y) dy 
C 


r=xi+yj 
=3 cos ti +3 sin rj 


Fig. 5-4 
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Choose the parametric equations of the circle as x = 3cost, y = 3 sint where t varies from 0 to 277 (as in 
Fig. 5-4). Then the line integral equals 


2m 


| [23 cos t) — 3 sin t]( —3 sin f) dt + (3 cost + 3 sint)(3 cos t) dt 
t=0 


27 
T 


9 2 
= | (9 —9sintcost) dt = 9r — sin’ t Q7 187 
0 


In traversing C, we have chosen the counterclockwise direction indicated in the adjoining figure. We call this the 
positive direction, or say that C has been traversed in the positive sense. If C were traversed in the clockwise 
(negative) direction the value of the integral would be —187r. 


5.10. (a) Suppose F = V4, where ¢ is single-valued and has continuous partial derivatives. Show that 
the work done in moving a particle from one point P, = (x1, y1, zi) in this field to another point 
P5 = (x2, y2,Z2) is independent of the path joining the two points. 


(b) Conversely, suppose [c F- dr is independent of the path C joining any two points. Show that 
there exists a function @ such that F = V 4. 


Solution 
(a) Pj P, 
Work done — Jr:a- | voa 
P P 
Pj 
= [e + Ih + wok)» d + abi + dy 
ax dy az 
P 
foe, 3$, ad 
= | zx” H ay? t a2 ^ 
Pi 
Pj 
= [a = (P2) — d(P1) = $2, ys, 22) — 01,91, zi) 
Pi 


Then the integral depends only on points P, and P» and not on the path joining them. This is true of course 
only if A(x, y, z) is single-valued at all points P, and P2. 


(b) Let F = Fii + F5j + F3k. By hypothesis, Je E * dr is independent of the path C joining any two points, 
which we take as (x1, y1, z1) and (x, y, z), respectively. Then 


5 y,z) (Q5 yz) 
x,y,z) = | F-dr= | F, dx + Fy dy + F3 dz 


Ga. yr zi) Qa. yi z) 
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is independent of the path joining (x1, y;, zi) and (x, y, z). Thus 


(x+Ax, y, z) Go y, 2) 
px + Ax, y, z) — f(x, y, z) = | F- dr — | F- dr 
Ga. yo zu) Qn. yi z) 
Gay zu) (x+Ax, y, z) 
E | Fe dr+ | F-dr 
(x,y, 2) Gu. yo zu) 
(x+Ax, y, z) (x+Ax, y, z) 
= | F. dr = | F; dx + F> dy + F; dz 
@y,2) (x, y, 2) 


Since the last integral must be independent of the path joining (x, y, z) and (x + Ax, y, z), we may choose the 
path to be a straight line joining these points so that dy and dz are zero. Then 


(x+Ax, y, z) 
Hx + Ax,y,z)— ory) 1 F; dx 
Ax (Ax 


GG y.z) 


Taking the limit of both sides as Ax — 0, we have 0¢/dx = F;. Similarly, we can show that d¢/dy = Fz 
and 0$/0z = F5. Then 


9$, l 20. i; ab 
ox 


F = Fii + Foj+ F3k = 
il 2J 3 5 az 


k= V4. 


If Ja * F * dr is independent of the path C joining P; and P», then F is called a conservative field. It follows 
that if F = V4 then F is conservative, and conversely. 


Proof using vectors. If the line integral is independent of the path, then 
Gs y, z) Gc y. z) 


dr 


(x,y,z) = | F: dr = | F- —ds 
ds 


Ga. yi zi) (1,91, z) 


By differentiation, d/ds = F* (dr/ds). But dé/ds = V4 * (dr/ds) so that (V — F) + (dr/ds) = 0. 
Since this must hold irrespective of dr/ds, we have F = V4. 


5.11. (a) Suppose F is a conservative field. Prove that curl F — V x F — 0 (i.e. F is irrotational). 
(b) Conversely, if V x F — 0 (i.e. F is irrotational), prove that F is conservative. 
Solution 


(a) If F is a conservative field, then by Problem 5.10, F — V4. 
Thus curl F = V x Vo = 0 (see Problem 4.27(a), Chapter 4). 
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6 ox 

0 0 

yy x R= oett 
Ox Oy a 

Fi F m 


We must prove that F = V follows as a consequence of this. 
The work done in moving a particle from (x1, y1, zi) to (x, y, z) in the force field F is 


[ræ z) dx + F(x, y,z) dy + F3(x, y, z) dz 


C 


where C is a path joining (x1, yi, zi) and (x, y, z). Let us choose as a particular path the straight line segments 
from (x1, y1, zi) to (x, y1, zi) to (x, y, zi) to (x, y, z) and call $(x, y, z) the work done along this particular path. 
Then 


x By z 
P(x, y, Z) = [eoo dx 4- | 60 dy + | Frown dz 
x » 


zi 


It follows that 


à 
M = F3(x, y, z) 
Z 
à (ar 
V se yah [Pore dz 
oy dy 
Zl 
f OF 
= Fy(x, y, 21) + [e^ z) dz 
Z 
Z1 


Z 


= F(x, y, z1) + Fox, y, | = Foy, z1) + Fax, y, z) — F(x, y, z1) = F(x, y, z) 


zl 


y Zz 
ab 8F; OF; 
= = Fix, yiz) + | =. y, 21) dy+ | -= x,y,z) dz 
ox Ox Ox 

Zi 


v1 


y z 
OF OF 
= F(x, 1,21) + [eoo dy + | — (x,y, z) dz 
dy əz 
bal zi 
y z 


= Fi, y1,21) + Fi, y,z1)| c4F0yz 


yı E 


= Fi y1,21) + Fio y, 21) — Fio y1, 21) + Fi y, 2) — Fix, y, 21) = Fits, y, z) 


Then 


RO OO E 


F = Fii + PFoj+F3k= 
s 2 d ox dy əz 


Thus a necessary and sufficient condition that a field F be conservative is that curl F = V x F = 0. 
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5.12. (a) Show that F = (2xy + z°)i + x?j + 3x27k is a conservative force field. (b) Find the scalar potential. 
(c) Find the work done in moving an object in this field from (1, —2, 1) to (3, 1, 4). 


Solution 


(a) From Problem 5.11, a necessary and sufficient condition that a force will be conservative is that curl 
F = V x F = 0. Now 


i j k 
vxF ð ð ð 0 
= ax dy Oz| ` 


2xy-2 x 3x2 


Thus F is a conservative force field. 


(b) First Method. By Problem 5.10, 


F=V¢ i | wi | Sk Quy + 2i + x3j + 3xzzk. 
Then 

ð 

w= dyt? o) 
Ox 

lg Q) 
dy 

ð 

um 3xz (3) 
az 


Integrating, we find from (1), (2), and (3), respectively, that 


$ = xy + x fo.2 
dico xy ct gaz) 
op = x? + h(x, y) 


These agree if we choose f(y, z) = 0, g(x, z) = xz), h(x, y) = x?y so that 6 = x?y + x to which may be 
added any constant. 


Second Method. Since F is conservative, JeF * dr is independent of the path C joining (xi, y1, zi) and 
(x, y, z). Using the method of Problem 5.11(b), 


x DÀ Zz 
x,y,z) = Je» + zi) dx4 [ES dy 4 [az dz 
X1 yı zl 


= (xy; + xq) 


t xy 


xi yı zi 


2 3 2 3 2 2 3 3 
= XY +x XY HZ, HY — x^yp d xz — xz 


= xy xi — xy, — xiz = xy + xz? + constant 


Third Method. 
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Then 


do — F * dr = (2xy +2) dx - x? dy + 3x2 dz 


= (2xy dx + x dy) + ( dx + 3xz) dz) 
= dy) + daz?) = dy + xz’) 


and $ = x?y + xz? + constant. 


P2 
(c) Work done = | F- dr 
P, 


P2 

=| (2xy 4 2) dx +x dy + 3xz dz 
Pi 

P, 


— xy xz 
P 


(3.1,4) 


= 202 
(1, 2,1) 


P2 
=| d(x’y ' x)= xy F xz 
P, 


Another Method. From part (b), (x, y, z) = x?y + xz? + constant. 
Then work done = 4(3, 1, 4) — $1, — 2, 1) = 202. 


5.13. Prove that if I * F- dr is independent of the path joining any two points P, and P» in a given region, 
then $ F- dr — 0 for all closed paths in the region and conversely. 


Solution 


B 
Fig. 5-5 


Let P,AP3BP| (see Fig. 5-5) be a closed curve. Then 
} Fear = | F°- dr = | F-ar+ | F- dr 
P\AP2BP, Pi AP> PBP; 


= | F: dr — | F- dr=0 
PAP» P\BP3 
since the integral from P, to P» along a path through A is the same as that along a path through B, by hypothesis. 
Conversely, if $ F» dr = 0, then 


| F:dr — | F* dr + | F:dr = | F- dr — | F-dr=0 


P\AP2BP, PAP» P3BP, PAP P,BP, 


| F:dr — | F- adr. 


P| AP» P| BP» 


so that, 


5.14. (a) Show that a necessary and sufficient condition that F, dx + F? dy + F3 dz be an exact differential 
is that V x F = 0 where F = Fii + F5j + F3k. 


(b) Show that (y?2? cos x — 4x?z) dx + 2z3y sin x dy + (3y?z? sin x — x^) dz is an exact differential of a 
function ¢ and find œ. 
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Solution 
(a) Suppose 


ap 
ax dy əz 


Fi dx + Fy dy l F3 dz = d$ = 


_ ad ag ag 


P = = 
Ox dy az 


and so F = Fii + Fyj + F3k = (06/dx)i + (06/dy)j + (8$/az)k = Ve. Thus V x F = V x Ve = 0. 


Conversely, if V x F = 0, then by Problem 5.11, F = Vọ and so F* dr = Vd: dr = d, that is, 
F, dx + Fy dy + F; dz = dd, an exact differential. 


(b) F = (yz? cosx — 4x?z)i + 22 y sin xj + (3y?z? sin x — x^)k and V x F is computed to be zero, so that by 
part (a) 


OPZ cos x — Ax?z) dx + 22 ysinx dy + (3? Z2 sinx — x*) dz = d 


By any of the methods of Problem 5.12, we find @ = yz’ sin x — x*z + constant. 


5.15. Let F be a conservative force field such that F = —V 4. Suppose a particle of constant mass m to 
move in this field. If A and B are any two points in space, prove that 


P(A) + 5mv, = AB) +4mvz 


where v4 and vg are the magnitudes of the velocities of the particle at A and B, respectively. 


Solution 
ar 
F=ma= m 
Then 
p. dr dr, dr md (4). 
dt dt d? 2dt\dt 
Integrating, 
B 
Jr:a- vil = sm} sm}. 
A 
If F = —V¢, 
B B B 
B ‘dr = -[ve- dr — fas = (A) — (B). 
A A A 


Then $(A) — (B) = ¿mv — mv} and the result follows. 


(A) is called the potential energy at A and 3 mv? is the kinetic energy at A. The result states that the total 
energy at A equals the total energy at B (conservation of energy). Note the use of the minus sign in F = —V@. 
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5.16. Suppose ¢ = 2xyz?, F = xyi — zj + x°k and C is the curve x =’, y = 21,z =P from t = Otot = 1. 
Evaluate the line integrals (a) f. $ dr, (b) f. F x dr. 


Solution 
(a) Along C, b = xy? = 2(?)00(Py. = 4P, 
r=xi+yj+zk=fi+ 2t47+Pk, and 
dr = (2ti + 2j + 33K) dt. 
Then 


a 


| oar= | ei 2139 dt 
C t=0 
1 1 
| 9,10 | o9 u 8. 4, 
—i|8t dtc j|8C dt+k | 12t dt = 3i tzj tk 
0 0 0 


(b) Along C, we have F = xyi — zj + xk = 2Pi — £j + ^k. Then 


F x dr = (2i — Pj + fk) x (2ti + 2j + 32K) dt 


i j K 
=/28 -P £ | dt =[(-3P — 2i + QP — 6P)j + (4P + 2)k] dt 
2 2 3f 


and 


1 1 1 
[rx ar=ifi 3P — 21*) dt 4 Tr AP) dt 4 x | car + 21^) dt 
C 0 0 0 


Surface Integrals 


5.17. Give a definition of Ws A* n d$ over a surface S in terms of limit of a sum (see Fig. 5-6). 


Solution 


Subdivide the area S into M elements of area AS, where p = 1,2,3,..., M. Choose any point P, within 
AS, whose coordinates are (Xp, Yp, Zp). Define A(xp, Yp, Zp) = Ap. Let n, be the positive unit normal to AS, at 
P. From the sum 


M 
As n AS, 
p-i 


where A, n, is the normal component of A, at Pp. 
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5.18. 


Now take the limit of this sum as M — œ in such a way that the largest dimension of each AS, 
approaches zero. This limit, if it exists, is called the surface integral of the normal component of A over S 


and is denoted by 
Il A*:ndS 


S 


Suppose that the surface S has projection R on the xy-plane (see Fig. 5-6). Show that 


f à nas [n 
In- k| 
R 


S 


Solution 


By Problem 5.17, the surface integral is the limit of the sum 


M 
As n AS, (1) 
p=1 


The projection of AS, on the xy-plane is |(n, AS,)* k| or |n,* K|AS,, which is equal to Ax,Ay, so that 
AS, = Ax, Ay, /|np* k|. Thus sum (1) becomes 


M 
Y Acn Ary Ay Q) 


"n, 
p-i j In, * k| 


By the fundamental theorem of integral calculus, the limit of this sum as M — oo in such a manner that the 
largest Ax, and Ay, approach zero is 
| | An dx dy 
|n- k| 
R 


and so the required result follows. 


Strictly speaking, the result AS, = Ax,Ay,/|n,+ k| is only approximately true but it can be shown on closer 
examination that they differ from each other by infinitesimals of order higher than Ax,Ay,, and using this the 
limits of (1) and (2) can in fact be shown equal. 


Zz Zz 


Fig. 5-6 Fig. 5-7 
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5.19. Evaluate Is A*n dS, where A = 18zi — 12j + 3yk and S is that part of the plane 2x + 3y + 6z = 12, 


5.20 


which is located in the first octant. 


Solution 


The surface S and its projection R on the xy-plane are shown in Fig. 5-7. 


From Problem 5.18, 
J^ n d$ — J^ a dy 
[n* k| 


S R 


To obtain n, note that a vector perpendicular to the surface 2x + 3y + 6z = 12 is given by V(2x + 3y + 6z) = 
2i + 3j + 6k (see Problem 4.5 of Chapter 4). Then a unit normal to any point of S (see Fig. 5-7) is 


"EE RI VN 
ogee Te mes 
Thus n* k = (2i +j + $k)* k = É and so 
dx d 7 
T OY L dx dy. 
In-k| 6 


Also 


36z— 36+ 18y 36— 12x 
= 7 SE ES 


A +n = (182i — 12j + 3yk)* (Pi - 5j - £k) 


using the fact that z = (12 — 2x — 3y)/6 from the equation of S. Then 


dxd 36 — 12x\7 
fe Ed - Pian [6-29 ara 
S R R R 


To evaluate this double integral over R, keep x fixed and integrate with respect to y from y = 0 (P in the figure 
above) to y = (12 — 2x)/3 (Q in the figure above); then integrate with respect to x from x = 0 to x = 6. In this 
manner, R is completely covered. The integral becomes 


6 (12—2x)/3 


6 
4x? 
(6 — 2x) dy dx — 24 — 12x 4 3 dx — 24 


x—0  y-0 x=0 
If we had chosen the positive unit normal n opposite to that in Fig. 5-7, we would have obtained the result —24. 


Evaluate ff. A* n dS, where A = zi + xj — 3y°zk and S is the surface of the cylinder x? + y? = 16 
included in the first octant between z = 0 and z=5. 
Solution 


Project S on the xz-plane as in Fig. 5-8 and call the projection R. Note that the projection of S on the xy-plane 
cannot be used here. Then 


J^ uds J^ aces 
In* jl 
S R 
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A normal to x? + y? = 16 is V(x? + y?) = 2xi + 2yj. Thus as shown in Fig. 5-8 the unit normal to S is 
g 


2xi + 2yj xi 4 yj 
VOF tO 4 


since x? + y? = 16 on S. 


ee i+ yj 1 
A*:n- (zi + xj - 3y’zk) + ( +) = 4 oz + xy) 


. cy. y 
n:j— zy J94 


Then the surface integral equals 


5 4 5 
Xz + xy | j( Xz ) | 
dx dz = 4+ x} dx dz = 4z + 8) dz = 90 
ll y A /16— x? A ) 
z=0 x= z= 


rN 


ew —-- - am am am am am am amn am 


7 


Fig. 5-8 


5.21. Evaluate ff, n dS where ¢ = 3 xyz and S is the surface of Problem 5.20. 


Solution 
We have 
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Using n = (xi + yj)/4,n * j = y/4 as in Problem 5.20, this last integral becomes 


5 4 
I Vuoi + yj) dx dz = ; | | Gd + xz 16 — x2j) dx dz 
R 


z=0 x=0 


64 


4 
== | (Fa i+? a) dz = 100i + 100j 


5.22. mune F = yi T (x — 2xz)j — xyk. Evaluate [i (V x F)* n dS where S is the surface of the sphere 
xX y? +2 =a’ above the xy-plane (see Fig. 5-9). 


Solution 


A normal to x? + y? + 2 =a? is 


V + y) 4 2) = 2xi + 2yj + 2zk 


Then the unit normal n of Fig. 5-9 is given by 


2xi+ 2yj+2zk — xit+ yj + ck 


JV Ax? + 4y? + AZ a 


since x? +y +Z = a. 
The projection of S on the xy-plane is the region R bounded by the circle x? + y? = a?, z = 0 (see Fig. 5-9). 
Then 


J| vx Pm as = Jv» Tn 
S R 
= foi casai: Gti) dx dy 
z/a 
R 


2 2) 2g? 
= | | IEI M andi 
a — x? — y? 
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using the fact that z = ,/a? — x? — y?. To evaluate the double integral, transform to polar coordinates (p, $) 
where x = pcos ¢, y = psin $, and dy dx is replaced by p dp dọ. The double integral becomes 


a 


2m 27 a 
39 — 2a? 3( —a) +a 
| | reag | [9 p dp dé 


4—0 p-0 V sid d-0p-0 "V denm 

2-7 a 2 

= —3p aap + obs) dp db 
l if dcum 
2m 5 

- | je =py? aye =P E 
4-0 = 
2m 

= | @p)ab=0 
4-0 


Fig. 5-9 Fig. 5-10 


5.23. Let F = 4xzi — y?j + yzk. Evaluate JJ; F* n dS where S is the surface of the cube bounded by 
x=0,x=1,y=0, y= 1, z= 0, z= 1. (See Fig. 5-10). 


Solution 
Face DEFG: n =i, x = 1. Then 


F-ndS = || 4c —y’j + yzk)* i dy dz 


11 
DEFG 00 
11 
00 


4z dy dz=2 


Face ABCO: n = —i, x = 0. Then 


11 
Il F-endS= ll (—y?j + yzk)* (~i) dy dz = 0 
ABCO 00 
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Face ABEF: n = j, y = 1. Then 


11 11 
|| Pen as || @xi-j+a0- j dx dz =||- —dx dz= 
ABEF 00 00 


Face OGDC: n = —j, y = 0. Then 
11 

| F-n dS = ll (Axzi)* (—j) dx dz = 0 

0G. 00 

Face BCDE: n = k, z = 1. Then 
11 11 

| F-nas= faa - i+ yk) k dr dy = [fy de y=; 
00 00 


BCDE 


Face AFGO: n = —k, z = 0. Then 


PT 
| Benas= {Jc y^j* (=k) dx dy =0 
AFGO 00 


Adding, (f. F*n d$ =2+0+(-1)+04+5+0=3. 


5.24. In dealing with surface integrals, we have restricted ourselves to surfaces that are two-sided. Give an 
example of a surface that is not two-sided. 


Solution 


Take a strip of paper such as ABCD as shown in Fig. 5-11. Twist the strip so that points A and B fall on D and C, 
respectively, as in Fig. 5-11. If n is the positive normal at point P of the surface, we find that as n moves 
around the surface, it reverses its original direction when it reaches P again. If we tried to color only one 
side of the surface, we would find the whole thing colored. This surface, called a Moebius strip, is an 
example of a one-sided surface. This is sometimes called a non-orientable surface. A two-sided surface 
is orientable. 


Fig. 5-11 


Volume Integrals 


5.25. Let  — 45x? y and let V denote the closed region bounded by the planes 4x + 2y +z = 8, x = 0, 
y = 0, z= Q. (a) Express Als œ dV as the limit of a sum. (b) Evaluate the integral in (a). 


Solution 


(a) Subdivide region V into M cubes having volume AV; = Ax, AyyAz,, k = 1,2,...,M as indicated in 
Fig. 5-12 and let (xy, yg, zk) be a point within this cube. Define (xx, Yk, zk) = d. Consider the sum 


M 
Do HAVE a) 
k=1 
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taken over all possible cubes in the region. The limit of this sum, when M — oo in such a manner that the 
largest of the quantities AV; will approach zero, if it exists, is denoted by Sipe dV. It can be shown that this 
limit is independent of the method of subdivision if $ is continuous throughout V. 

In forming the sum (1) over all possible cubes in the region, it is advisable to proceed in an orderly 
fashion. One possibility is to first add all terms in (1) corresponding to volume elements contained in a 
column such as PQ in the above figure. This amounts to keeping xg and y; fixed and adding over all xs. 
Next, keep x; fixed but sum over all ys. This amounts to adding all columns such as PQ contained in a 
slab RS, and consequently amounts to summing over all cubes contained in such a slab. Finally, vary xx. 
This amounts to addition of all slabs such as RS. 

In the process outlined, the summation is taken first over z,s, then over y;s, and finally over x,s. However, 
the summation can clearly be taken in any other order. 


Fig. 5-12 


(b) The ideas involved in the method of summation outlined in (a) can be used in evaluating the integral. 
Keeping x and y constant, integrate from z = 0 (base of column PQ) to z = 8 — 4x — 2y (top of column 
PQ). Next keep x constant and integrate with respect to y. This amounts to addition of columns having 
bases in the xy-plane (z = 0) located anywhere from R (where y= 0) to S (where 4x 4-2y — 8 or 
y = 4 — 2x), and the integration is from y = 0 to y = 4 — 2x. Finally, we add all slabs parallel to the 
yz-plane, which amounts to integration from x = 0 to x = 2. The integration can be written 


2 4—2x 8—4x—2y 2 4—2x 
| | | 45x?y dz dy dx = 45 | | x?y(8 — 4x — 2y) dy dx 
x=0 y=0 z=0 x=0 y=0 


2 
1 
— 45 | ge 4-2 dx = 128 
=0 


Note: Physically, the result can be interpreted as the mass of the region V in which the density $ varies 
according to the formula $ — 45x?y. 
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5.26. Let F = 2xzi — xj + »?k. Evaluate fff, F dV where V is the region bounded by the surfaces 
x=0,y=0, y=6, z= x°, z = 4, as pictured in Fig. 5-13. 


Solution 

The region V is covered (a) by keeping x and y fixed and integrating from z — x? to z — 4 (base to top of column 
PQ), (b) then by keeping x fixed and integrating from y — 0 to y — 6 (R to S in the slab), (c) finally integrating 
from x — 0 to x 2 2 (where z — x? meets z — 4). Then the required integral is 


2 6 4 
| | | uct dient de dy ax 
x=0 y=0 z=? 
264 264 264 
= i [ | 2x de ay ax—a] | [> az ay ace [ |o? de dy dx = 128i — 249 + 384K 
0 0 x2 0 0 x2 0 0 x2 


Fig. 5-13 Fig. 5-14 


5.27. Find the volume of the region common to the intersecting cylinders x? + y? = a? and x? + 2 =a’. 


Solution 


Required volume = 8 times volume of region shown in Fig. 5-14 


a V@-x Vae—x? 


= 8 | | dz dy dx 
x=0 y=0  <=0 
a Vee a 3 
=s Í | V- dy dv =8 | e n dv 
x=0 y=0 x=0 


SUPPLEMENTARY PROBLEMS 


5.28. Suppose R(t) = (377 — Ni + (2 — 61)j — 4tk. Find (a) f R) dt and (b) fy R() at. 
5.29. Evaluate jus ? 3 sin ui + 2cos uj) du. 
5.30. Let A() =  — Pj + (t — Dk and B(r) = 277i + 6rk. Evaluate (a) f? A+ B dt, (b) f; A x B dt. 


5.31. Let A = ti — 3j + 2tk, B = i — 2j + 2k, C = 3i + tj — k. Evaluate (a) f? A* B x C dt, (b) J? A x (B x ©) dr. 


5.32. 


5.33. 


5.34. 


5.35. 


5.36. 


5.37. 


5.38. 


5.39. 


5.40. 


5.41. 


5.42. 


5.43. 
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The acceleration a of a particle at any time t > 0 is given by a = ei — 6(t 
displacement r are zero at t = 0, find v and r at any time. 


1)j + 3sin tk. If the velocity v and 


The acceleration a of an object at any time t is given by a = —gj, where g is a constant. At t = 0, the velocity is 
given by v = v, cos Moi + vo sin Oj and the displacement r = 0. Find v and r at any time t > 0. This describes the 
motion of a projectile fired from a cannon inclined at angle 0, with the positive x-axis with initial velocity of 
magnitude vo. 


Suppose AQ) = 2i — j + 2k and A(3) = 4i — 2j + 3k. Evaluate [5 As (dA/dt) dt. 


Find the areal velocity of a particle that moves along the path r = a cos wti + b sin wtj where a, b, and w are 
constants and t is time. 


Prove that the squares of the periods of the planets in their motion around the Sun are proportional to the cubes of 
the major axes of their elliptical paths (Kepler's third law). 


Let A = (2y + 3)i + xzj + (yz — x)k. Evaluate [c A dr along the following paths C: 
(a) x 220, y 2t, 2 — D fromt=Otot=1, 
(b) the straight lines from (0, 0, 0) to (0, 0, 1), then to (0, 1, 1), and then to (2, 1, 1), 


(c) the straight line joining (0, 0, 0) and (2, 1, 1). 


Suppose F = (5xy — 6x2)i + (2y — 4x)j. Evaluate Je F- dr along the curve C in the xy-plane, y = x? from the point 
(1, 1) to (2, 8). 


Let F — (2x 4- y)i 4- (3y — x)j. Evaluate Je F* dr where C is the curve in the xy-plane consisting of the straight 
lines from (0, 0) to (2, 0) and then to (3, 2). 


Find the work done in moving a particle in the force field F = 3x?i + (2xz — y)j + zk along 


(a) the straight line from (0, 0, 0) to (2, 1, 3). 


(b) the space curve x = 22, y = t, z= 4? — t fromt=Otort=1. 
(c) the curve defined by x? = 4y, 3x? = 8z from x = 0 to x = 2. 


Evaluate fFe dr where F = (x — 3y)i + (y — 2x)j and C is the closed curve in the xy-plane, x = 2 cost, 
y= 3sint from t= Q to t= 27. 


Suppose T is a unit tangent vector to the curve C, r = r(u). Show that the work done in moving a particle in a 


force field F along C is given by Je F* T ds where s is the arc length. 


Let F = (2x + y5ji + (3y — 4x)j. Evaluate $c F- dr around the triangle C of Fig. 5-15 (a) in the indicated direction, 
(b) opposite to the indicated direction. 


ad, D 


(2, 1) 


Q (2, 0) 


Fig. 5-15 Fig. 5-16 
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5.44. 


5.45. 


5.46. 


5.47. 


5.48. 


5.49. 


5.50. 


5.5]. 


5.52. 


5.53. 


5.54. 


5.55. 


5.56. 


5.57. 


5.58. 


5.59. 


5.60. 


Let A = (x — y)i + (x + y)j. Evaluate $, A+ dr around the closed curve C of Fig. 5-16. 


Let A = (y — 2x)i+ (3x + 2y)j. Compute the circulation of A about a circle C in the xy-plane with center at the 
origin and radius 2, if C is traversed in the positive direction. 


(a) Suppose A = (4xy — 3x?z?)i + 2x°j — 2x?zk. Prove that {A+ dr is independent of the curve C joining two 
given points. (b) Show that there is a differentiable function ¢ such that A = V¢ and find it. 


(a) Prove that F = (? cos x + 2)i+ (2y sin x — 4)j + (xz? + 2)k is a conservative force field. 
(b) Find the scalar potential for F. 
(c) Find the work done in moving an object in this field from (0,1, —1) to (7/2, — 1,2). 


Prove that F = r’r is conservative and find the scalar potential. 


Determine whether the force field F = 2xzi + (x? — y)j + (2z — x2)k is conservative or non-conservative. 


Show that the work done on a particle in moving it from A to B equals its change in kinetic energies at these points 
whether the force field is conservative or not. 


Given A = (yz + 2x)i + xz j + (xy + 2z)k. Evaluate f. A+ dr along the curve x? + y? = 1, z = 1 in the positive 
direction from (0, 1, 1) to (1, 0, 1). 


(a) Let E = rry. Is there a function ¢ such that E = —V¢? If so, find it. (b) Evaluate fo E- dr if C is any simple 
closed curve. 


Show that (2x cos y + zsin y) dx + (xzcos y — x? sin y) dy + xsin y dz is an exact differential. Hence, solve the 
differential equation (2x cos y + z sin y) dx + (xz cos y — x? sin y) dy + x sin y dz = 0. 


Solve (a) (e? + 332y?) dx + (2x°y — xe) dy = 0, 

(b) (z — e*siny) dx + (1 + e™ cosy) dy + (x — 8z) dz = 0. 
Given $ = 2xy?z + x! y. Evaluate fp p dr where C 

(a) is the curve x = t, y = 2, z = P from t = 0 to t= 1, 


(b) consists of the straight lines from (0, 0, 0) to (1, 0, 0), then to (1, 1, 0), and then to (1, 1, 1). 


Let F = 2yi — zj + xk. Evaluate Je F x dr along the curve x = cost, y = sint, z = 2 cos t from t = 0 to t = 7/2. 


Suppose A = (3x + y)i — xj + (y — 2)k and B = 2i — 3j + k. Evaluate $c (A x B) x dr around the circle in the 
xy-plane having center at the origin and radius 2 traversed in the positive direction. 


Evaluate ff. A* n dS for each of the following cases. 


(a) A = yi + 2xj — zk and S is the surface of the plane 2x + y = 6 in the first octant cut off by the plane z = 4. 


(b) A= (x + y?)i — 2xj + 2yzk and S is the surface of the plane 2x + y + 2z = 6 in the first octant. 


Suppose F = 2yi — zj + xk and S is the surface of the parabolic cylinder y? = 8x in the first octant bounded by 
the planes y = 4 and z = 6. Evaluate ff, F* n d$. 


Suppose A = 6zi + (2x + y)j — xk. Evaluate [fee A* n d$ over the entire surface S of the region bounded by the 


cylinder x? + z? = 9, x 20, y 20, z = 0, and y = 8. 
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5.61. Evaluate Shs r° n d$ over: (a) the surface S of the unit cube bounded by the coordinate planes and the planes x = 1, 
y = 1, z= 1; (b) the surface of a sphere of radius a with center at (0, 0, 0). 


5.62. Suppose A = 4xzi + xyz?j + 3zk. Evaluate Ss A'n dS over the entire surface of the region above the xy-plane 
bounded by the cone z? = x? + y? and the plane z = 4. 


5.63. (a) Let R be the projection of a surface S on the xy-plane. Prove that the surface area of S is given by 


Oz? faz? 

\| 1+ (S) +() ax ay if the equation for S is z = f(x,y). 
ox dy 

R 


(b) What is the surface area if S has the equation F(x, y, z) = 0? 


5.64. Find the surface area of the plane x + 2y + 2z = 12 cut off by: (a) x = 0, y 20, x= 1, y= 1; 
(b) x = 0, y = 0, and x? + y? = 16. 


5.65. Find the surface area of the region common to the intersecting cylinders x? + y? = à? and x? + 27 =a’. 


5.66. Evaluate (a) ff. (V x F)* n dS and (b) ff, pn dS if F = (x + 2y)i — 3zj + xk, p = 4x + 3y — 2z, and S is the 
surface of 2x + y + 2z = 6 bounded by x 20, x = 1, y = 0 and y = 2. 


5.67. Solve the preceding problem if S is the surface of 2x + y + 2z = 6 bounded by x = 0, y = 0, and z — 0. 
5.68. Evaluate ff. /x? + y? dx dy over the region R in the xy-plane bounded by x? + y? = 36. 


5.69. Evaluate fff, (2x + y) dV, where Vis the closed region bounded by the cylinder z = 4 — x? and the planes x = 0, 
y=0, y= 2, andz=0. 


5.70. Suppose F = (2x? — 3z)i — 2xyj — 4xk. Evaluate (a) fff, V* F dV and (b) fff, V x F dV, where V is the closed 
region bounded by the planes x = 0, y = 0, z = 0, and 2x + 2y +z = 4. 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


5.28. (a) (P — 2/2) + Qt — 32)j — 2? k + c, 5.40. (a) 16, (b) 14.2, (c) 16 
(b) 50i — 32j — 24k 
5.29. 31+ 2j 5.41. 67r, if C is traversed in the positive 
(counter-clockwise) direction 
. 40, 65 
5.30. (a) 12, (b) —24i — 34 + 3k 5.43. (a) —14/3, (b) 14/3 
87, 44, 15 
5.31. (a) 0, (b) — Dio 33 + 3k 5.44. 2/3 
5.32. v = (1— e^ — (3? + 60j + (3 — 3 cos Nk, 5.45. BT 
r—(t—1- ei (P -4-32)j + (3t — 3sinf)k 
5.33. v = v, cos Oi + (v, sin 0, — gt)j, 5.46. (b) 6 = 2z2y — x? Z + constant 
r = (v, cos 6,)fi + [(vo sin 65)t — 1er? ]j 
5.34. 10 5.47. (b) 6 = y? sinx + xz? — 4y + 2z + constant, 
(c) 15 +47 
4 
r 
5.35. tabok 548. b= g t constant 
5.37. (a) 288/35, (b) 10, (c) 8 5.49. non-conservative 
5.38. 35 5.51. 1 


3 
5.39. 11 5.52. (a) $= — 3 + constant, (b) 0 
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5.53. 


5.54. 


5.55. 


5.56. 
5.57. 


5.58. 
5.59. 
5.60. 
5.61. 


x? cos y + xz sin y = constant 


(a) xe~ + xy? = constant, 
(b) xz + e™ sin y + y — 42? = constant 


19. 11, 75 l,, 
(a) id j F5; 0 5j + 2k 


ep) 


4q (Ti + 3j) 


(a) 108, (b) 81 
132 
187 
(a) 3, (b) 4ra? 


5.62. 


5.63. 


5.64. 


5.65. 
5.66. 


5.67. 
5.68. 
5.69. 
5.70. 


je T (5 


(a) 3/2, (b) 67 


16a? 
(a) 1, (b) 2i +j - 2k 
(a) 9/2, (b) 72i 4- 36j + 72k 
1447 
80/3 
8 8 
=, (b) =(j —k 
OE ( 3G ) 
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dy 


CHAPTER 6 


Divergence Theorem, 
Stokes’ Theorem, and Related 
Integral Theorems 


6.1 Introduction 


Elementary calculus tells us that the value of the definite integral of a continuous function f(x) on a closed 
interval [a, b] can be obtained from the anti-derivative of the function evaluated on the endpoints a and b 
(boundary) of the interval. 

There is an analogous situation in the plane and space. That is, there is a relationship between a double 
integral over certain regions R in the plane, and a line integral over the boundary of the region R. Similarly, 
there is a relationship between the volume integral over certain volumes V in space and the double integral 
over the surface of the boundary of V. 

We discuss these theorems and others in this chapter. 


6.2 Main Theorems 


The following theorems apply. 


THEOREM 6.1 (Divergence Theorem of Gauss) Suppose V is the volume bounded by a closed surface 
S and A is a vector function of position with continuous derivatives. Then 


Deel ee ae 


where n is the positive (outward drawn) normal to S. 
THEOREM 6.2 (Stokes’ Theorem) Suppose S is an open, two-sided surface bounded by a closed, 


nonintersecting curve C (simple closed curve), and suppose A is a vector function of 
position with continuous derivatives. Then 


f Av dr = Jv x A)’ ndS = || cw x A): dS 
C S S 


where C is traversed in the positive direction. 
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The direction of C is called positive if an observer, walking on the boundary of S in that direction, with 
his head pointing in the direction of the positive normal to S, has the surface on his left. 


THEOREM 6.3 — (Green's Theorem in the Plane) Suppose R is a closed region in the xy-plane bounded 
by a simple closed curve C, and suppose M and N are continuous functions of x and y 
having continuous derivatives in R. Then 


dN | 0M 
Baracenay- [| — — —]dxdy 
Ox oy 
C R 


where C is traversed in the positive (counter-clockwise) direction. 


Unless otherwise stated, we shall always assume $ to mean that the integral is described in the positive 
sense. 

Green's theorem in the plane is a special case of Stokes' theorem (see Problem 6.4). Also, it is of interest 
to notice that Gauss' divergence theorem is a generalization of Green's theorem in the plane where 
the (plane) region R and its closed boundary (curve) C are replaced by a (space) region V and its closed 
boundary (surface) S. For this reason, the divergence theorem is often called Green's theorem in space 
(see Problem 6.4). 

Green's theorem in the plane also holds for regions bounded by a finite number of simple closed curves 
that do not intersect (see Problems 6.10 and 6.11). 


6.3 Related Integral Theorems 


The following propositions apply. 


PROPOSITION 6.4: The following laws hold: 
o |[ftovev+ vo: von av = [| ovo as 
V S 


This is called Green’s first identity or theorem. 


© eoveu- wwe av = || ovo - ovn as 
V S 


This is called Green's second identity or symmetrical theorem. See Problem 
6.21. 


(iii) {|v Cape [fo x A) dS = [fas SA 
V S S 


Note that here the dot product of Gauss’ divergence theorem is replaced by the 
cross product (see Problem 6.23). 


v) foar = ffo x Vo) dS = [fas x Vo 
c 5 5 


PROPOSITION 6.5: Let y represent either a vector or scalar function according as the symbol o denotes a 
dot or cross product, or an ordinary multiplication. Then 


(i) Il: avis Ji ee la j 
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(ii) pdrow= [ax v)owds = [as x V) o y 
G S S 


Gauss’ divergence theorem, Stokes’ theorem and Proposition 6.4 (iii) and (iv) are special cases of these 
results (see Problems 6.22, 6.23, and 6.34). 


Integral Operator Form for V 


It is of interest that, using the terminology of Problem 6.19, the operator V can be expressed symbolically in 
the form 


y 1 
Vs Jim das i 
AS 


where © denotes a dot, cross, or an ordinary multiplication (see Problem 6.25). The result proves useful in 
extending the concepts of gradient, divergence and curl to coordinate systems other than rectangular (see 
Problems 6.19 and 6.24, and Chapter 7). 


SOLVED PROBLEMS 


Green’s Theorem in the Plane 


6.1. Prove Green’s theorem in the plane where C is a closed curve which has the property that any straight 
line parallel to the coordinate axes cuts C in at most two points. 


Solution 


Let the equations of the curves AEB and AFB (see Fig. 6-1) be y = Yı (x) and y = Y2(x), respectively. If R is the 
region bounded by C, we have 


ay b YQ) "m b Y2(x) b 
[Z dx dy = | | a dy | dx — | M(x, y) dx = | [MCs Y») — Mos Yon 
R y x=a | yzYiQ) i x=a yn) a 


b a 
- [we Yi)dx — Jue. Y2) dx = EL 
a b 


Then C 


} mar = -[ 5 dx dy (1) 
ay 
C R 


Similarly, let the equations of curves EAF and EBF be x = X,(y) and x = X2(y), respectively. Then 


aN f X) aN f 

Il ae | | Eas Jioc.» — NOG, y dy 
ox ox 

R y=e | x=X\(y) e 


e f 
= [Nox sy [woo = f N dy 
C 
f e 


Then 


pray = || aces (2) 
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Adding (1) and (2), 


(1, 1) 


Fig. 6-1 Fig. 6-2 


6.2. Verify Green's theorem in the plane for $c (xy + y?) dx + x? dy where C is the closed curve of the 
region bounded by y — x and y — x? (see Fig. 6-2). 
Solution 


In Fig. 6-2, y = x and y = x? intersect at (0, 0) and (1, 1), and the positive direction in traversing C is also shown. 
Along y = x’, the line integral equals 


1 


1 
1 
| fee) + x") dx + (x°)(2x) dx = Je? t x") dx = x 
0 0 
Along y = x from (1, 1) to (0, 0), the line integral equals 
0 0 
[tc +x] dx+xdx= ES dx — —1 
1 1 
Then th Ma Hueso SS Shee 
en the required line integral = 20 = 20 
aN dM a a 
— — —) dxdy = || |= 0 -— 2) | dxd 
IG ») nay = || E a ty ] i 
R R 
ji X 
= ffe- 2y) dx dy = | | (x — 2y) dy dx 
R x=0 ya 


1 


1 
-[[[e-2»4] dx — Je -»» 
0 X 


0 


X 
dx 
x 


so that the theorem is verified. 
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6.3. Extend the proof of Green’s theorem in the plane given in Problem 6.1 to the curves C for which lines 
parallel to the coordinate axes may cut C in more than two points. 


Solution 


Consider a closed curve C such as shown in Fig. 6-3, in which lines parallel to the axes may meet C in more than 
two points. By constructing line ST, the region is divided into two regions (R, and R2), which are of the type 
considered in Problem 6.1 and for which Green’s theorem applies, that is, 


y 
U 
T 
S 
V 
x 
O 
Fig. 6-3 
dN 0M 
| Mdx+Ndy= || —-—-——]dxdy (1) 
Ox oy 
STUS Ri 
dN | 0M 
| Mdx+Nady= || ————]dxdy (2) 
Ox oy 
SVTS Ro 


Adding the left-hand sides of (1) and (2), we have, omitting the integrand M dx + N dy in each case, 


Lopes Jeep 


STUS SVTS ST TUS SWT TS TUS SVT TUSVT 


using the fact that 


Adding the right-hand sides of (1) and (2), omitting the integrand, 


pee] 


Rı Ry R 


where R consists of regions R, and R2. Then 


dN | 0M 
Mdx+Ndy= dx dy 
Ox oy 
R 
and the theorem is proved. 


A region R such as considered here and in Problem 6.1, for which any closed curve lying in R can be 
continuously shrunk to a point without leaving R, is called a simply-connected region. A region that is not 


TUSVT 
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6.4 


simply-connected is called multiply-connected. We have shown here that Green’s theorem in the plane applies to 
simply-connected regions bounded by closed curves. In Problem 6.10, the theorem is extended to multiply-con- 


nected regions. 


For more complicated simply-connected regions, it may be necessary to construct more lines, such as ST, to 


establish the theorem. 


Express Green’s theorem in the plane in vector notation. 


Solution 


We have Mdx+Ndy = (Mi + Nj): (dxi + dyj) = A* dr, where A= Mi + Nj and r=xi+ yj so that 


dr = dxi + dyj. 
Also, if A = Mi 4- Nj, then 
ij k 
ð aN oM N ƏM 
VxA= i 2 = i4 jd a 
ox oy Oz Oz az Ox ay 
M N 0O 


so that (V x A) +k = (8N/0x) — (ƏM / əy). 
Then Green’s theorem in the plane can be written 


fa-ar= [Fer can 


C R 


where dR — dx dy. 


A generalization of this to surfaces S in space having a curve C as a boundary leads quite naturally to Stokes’ 


theorem, which is proved in Problem 6.31. 


Another Method 


As above, M dx + N dy = A+ dr = A+ (dr/ds) ds = A+ T ds, where dr/ds = T = unit tangent vector to C (see 


Fig. 6-4). If n is the outward drawn unit normal to C, then T = k x n so that 


M dx +N dy = A:T ds = A*(kxn)ds = (Ax k):nds 


Since A= Mi + Nj,B = A x k = (Mi + Nj) x k = Ni — Mj and (dN /dx) — (9M/8y) = V + B. Then Green's 


theorem in the plane becomes 


where dR = dx dy. 


Fig. 6-4 


6.5 


6.6 


6.7 
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Generalization of this to the case where the differential arc length ds of a closed curve C is replaced by the 
differential of surface area dS of a closed surface S, and the corresponding plane region R enclosed by C is 
replaced by the volume V enclosed by S, leads to Gauss’ divergence theorem or Green's theorem in space. 


|[B-nas— [ene 


S 


Interpret physically the first result of Problem 6.4. 


Solution 


If A denotes the force field acting on a particle, then [» A «dr is the work done in moving the particle around a 
closed path C and is determined by the value of V x A. It follows, in particular, that if V x A = 0 or, equiva- 
lently, if A — V4, then the integral around a closed path is zero. This amounts to saying that the work done in 
moving the particle from one point in the plane to another is independent of the path in the plane joining the 
points or that the force field is conservative. These results have already been demonstrated for force fields 
and curves in space (see Chapter 5). 

Conversely, if the integral is independent of the path joining any two points of a region, that is, if the integral 
around any closed path is zero, then V x A — 0. In the plane, the condition V x A — 0 is equivalent to the 
condition 9M /3y = dN/ox where A = Mi + Nj. 


Evaluate ffo) (10x^ — 2x5?) dx — 32? dy along the path x* — 6x? = 4y”. 


Solution 


A direct evaluation is difficult. However, noting that M = 10x* — 2xy?, N = —3:2y? and 
8M/8y = —6xy? = ON /üx, it follows that the integral is independent of the path. Then we can use any path, for 
example the path consisting of straight line segments from (0, 0) to (2, 0) and then from (2, 0) to (2, 1). 


Along the straight line path from (0, 0) to (2, 0), y — 0, dy — 0 and the integral equals Jan 10x^ dx = 64. 


Along the straight line path from (2, 0) to (2, 1), x = 2, dx = 0 and the integral equals hee —12y? dy = —4. 


Then the required value of the line integral = 64 — 4 = 60. 


Another Method 
Since 0M/3y = ƏN /àx, (10x* — 2xy?) dx — 3x2 y? dy is an exact differential (of 2x° — x2y?). Then 


(2,1) (2,1) 
(10x* — 2x?) dx — 3x°y* dy = | d(2x° — xy?) = 235 — xy! 


(0,0) (0,0) 


(2,1) 
= 60 
(0,0) 


Show that the area bounded by a simple closed curve C is given by 5 fo xdy —ydkx. 


Solution 


In Green's theorem, put M = —y, N = x. Then 


bus var = DG (x) 2 ( ») avdy - 2| dxdy — 2A 
Ox dy 
C R R 


where A is the required area. Thus A = 1 fox dy — y dx. 
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6.8. Find the area of the ellipse x = acos 0, y = bsin 0. 


Solution 
2a 


1 1 
Area = jue ydx = z fa cos 0)(b cos 0) dé — (b sin 0)(—a sin 0) dé 
C 0 


2a 2a 
1 1 
= | ab(cos? 0 + sin? 6) d0 = 2 | ab d@ = mab 
0 0 


6.9. Evaluate fe (y — sin x) dx + cosxdy, where C is the triangle shown in Fig. 6-5, (a) directly, and 
(b) by using Green’s theorem in the plane. 


Solution 


(a) Along OA, y = 0, dy = 0 and the integral equals 


1/2 1/2 

1/2 
| (0 — sin x) dx + (cos x)(0) = | — sin x dx = cosx m —1 
0 0 


Along AB, x = 7/2, dx = 0, and the integral equals 


1 


[o-D0+04y=0 
0 


Along BO, y = 2x/ Tr, dy = (2/7) dx, and the integral equals 


0 
2x o. 2 x yl cw m 2 
— —sinx | dx + —cosx dx = + cosx + —sinx =1]1-—-— 
T T T T 2/2 4 T 
1/2 
. T 2 T 2 
Then the integral along C= —14-04c 1 = 
4 Tm 4 
(b) M = y- sinx, N = cosx, 0N/üx = — sin x, ƏM /ðy = 1 and 
ON 0M 
fma | va - [GR ) avdy= [isas 1 dy dx 
Ox | Oy 
C R R 
7/2 | 2x/ar 1/2 2x/ a1 
= | | (—sinx — 1)dy | dx = | cosi» dx 
x=0] y=0 x=0 0 
1/2 
2x . 2x 2 , x2 7? T 
= sin x dx = (—xcos x + sin x) = 
T T T T |o "T 4 
0 


in agreement with part (a). 
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Note that although there exist lines parallel to the coordinate axes (coincident with the coordinate axes in 
this case), which meet C in an infinite number of points, Green’s theorem in the plane still holds. In general, 
the theorem is valid when C is composed of a finite number of straight line segments. 


B (5/2, 1) 


A 
x 
O (1/2, 0) E 


Fig. 6-5 Fig. 6-6 


6.10. Show that Green’s theorem in the plane is also valid for a multiply-connected region R such as shown 
in Fig. 6-6. 


Solution 


The shaded region R, shown in Fig. 6-6, is multiply-connected since not every closed curve lying in R can be 
shrunk to a point without leaving R, as is observed by considering a curve surrounding DEFGD for example. 
The boundary of R, which consists of the exterior boundary AHJKLA and the interior boundary DEFGD, is 
to be traversed in the positive direction, so that a person traveling in this direction always has the region on 
his left. Positive directions are those indicated in Fig. 6-6. 

In order to establish the theorem, construct a line, such as AD, called a cross-cut, connecting the exterior and 
interior boundaries. The region bounded by ADEFGDALKJHA is simply-connected, and so Green’s theorem is 
valid. Then 


dN ƏM 
max +Nay={|(2 M) avy 
X Y 


ADEFGDALKJHA 
But the integral on the left, leaving out the integrand, is equal to 


AE ENE. 


AD DEFGD DA  ALKJHA DEFGD | ALKJHA 


since fip — —fj,. Thus, if C is the curve ALKJHA, C; is the curve DEFGD, and C is the boundary of R 
consisting of C, and C» (traversed in the positive directions), then fe, + fe, = fe and so 


a. M 
arae nas || = 2 dx dy 
Ox oy 
fel R 


CHAPTER 6 Divergence, Stokes’, and Related Integral Theorems — — —d4üEBB» 


6.11. Show that Green's theorem in the plane holds for the region R, of Fig. 6-7, bounded by the simple 
closed curves Ci (ABDEFGA), C (HKLPH), C3(QSTUQ), and C4(VWXYV). 


Fig. 6-7 


Solution 


Construct the cross-cuts AH, LQ, and TV. Then the region bounded by AHKLOSTVWXYVTUQLPHABDEFGA is 
simply-connected and Green's theorem applies. The integral over this boundary is equal to 


ORE RS o dM 
AH HKL LQ QST TV  VWXYV VT TUQ QL LPH HA  ABDEFGA 
Since the integrals along AH and HA, LQ and QL, and TV and VT cancel out in pairs, this becomes 


ep ga os 


HKL QST  VWXYV TUQ LPH  ABDEFGA 


epee 


HKL LPH, QST TUQ VWXYV | ABDEFGA 


+ | + | + 
HKLPH | QSTUQ VWXYV | ABDEFGA 
akele P=] 

Cy C3 C4 Ci C 


where C is the boundary consisting of Cj, C2, C3, and Cy. Then 


aracenay- || m ru dx dy 
Ox oy 
C R 


as required. 
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6.12. Consider a closed curve C in a simply-connected region. Prove that $c M dx + N dy = Oif and only if 
0M /dy = ƏN /ðx everywhere in the region. 


Solution 


Assume that M and N are continuous and have continuous partial derivatives everywhere in the region R bounded 
by C, so that Green's theorem is applicable. Then 


a. oM 
fmar+nay= DR M) aay 
X y 
R 


C 


If 0M /8y = dN/ox in R, then clearly $c M dx +N dy =0. 


Conversely, suppose fco M dx +N dy = 0 for all curves C. If (0N/dx) — (ƏM /ðy) > 0 at a point P, then 
from the continuity of the derivatives it follows that (dN/dx) — (0M/dy) > 0 in some region A surrounding 
P. If T is the boundary of A, then 


ON ƏM 

Tarace nay - || dxdy 7 0 
Ox  ðy 

r A 


which contradicts the assumption that the line integral is zero around every closed curve. Similarly, the assump- 
tion (N /dx) — (ƏM /3y) < 0 leads to a contradiction. Thus, (dN /dx) — (ƏM /ðy) = 0 at all points. 

Note that the condition (9M /3y) = (ƏN /ðx) is equivalent to the condition V x A = 0 where A = Mi + Nj 
(see Problems 5.10 and 5.11). For a generalization to space curves, see Problem 6.31. 


6.13. Let F = —yi + xj/ + y). (a) Calculate V x F. (b) Evaluate $ F * dr around any closed path and 
explain the results. 


Solution 
i jk 
D ð ð 
(a) VxF=| a ðy dz| = 0 in any region excluding (0, 0). 
-y K 
0 


—yd d 
(b) f F-dr= f ee Let x = pcos ¢, y = psin $, where (p, $) are polar coordinates. Then 
x 
dx = —psinddd+dp cos¢, dy=pcosddd+dp sind 


and so 


—yd. d 
—ydx- xay — do — d(arc tan) 
x? + y? x 


For a closed curve ABCDA (see Fig. 6-8a) surrounding the origin,  — 0 at A and ¢ = 277 after a complete 
circuit back to A. In this case, the line integral equals b "dob — 2. 


M M 


(a) (b) 
Fig. 6-8 
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For a closed curve PORSP (see Fig. 6-8b) not surrounding the origin, ¢ = ¢, at P and $ = 4, after a 
complete circuit back to P. In this case, the line integral equals f E d = 0. 


Since F = Mi + Nj, V x F = 0 is equivalent to 9M/8y = dN /ðx and the results would seem to contradict 
those of Problem 6.12. However, no contradiction exists since M = —y/(x? + y?) and N = x/(x? + y?) do not 
have continuous derivatives throughout any region including (0, 0), and this was assumed in Problem 6.12. 


The Divergence Theorem 
6.14. (a) Express the divergence theorem in words and (b) write it in rectangular form. 


Solution 


(a) The surface integral of the normal component of a vector A taken over a closed surface is equal to the 
integral of the divergence of A taken over the volume enclosed by the surface. 
(b) Let A = Aji + A2) + Ask. Then div A = VA = a | = | = 
ax | Oy Oz 
The unit normal to S is n = mi+mj+mk. Then nj —n-:i—coso,m —n-*j-—cosf, and 
n; —n-*kc- cos y, where o, B, and y are the angles that n makes with the positive x, y, z axes or i, j, k 
directions, respectively. The quantities cos a, cos B, and cos y are the direction cosines of n. Then 


A * n = (Aji + A5j + Ask) * (cos ai + cos Bj + cos yk) 
= A, cos a + A» cos B+ A3 cos y 


and the divergence theorem can be written 


QA; 3A | 8A 
Ill (me 8) dx dy dz = ffa: cos a + A» cos B + A; cos y) dS 
y 
V S 


ax Oz 
6.15. Demonstrate the divergence theorem physically. 
Solution 
Let A — velocity v at any point of a moving fluid. From Figure 6.9(a), we have: 


Volume of fluid crossing d$ in At seconds 
= volume contained in cylinder of base dS and slant height vA: 
= (vAt) nd$ — v* ndS At 


Then, volume per second of fluid crossing dS = v * n dS 


Fig. 6-9 
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From Figure 6-9(b), we have 


Total volume per second of fluid emerging from closed surface S = I v:nd$ 


From Problem 4.21 of Chapter 4, V* v dV is the volume per second of fluid emerging from a volume element 
dV. Then 


Total volume per second of fluid emerging from all volume elements in $ = Ill V*:vdV 


Thus 


Je | ys 


V 


6.16. Prove the divergence theorem. 


h 


S3: z =f (x, y) 


S1: z =f x, y) 


Fig. 6-10 


Solution 


Let S be a closed surface such that any line parallel to the coordinate axes cuts S in, at most, two points. Assume 
the equations of the lower and upper portions, Sı and S5, to be z = f(x, y) and z = fa (x, y), respectively. Denote 
the projection of the surface on the xy-plane by R (see Fig. 6-10). Consider: 


Ay) 


I| ee || Eeoa- |] | BAS ie | dydx 
az az az 


V V R | z=fiy) 
R 


For the upper portion S2, dy dx = cos y, d$» = K * m dS» since the normal n» to $5 makes an acute angle y, 
with k. 

For the lower portion $4, dy dx = —cos y, dS; = —k + n; d$, since the normal n, to Sı makes an obtuse angle 
y, with k. 


h 
Ayd dydx = I [As(x. y, f?) — Aas y fi)] dy dx 
J1 E 
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Then 
Jem dy dx — [fax * no d$; 
R Sy 
| As y, fi) dy dx = - J^: n; d$, 
R Si 
and 
J| y, fr) dy dx — Jac y, fi) dy dx = J^» * n» dS; + J| * I d$, 
R R S2 $1 
= | Ask* ndS 
S 
so that 


Jl Sav = [fas nas (1) 
az 
S 


V 


Similarly, by projecting S on the other coordinate planes, 


Jl H ay = [fas ndS (2) 
S 


V 

aA 
JE - | A»j* ndS (3) 
V 7 S 


Adding (1), (2), and (3), 


Ai 8A, aA 
I (em te) dv= Jj oin 4 Ax) -nds 
ax ay əz 
S 


or 


|] vesene | nos 


V 


The theorem can be extended to surfaces where lines parallel to the coordinate axes meet them in more than 
two points. To establish this extension, subdivide the region bounded by S into subregions whose surfaces do 
satisfy this condition. The procedure is analogous to that used in Green's theorem for the plane. 
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6.17. Evaluate ff. F*ndS, where F = 4xzi— y^j + yzk and S is the surface of the cube bounded by 
x=0,x=1y=0,y=1,z=0,z=1. 


Solution 


By the divergence theorem, the required integral is equal to 


E = ð f ð 2) 4 ð 
{|v Fav = [| E FS C4 zoz] dV 
V V 
1 1 1 


= [Je »av- | | | és 
V 


x=0 y=0 z=0 


men 11 
1 3 
= | | 22 -sd dy dx = | | @-»ayar=3 
z=0 2 


x=0 y=0 x=0 y=0 


The surface integral may also be evaluated directly as in Problem 5.23. 


6.18. Verify the divergence theorem for A = 4xi — 2y?j + z’k taken over the region bounded by x? + y? = 4, 


z=0,andz=3. 
Solution 
j ð ð 2 Q5 
Volume integral — V:AdV— (4x) + — (—-2y^) + — (z^) |aV 
ax dy Oz 
V V 
2. V4 3 
= [ffe 4y + 2z)dV = | | | (4 — 4y + 2z) dz dy dx = 847 
V x--2 y--A-—2 z=0 


The surface S of the cylinder consists of a base S, (z = 0), the top $5 (z= 3) and the convex portion 
S3 (x? + y? = 4). Then 


Surface integral = [fa *nd$ = [fa * nd$, + [fa * nds2 + [fa * n d$5 
Sy $5 $5 


On Sı (z = 0, n = —k, A = 4xi — 2y?j and A * n = 0, so that J^: ndS = 0. 
$i 
On S2 (z = 3),n =k, A = 4d — 2y?j + 9k and A * n= 9, so that 


[fa *nd$, = al] dS, = 367, since area of $5; = 477 


S2 S2 


On S3 (x? + y? = 4). A perpendicular to x? + y? = 4 has the direction V(x? + y?) = 2xi + 2yj. 


2xi+2yj — xi t yj 
V/ Ax? + 4y? EE 


Ae n= (Axi 2y^j 2k): (£53) = 2x2 y 


Then a unit normal is n — since x? + y? = 4. 
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y 
x 
Fig. 6-11 
From Fig. 6-11, x = 2cos 0, y = 2sin 0, d$4 = 2 d0 dz and so 

2m 3 
\| A ° ndS; = | | [2(2 cos 6)? — (2 sin 0? 2. dz d0 
$5 6=0 z=0 

2T 2m 

= | (48 cos? 0 — 48 sin? 0) d0 = | 48 cos? 0 d = 487 
6=0 6=0 


Then the surface integral = 0+ 367+ 487 = 847, agreeing with the volume integral and verifying the 
divergence theorem. 

Note that evaluation of the surface integral over $5 could also have been done by projection of $5 on the xz- or 
yz-coordinate planes. 


6.19. Suppose div A denotes the divergence of a vector field A at a point P. Show that 


A* 
dv Acc. quac me 
AV>0 AV 


where AV is the volume enclosed by the surface AS and the limit is obtained by shrinking AV to the 
point P. 


Solution 


By the divergence theorem, 


||]aiva av = |a -nas 


AV AS 


By the mean-value theorem for integrals, the left side can be written 
div All] dV = div A AV 
AV 


where div A is some value intermediate between the maximum and minimum of div A throughout AV. Then 


aa Sas A * nas 
AV 


6.20. 


6.21. 
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Taking the limit as AV — 0 such that P is always interior to AV, div A approaches the value div A at point P; 
hence 


divA — Jim, Jig 
AV 


This result can be taken as a starting point for defining the divergence of A, and from it all the properties may 
be derived including proof of the divergence theorem. In Chapter 7, we use this definition to extend the concept 
of divergence of a vector to coordinate systems other than rectangular. Physically, 


Sas A+ nas ‘ndS 
AV 


represents the flux or net outflow per unit volume of the vector A from the surface AS. If div A is positive in the 
neighborhood of a point P, it means that the outflow from P is positive and we call P a source. Similarly, if div A 
is negative in the neighborhood of P, the outflow is really an inflow and P is called a sink. If in a region there are 
no sources or sinks, then div A = 0 and we call A a solenoidal vector field. 


Evaluate ff; r * ndS, where S is a closed surface. 
Solution 
By the divergence theorem, 
à 14d à 14 ð | yj | 
Il ndS = Jl v: r dV — IIG + 5 x k) Gd 4 + zk) dV 
V 
al er Qr x) - s[[[av =3V 
ay | az 

V Y 
where V is the volume enclosed by S. 
Prove [ovv — pV" p) dV = Il (Vy — JN o) - dS. 

V S 

Solution 


Let A = oV y in the divergence theorem. Then 


Il (AN) dV = oro nds [ evo a 


But 
" V - (V4) = WV + Vi) + (Vd) - (VÀ) = bV2 + (V) + (WU) 
us 
Ill V - (Vy) dV = Ill LV? + (V) - (V9) dV 
V V 
Or 
Ill [62 -- (Vd) - (Vu dV = \| (0) - dS (1) 
V S 


which proves Green's first identity. Interchanging 4 and y in (1), 


I] [YV2b-+ (V) - (V)] dV = | (WV) dS Q) 
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Subtracting (2) from (1), we have 


[|| ovu- UN? d)dv = || ove UV) - dS 6) 
V 


S 


which is Green's second identity or symmetrical theorem. In the proof, we have assumed that ¢ and y are scalar 
functions of position with continuous derivatives of the second order at least. 


6.22. Prove {|| Vo dV = {| on ds. 
V S 


Solution 


In the divergence theorem, let A = $C where C is a constant vector. Then 


[fv ($C) dV = | $C- ndS 


Since V* (6C) = (Vd) - C= C+ Vo and dC -n= C- (dn), 


[Je:ve dV = [e «m 
e vence ee ond 


V 


Taking C outside the integrals, 


and since C is an arbitrary constant vector, 


[]vew - || nes 
6.23. Prove {|v x B dV = IE x Bds. 
md 


In the divergence theorem, let A = B x C where C is a constant vector. Then 
||] v-e C) av= [|a x CO)-ndS 
V s 
Since V+ (B x C) = C» (V x B) and (B x C)-n =B» (C x n) = (C x n)+ B = C» (n x B), 


flew x Bav = [[c- (n x B) dS 
V E 


Taking C outside the integrals, 


esl sers poo 


V 


and since C is an arbitrary constant vector, 


]| yon it 
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6.24. Show that at any point P 


.— [fas pndas . ffagn x AdS 
Vó-— lim = and (b Vx A= lim —— — — 
ey Ve aveo AV 300: ius AVISO AV 
where AV is the volume enclosed by the surface AS, and the limit is obtained by shrinking AV to the 
point P. 
Solution 


(a) From Problem 6.22, fff, Vo dV = ffas óndS. Then fff A; V *i dV = ffas pn- ids. Using the same 
principle employed in Problem 6.19, we have 


Jas fm + ids 
AV 


where V * iis some value intermediate between the maximum and minimum of V4 * i throughout AV. 
Taking the limit as AV — 0 in such a way that P is always interior to AV, V6 * i approaches the value 


Véd- 


RS ds dén+idS 
Vers E AV " 
Similarly, we find 
. : Ws $n * jdS 
Ven a Av B 
_ fis one kds 
TOC we. i 


Multiplying (1), (2), and (3) by i, j, and k, respectively, and adding, using 
Vó-—(Vó:iic-(Vo-jj-(Vó:k) n=(M-Di+ (n: Dj (n: K)k 


(see Problem 2.17) the result follows. 


(b) From Problem 6.23, replacing B by A, fff. V x AdV = ff. n x AdS. Then, as in part (a), we can show 
that 


(Vx A):*i— lim Mist Ry nS ZAA 
AV—0 AV 


and similar results with j and k replacing i. Multiplying by i, j, and k adding, the result follows. 


The results obtained can be taken as starting points for definition of gradient and curl. Using these definitions, 
extensions can be made to coordinate systems other than rectangular. 


6.25. Establish the operator equivalence 


. 1 
Ne Jim, gy Des 
AS 


where o indicates a dot product, cross product, or ordinary product. 


Solution 


To establish the equivalence, the results of the operation on a vector or scalar field must be consistent with 
already established results. 
If o is the dot product, then for a vector A, 


VoA — lim eae [fassa 
Av>o0 AV 
AS 
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or 


divA — lim A [fas “A 
Av>o0 AV 


AV o AV 


established in Problem 6.19. 
Similarly, if o is the cross product, 


: 1 
cul A= Vx A= fim xc |as xA 
AS 


f 1 
=m ay T An 


established in Problem 6.24(b). 
Also, if o is ordinary multiplication, then for a scalar @, 


TEE 1 
Vod= fim zy |fasoo is Vé- lim x; || os 
AS AS 


established in Problem 6.24(a). 


6.26. Let S be a closed surface and let r denote the position vector of any point (x, y, z) measured from an 


origin O. Prove that 
ner 
3 dS 


S 


is equal to (a) zero if O lies outside S; (b) 47 if O lies inside S. This result is known as Gauss’ theorem. 


Solution 


(a) By the divergence theorem, 


[i= jjo 


But V * (r/r?) = 0 (Problem 4.19) everywhere within V provided r z^ 0 in V, that is, provided O is outside 
of V and thus outside of S. Then 


(b) If O is inside S, surround O by a small sphere s of radius a. Let 7 denote the region bounded by S and s. 
Then, by the divergence theorem 


[a [et ftn [fes 


S+s S s T 


ner ner 
3 aS =—|] Ls ds 
S 


S 


since r Æ 0 in 7. Thus 
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^ 


ner (-r/a):r rer a 1 
Now on s,r = a,n = so that r= 3 1 z 2 
r a? a a a 


ner ner 1 1 4ra? 
I p m l p as= || as - ||as- a? TUNE 
S 


S S S 


a 


6.27. Interpret Gauss’ theorem (Problem 6.26) geometrically. 


Solution 


Let dS denote an element of surface area and connect all points on the boundary of dS to O (see Fig. 6-12), 
thereby forming a cone. Let dQ. be the area of that portion of a sphere with O as center and radius r which is 
cut out by this cone; then the solid angle subtended by dS at O is defined as dw = dQ,/r’ and is numerically 
equal to the area of that portion of a sphere with center O and unit radius cut out by the cone. Let n be the positive 
unit normal to dS and call 0 the angle between n and r; then cos 0 = n ° r/r. Also, 


dQ, = +dScos 0 = +m- r/r)dS so that dw = +m» r/r?) dS, 


the + or — being chosen according as n and r form an acute or an obtuse angle 0 with each other. 


Fig. 6-12 


Let S be a surface, as in Fig. 6-13(a), such that any line meets S in not more than two points. If O lies outside S, 
then at a position such as 1, (n+ r/r?) dS = dw; whereas at the corresponding position 2, (n+ r/r?) d$ = —do. 
An integration over these two regions gives zero, since the contributions to the solid angle cancel out. When the 
integration is performed over S, it thus follows that Ss (n * r/r?) dS = 0, since for every positive contribution, 
there is a negative one. 

In case O is inside S, however, then at a position such as 3, (n * r/r) dS = dw and at 4, (n * r/r) dS = dw so 
that the contributions add instead of cancel. The total solid angle in this case is equal to the area of a unit sphere, 
which is 47, so that ff. (n * r/r) dS = 4v. 


(a) (b) 
Fig. 6-13 
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6.28. 


For surfaces S, such that a line may meet S in more than two points, an exactly similar situation holds as 
is seen by reference to Fig. 6-13. If O is outside S, for example, then a cone with vertex at O intersects S at 
an even number of places and the contribution to the surface integral is zero since the solid angles subtended 
at O cancel out in pairs. If O is inside S, however, a cone having vertex at O intersects S at an old number 
of places and since cancellation occurs only for an even number of these, there will always be a contribution 
of 4 for the entire surface S. 


A fluid of density p(x, y, z, t) moves with velocity v(x, y, z, t). If there are no sources or sinks, prove 
that 


à 
v-jJt+ =o 
ot 
where J = pv. 
Solution 


Consider an arbitrary surface enclosing a volume V of the fluid. At any time, the mass of fluid within V is 


iso 


The time rate of increase of this mass is 


fuper fte 


V V 


The mass of fluid per unit time leaving V is 


[fø -ndS 
S 


(see Problem 6.15) and the time rate of increase in mass is therefore 


-| py ndS = -I V- (pv) dV 


by the divergence theorem. Then 


e|? 


dV 


jee- 


V 


or 


I] (v ; (ov) + Pav T 


Since V is arbitrary, the integrand, assumed continuous, must be identically zero, by reasoning similar to that 
used in Problem 6.12. Then 


v.J4 =o 
ot 
where J = pv. The equation is called the continuity equation. If p is a constant, the fluid is incompressible and 
V* v = 0, that is, v is solenoidal. 
The continuity equation also arises in electromagnetic theory, where p is the charge density and J = pv is the 
current density. 
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6.29. If the temperature at any point (x, y, z) of a solid at time tis U(x, y, z, t) and if K, p, and c are, respect- 
ively, the thermal conductivity, density, and specific heat of the solid, assumed constant, show that 
aU 


— = kV’ U 
ot 


where k = k/pc. 


Solution 


Let V be an arbitrary volume lying within the solid and let S denote its surface. The total flux of heat across S, or 
the quantity of heat leaving S per unit time, is 


I (—KVU) - ndS 


S 


Thus, the quantity of heat entering S per unit time is 
|| «vu -nas = ||] v evoa (1) 
E Y 


by the divergence theorem. The heat contained in a volume V is given by 


[Jon 


V 


ə QU 
zI cpU dV = Ill cp a oY (2) 
V 


V 


Then the time rate of increase of heat is 


Equating the right hand sides of (1) and (2), 


Ill [e ~ -V> avo] dV —0 
V 


and since V is arbitrary, the integrand, assumed continuous, must be identically zero so that 
aU 
cp — = V *(kVU) 
ot 
or if kK, c, p are constants, 


SU L K J. YUY = kYU 
Ot cp 


The quantity k is called the diffusivity. For steady-state heat flow (i.e. ðU /ðt = 0 or U is independent of time), the 
equation reduces to Laplace's equation V?U — 0. 


Stokes' Theorem 
6.30. (a) Express Stokes' theorem in words and (b) write it in rectangular form. 


Solution 


(a) Theline integral of the tangential component of a vector A taken around a simple closed curve C is equal to 
the surface integral of the normal component of the curl of A taken over any surface S having C as its 
boundary. 

(b) Asin Problem 6.14(b), 


A=A,i+A2j+A3k, n = cos ai + cos Bj + cos yk 


—— a 
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Then 
i j k 
ð 20 ə A A A A A JA 
VxA= [95g CO Fi (acs Ra) Fr aac À 

Ox dy a dy dz oz ax ax dy 
At Az Aa 
0A3 OA dA, dA 0A, OA 

G x Ayn = (28 - S cosa e (D H) cos p+ (8 Hi) cos 9 


Ae dr = (Aii + Aaj + A3k): (dxi + dyj + dzk) =A dx + A; dy + Aa dz 


and Stokes’ theorem becomes 
| | 0A3 0A. vos 
= - a 
dy az 
S 


6.31. Prove Stokes’ theorem. 


dA; OA 0A, 0A 
Pueri cos B + E. cos y dS = Ay di + Andi Aa de 
az ax ax ay 
C 


Solution 
Let S be a surface such that its projections on the xy-, yz-, and xz-planes are regions bounded by simple closed 


curves, as indicated in Fig. 6-14. Assume S to have representation z = f(x, y) or x = g(y, z) or y = A(x, z), where 
f. g, and h are single-valued, continuous, and differentiable functions, respectively. We must show that 


Jj vx ay-nas = {fv x (41i + A2) + Ask)] * n dS 
S 
= A*dr 
c 


where C is the boundary of S. 


Fig. 6-14 


Consider first ff. [V x (Aii)] * n dS. Since 


V x (Aji) = = 
a) ax dy Oz z! dy 
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then 


0A, 0A, )as a) 


[V x (AiD]-nd$—- | —n-j —-—n-k 
az dy 
If z = f(x, y) is taken as the equation of S, then the position vector to any point of S is r = xi + yj + zk = 
xit yj -fG, y)k so that or/dy = j + (0z/dy)k = j + (0f /8y)k. But or/8y is a vector tangent to S (see 
Problem 3.25) and is thus perpendicular to n, so that 


or .. 0z k=0 X k 
n° =ne-jc nek= or n*:j———n- 
oy J oy J ay 


Substitute in (1) to obtain 


3A 9A 9A, ð 9A 
( d- Fink) as = ( Z atk ‘nk as 


az ay az dy ay 
or 
9A, OA 
Evie Set gs ee cd (2) 
ay dz oy 


0A JA; 3 oF 
Now on S, Ai (x, y. z) = A1 (x, y. f Go y)) = F(x, y); hence = + Bh Ge = — and (2) becomes 
oy dz dy dy 


F F 
[V x (AiD] - nd$ = zb askdss LIE dx dy 
oy dy 


Then 
Il [V x (AiD]- n dS = Il — oF dx dy 
dy 
S R 


where R is the projection of S on the xy-plane. By Green's theorem for the plane, the last integral equals fr F dx 
where T is the boundary of R. Since at each point (x, y) of I the value of F is the same as the value of A, at each 
point (x, y, z) of C, and since dx is the same for both curves, we must have 


f ra= haia 


r C 


or 


I [V x (A\D] +n dS = faia 
S 


C 


Similarly, by projections on the other coordinate planes, 


Jv» (A; j)] -n dS =f Andy and {fev x (AKIn ds = fAs dz 
S C S 


C 


Thus, by addition, 


Jv xa nas- bate 


S C 


The theorem is also valid for surfaces $ which may not satisfy the restrictions imposed above. Specifically 
suppose S can be subdivided into surfaces S1, S2, ..., S, with boundaries Cj, C5, ...,C; which do satisfy the 
restrictions. Then Stokes' theorem holds for each such surface. Adding these surface integrals, the total 
surface integral over S is obtained. Adding the corresponding line integrals over C1, C2, ..., Cx, the line integral 
over C is obtained. 
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6.32. 


6.33. 


Verify Stokes’ theorem for A = (2x — y)i — yz?j — y?zk, where S is the upper half surface of the 
sphere x? + y? + z? = 1 and C is its boundary. Let R be the projection of S on the xy-plane. 
Solution 


The boundary C of S is a circle in the xy-plane of radius one and center at the origin. Let x = cost, y = sint, 
z=0,0 < t € 2r be parametric equations of C. Then 


pAsar=¢ (2x y) dx — yz? dy — yz dz 
C C 
27 

= | cose sin f)(—sin f) dt = 7 


0 


Also, 
i j k 
LA ð ð ð k 
RR A dy az | 
2x—y =y? —yz 
Then 


Jv nas [is nas- || av 
S S R 


since n* k dS = dx dy and R is the projection of S on the xy-plane. This last integral equals 


and Stokes’ theorem is verified. 
Prove that a necessary and sufficient condition that fc A * dr — 0 for every closed curve C is that 
Vx A= 0 identically. 
Solution 
Sufficiency. Suppose V x A = 0. Then, by Stokes’ theorem 
Pasar [| nds o 
C S 


Necessity. Suppose fc A * dr = 0 around every closed path C, and assume V x A z 0 at some point P. Then, 
assuming V x A is continuous, there will be a region with P as an interior point, where V x A z 0. Let S be 
a surface contained in this region whose normal n at each point has the same direction as V x A, that is, 
where V x A = an where a is a positive constant. Let C be the boundary of S. Then, by Stokes’ theorem 


fa-ar= [|o <A)-mds=a{|n-nas>o 
C S S 


which contradicts the hypothesis that fc A * dr = 0 and shows that V x A = 0. 


It follows that V x A = 0 is also a necessary and sufficient condition for a line integral ie ^A*dr to be 
independent of the path joining points P, and P» (see Problems 5.10 and 5.11). 
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6.34. Prove $dr x B = ff. (n x V) x B d$. 


Solution 


In Stokes’ theorem, let A = B x C where C is a constant vector. Then 


ae axo [iv xaxornas 
s 

fc- arx B= || (C+ vis Cv minds 
s 


C: far x B= [Tic vos nas- [[ieev -B-n as 
S 


nA 


C: [V(B:1)] dS — || C- [n(V - B)] dS 


II 
AI 
WI 


=c- [iva m -av mias- c- || nx v x Bas 
S S 


Since C is an arbitrary constant vector $ dr x B = ff, (n x V) x B dS. 


6.35. Suppose AS is a surface bounded by a simple closed curve C, P is any point of AS not on C, and nis a 
unit normal to AS at P. Show that at P 


$e A- dr 
1A)*n= lim J€— — 
xd M 
where the limit is taken in such a way that AS shrinks to P. 


Solution 
By Stokes’ theorem, ff,. (curl A) * n dS = fc A - dr. 


Using the mean value theorem for integrals as in Problems 6.19 and 6.24, this can be written 


$e A* dr 


(curl A)-n— AS 


and the required result follows upon taking the limit as AS > 0. 

This can be used as a starting point for defining curl A (see Problem 6.36) and is useful in obtaining curl A in 
coordinate systems other than rectangular. Since $.. A + dr is called the circulation of A about C, the normal com- 
ponent of the curl can be interpreted physically as the limit of the circulation per unit area, thus accounting for 
the synonym rotation of A (rot A) instead of curl of A. 


6.36. Suppose curl A is defined according to the limiting process of Problem 6.35. Find the z component 
of curl A. 


Fig. 6-15 
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Let EFGH be a rectangle parallel to the xy-plane with interior point P(x, y, z) taken as midpoint, as shown in 
Fig. 6-15. Let A; and A, be the components of A at P in the positive x and y directions, respectively. 
If C is the boundary of the rectangle, then 


fa-ar= | Avar+ IEEE J Avde+ | Acar 


But 


2 ay 28 
EF GH 
1 ðA 18A 
J^ ar = (n +552 ax) dy J^ ar = -(& - 55) 
x 
FG HE 
except for infinitesimals of higher order than Ax Ay. 
Adding, we have approximately 
0A; A 
fa dr = ( — + —" Av Ay 
ox ay 
te 
Then, since AS — Ax Ay, 
. $Acdr 
t of curl A = 1A)°-k= I 
z component of cur (curl A) gm AS 
dA A 
Ca 
x y 
= lim 
rae) Ax Ay 
| ðA, 0A, 
EE" ay 


SUPPLEMENTARY PROBLEMS 


6.37. Verify Green’s theorem in the plane for fc (332 — 8y?) dx + (4y — 6xy) dy, where C is the boundary of the region 
defined by: (a) y = Vx, y 2x; (b) x20, y 20, x+y = 1. 


6.38. Evaluate fe (3x + Ay) dx + (2x — 3y) dy where C, a circle of radius two with center at the origin of the xy-plane, 
is traversed in the positive sense. 


6.39. Work the previous problem for the line integral $c G2 + y?) dx + 3xy? dy. 


6.40. Evaluate $ (x? — 2xy) dx + (xy + 3) dy around the boundary of the region defined by y? = 8x and x 2 2 
(a) directly, and (b) by using Green's theorem. 


6.41. Evaluate ft (6xy — y?) dx + 3x? — 2xy) dy along the cycloid x = 6 — sin 6, y = 1 — cos 6. 


6.42. Evaluate $ (3x2 + 2y) dx — (x + 3 cos y) dy around the parallelogram having vertices at (0, 0), (2, 0), (3, 1), 
and (1, 1). 


6.43. 
6.44. 


6.45. 
6.46. 
6.47. 
6.48. 


6.49. 


6.50. 


6.51. 


6.52. 
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Find the area bounded by one arch of the cycloid x = a(0 — sin 0), y = a(1 — cos 0), a > 0, and the x axis. 


Find the area bounded by the hypocycloid x?? + y? = a2, a > 0. 
Hint: Parametric equations are x — acos? 0, y — asin? 0. 


Show that in polar coordinates (p, $), the expression x dy — y dx = p d». Interpret 5 f xdy — y dx. 
Find the area of a loop of the four-leafed rose p = 3 sin2¢. 
Find the area of both loops of the lemniscate p? = a? cos 24. 


Find the area of the loop of the folium of Descartes x? + y? = 3axy, a > 0 (see Fig. 6-16). 


Fig. 6-16 


Hint: Let y — tx and obtain the parametric equations of the curve. Then use the fact that 


1 1 1 
Area = 2p xdy — y dx = eaf?) = x? dt 
2 2 x 2 


Verify Green’s theorem in the plane for $e (2x — y?) dx — xy dy, where C is the boundary of the region enclosed 
by the circles x? + y? = 1 and x? 4- y? = 9. 


(—1,0) 


—yd d 
Evaluate | OIM along the following paths: 


(1,0) x +y 
(a) Straight line segments from (1, 0) to (1, 1), then to (—1, 1), then to (—1, 0). 


(b) Straight line segments from (1, 0) to (1, —1), then to (—1, —1), then to (—1, 0). 
Show that although 90M /8y = dN/dx, the line integral is dependent on the path joining (1, 0) to (—1,0) and 
explain. 


By changing variables from (x, y) to (u, v) according to the transformation x — x(u, v), y — y(u, v), show that the 
area A of a region R bounded by a simple closed curve C is given by 
Ox dy 
4-[ J(5X | du dv where [53] = | ðu 
u,v u, ax oy 
A Qv dv 


is the Jacobian of x and y with respect to u and v. What restrictions should you make? Illustrate the result where u 
and v are polar coordinates. 
Hint: Use the result A — 5 J xdy — y dx, transform to u, v coordinates and then use Green's theorem. 


Evaluate ff. F- ndS, where F = 2xyi + yzj + xzk and S is: 


(a) The surface of the parallelepiped bounded by x = 0, y 20,2 20,x =2,y = 1, and z = 3. 


(b) The surface of the region bounded by x = 0,y = 0, y = 3,z = 0, and x + 2z = 6. 
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6.53. 


6.54. 


6.55. 


6.56. 


6.57. 


6.58. 


6.59. 


6.60. 


6.61. 


6.62. 


6.63. 


6.64. 


6.65. 


6.66. 


6.67. 


6.68. 


6.69. 


6.70. 


6.71. 


6.72. 


Verify the divergence theorem for A = 2x2yi — y?j + 4xz?k taken over the region in the first octant bounded by 
y 42 -—9andx-2. 


Evaluate ff sr *n d$ where (a) S is the sphere of radius 2 with center at (0, 0, 0), (b) S is the surface of the 
cube bounded by x ly Lz 1,x=1,y = 1,z = 1, (c) S is the surface bounded by the paraboloid 
z —4 — (xX + y?) and the xy-plane. 


Suppose S is any closed surface enclosing a volume V and A = axi+ byj+ czk. Prove that 


Jf A * ndS = (a 4- b 4- OV. 


Suppose H = curl A. Prove that Le H * ndS = 0 for any closed surface S. 


Suppose n is the unit outward drawn normal to any closed surface of area S. Show that num divndV = S. 


dV ren 
Prove Ill EU = || “Pas. 
V 
Prove ff. ndS = fff, 5P?rav. 


Prove ff; ndS = 0 for any closed surface S. 


d d 
Show that Green's second identity can be written Ill (9V?y — uv? d) aV = I (+ P y t) dS. 
n 

V S 


Prove ffor x dS = 0 for any closed surface S. 


Verify Stokes’ theorem for A = (y — z + 2)i + (yz + 4)j — xzk, where S is the surface of the cube x = 0, 
y= 0, z= 0, x= 2, y= 2, z = 2 above the xy-plane. 


Verify Stokes’ theorem for F = xzi — yj + x?yk, where S is the surface of the region bounded by x = 0, 
y = 0,z = 0,2x + y + 2z = 8, which is not included in the xz-plane. 


Evaluate Jf (V x A) - ndS, where A = (X? + y — 4)i + 3xyj + (2xz + z?)k and S is the surface of (a) the hemi- 
sphere x? + y? + z? = 16 above the xy-plane, (b) the paraboloid z = 4 — (x? + y?) above the xy-plane. 


Let A = 2yzi — (x + 3y — Dj + (2 + dk. Evaluate fle (V x A)* n d$ over the surface of intersection of the 


cylinders x? + y? = a’, x? + z? =a’, which is included in the first octant. 


A vector B is always normal to a given closed surface S. Show that Whee curl B dV = 0, where V is the region 
bounded by S. 


la 10H 
Let f E: dr = — SIE * dS, where S is any surface bounded by the curve C. Show that V x E = — "m 
c c 
C S 


Prove f- bdr = ffy dS x V4. 


Use the operator equivalence of Solved Problem 6.25 to arrive at (a) Vd, (b) V» A, (c) V x A in rectangular 
coordinates. 


Prove fff, V6 - A aV = [f pA nds — fff, dV: A av. 


Let r be the position vector of any point relative to an origin O. Suppose 4 has continuous derivatives of order 
two, at least, and let S be a closed surface bounding a volume V. Denote $ at O by ¢,. Show that 


[Ene e] e [to 


where a = 0 or 47r@, according as O is outside or inside S. 
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6.73. The potential $(P) at a point P(x, y, z) due to a system of charges (or masses) 91,42, ...,q, having position 
vectors rj, r2, ..., r, with respect to P is given by 
d 
m 
QcxX 
m=1 


Prove Gauss’ law 
IB dS = 47Q 
S 


where E = —Vó is the electric field intensity, S is a surface enclosing all the charges and Q = » 5, , dm is the 
total charge within S. 


6.74. Ifa region V bounded by a surface S has a continuous charge (or mass) distribution of density p, then the potential 
(P) at a point P is defined by 
pdV 
eJ 
" 
V 


Deduce the following under suitable assumptions: 


(a) fJ, E* d$ = 47 fff, p dV, where E = —V 9. 


(b) V?$ = —4«rp (Poisson's equation) at all points P where charges exist, and V7 = 0 (Laplace's equation) 
where no charges exist. 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


6.37. (a) common value — 3/2, 6.48. 3a? /2 
(b) common value — 5/3 


6.38. —87 6.49. common value — 607r 
6.39. 127 6.50. (a) m, (b) — 

6.40. 128/5 6.52. (a) 30, (b) 351/2 

6.41. 67° — 4T 6.53. 180 

6.42. —6 6.54. (a) 327, (b) 24, (c) 247 
6.43. 37a? 6.63. common value = —4 
6.44. 37a’/8 6.64. common value = 32/3 
6.46. 93/8 6.65. (a) —167, (b) —4r 


6.47. à? 6.66. —a?(37-+ 8a)/12 


Curvilinear Coordinates 


7T.1 Introduction 


The reader is familiar with the rectangular coordinate system, (x, y), and the polar coordinate system, (r, 0), 
in the plane. The two systems are related by the equations 


x=rcos#, y—rsinü and r= /x?+y?, 0 -— arc tan(y/x) 


This chapter treats general coordinate systems in space. 


7.2 Transformation of Coordinates 


Suppose the rectangular coordinates (x, y, z) of any point in space are each expressed as functions of 
(u1, U2, u3). Say, 
X= X(Uj,U2,U3), Y= Y(U1,U2,U3), Z = z(ui, U2, us) (1) 


Suppose that (1) can be solved for u1, u2, us in terms of x, y, z, that is, 


uy = ui (x,y,z), Uz = U2(X,y,Z), u3 = u3(x, y, Z) (2) 


The functions in (1) and (2) are assumed to be single-valued and to have continuous derivatives so that the 
correspondence between (x, y, z) and (uj, uz, u3) is unique. In practice, this assumption may not apply at 
certain points and special consideration is required. 

Given a point P with rectangular coordinates (x, y, z), we can, from (2), associate a unique set of coor- 
dinates (u1, u2, u3) called the curvilinear coordinates of P. The sets of equations (1) or (2) define a trans- 
formation of coordinates. 


7.3 Orthogonal Curvilinear Coordinates 


The surfaces u] = c1, U2 = C2, us = C3, where Cc), C2, c3 are constants, are called coordinate surfaces and 
each pair of these surfaces intersect in curves called coordinate curves or lines (see Fig. 7-1). If the coor- 
dinate surfaces intersect at right angles, the curvilinear coordinate system is called orthogonal. The u1, u2, 
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and u3 coordinate curves of a curvilinear system are analogous to the x, y, and z coordinate axes of a 
rectangular system. 


Fig. 7-1 


7.4 Unit Vectors in Curvilinear Systems 


Let r = xi + yj + zk be the position vector of a point P in space. Then (1) can be written r = r(u1, uo, ua). A 
tangent vector to the u; curve at P (for which uz and u3 are constants) is or/du,. Then a unit tangent vector 
in this direction is e; = (3r/ðu1)/|3r/ðuı| so that ór/3u; = hye; where hı = |ər/ðuı|. Similarly, if e; and 
e; are unit tangent vectors to the u) and us curves at P, respectively, then dr/du2 = hzez and ðr/ðuz = h3e3 
where h, = |ðr/ðuz| and hz = |dr/du3|. The quantities hı, h2, ^3 are called scale factors. The unit vectors 
e1, €2, e; are in the directions of increasing u1, u2, us, respectively. 

Since Vu, is a vector at P normal to the surface u; = cy, a unit vector in this direction is given by 
E, = Vu, /|Vu,|. Similarly, the unit vectors E; = Vu2/|Vu2| and E3 = Vu3/|Vu3| at P are normal to 
the surfaces u» = c2 and u3 = c3, respectively. 

Thus, at each point P of a curvilinear system, there exist, in general, two sets of unit vectors, e;, e», e; 
tangent to the coordinate curves and E,, E2, E; normal to the coordinate surfaces (see Fig. 7-2). The sets 
become identical if and only if the curvilinear coordinate system is orthogonal (see Problem 7.19). Both 
sets are analogous to the i, j, k unit vectors in rectangular coordinates but are unlike them in that they 
may change directions from point to point. It can be shown (see Problem 7.15) that the sets 
dr/du,, Or /du2, Or /duz and Vuj, Vu», Vua constitute reciprocal systems of vectors. 

A vector A can be represented in terms of the unit base vectors e;, e?, e; or E,, E2, E; in the form 


A = Aje; + A»€) + A3e3 = a4 E, + a2 E + a3E5 
where A1, A2, A3 and aj, a2, a3 are the respective components of A in each system. 


We can also represent A in terms of the base vectors dr/du1, or /du2, or /du3 or Vui, Vu», Vus, which are 
called unitary base vectors but are not unit vectors in general. In this case 


= Cia, + Coa» + C303 


0 
A=C, LPG 
ui 


or à 
+ C3 
0 u» 


r 
à Qua 
and 

A = cVui + cuo + e3Vus = ei, + e; + c3, 


where Ci, C5, C3 are called the contravariant components of A and c1,c2,c3 are called the covariant 
components of A (see Problems 7.33 and 7.34). Note that oj, = dr/dup, B, = Vup, p = 1,2,3. 
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7.5 Arc Length and Volume Elements 


Recall first that the position vector of a point P can be written in the form r = r(uj, u2, u3). Then 


9 


Then the differential of arc length ds is determined from ds? = dr + dr. For orthogonal systems, 
€] ° &2 —e5*€5 = €3° €, = 0 and 


ð a ð 
dr = : du, + > duz + d dua = hı due + hy duez + hz du3e3 
Uy Qu» Qua 


ds? = hy du; + hj du + hi du; 


For non-orthogonal or general curvilinear systems, see Problem 7.17. 

Along a u; curve, u and u3 are constants so that dr = hı du,e,. Then the differential of arc length ds, 
along uj at P is hı dui. Similarly, the differential arc lengths along uw»? and u3 at P are ds; = 
hy du», ds3 = ha dua. 

Referring to Fig. 7-3, the volume element for an orthogonal curvilinear coordinate system is given by 


dV — [67 due) d (hy duze>) x (A3 du3e3)| = hyhyh, du, duz dua 


since |e;* e; x e3| = 1. 


Fig. 7-3 


7.6 Gradient, Divergence, Curl 


The operations of gradient, divergence, and curl can be expressed in terms of curvilinear coordinates. 
Specifically, the following proposition applies. 


PROPOSITION 7.1: Suppose ® is a scalar function and A = Ae; + A2€2 + A363 is a vector function of 
orthogonal curvilinear coordinates uj, u2, u3. Then the following laws hold. 


1 oo 1 oo 1 ob 


i) VO = grad Ọ = 
( ee hy Qui p Mm Qu» X ha duz Á 
GD V-A = div A = : P nane hh dn UA 
= = hihih; àui 2/1341] dua 3111412 Juz 112213 


hye; hye h3e3 

1 ð ð ð 
hihzh3 Qui Qu» Qua 
hA, hA haAs 


(ii) V x A = curl A = 
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(iv) V?d = Laplacian of ® 
, a 9 (hhz a® " 9 /hzhı 0b 4 89 (hım o® 
B hyhyhy Qu, hi Ou, oun hy Qu» Qus hy Ou 


Observe that if ^; = hy = h3 = 1, and ej, e;, e; are replaced by i, j, k, then the above laws reduce to the 
usual expressions in rectangular coordinates where (u1, u», u3) is replaced by (x, y, z). 


Extensions of the above results are achieved by a more general theory of curvilinear systems using the 
methods of tensor analysis, which is considered in Chapter 8. 


7.7 Special Orthogonal Coordinate Systems 


The following is a list of nine special orthogonal coordinate systems beside the usual rectangular coordi- 
nates (x, y, z). 


]. Cylindrical Coordinates (p, 4, z). 
See Fig. 7-4. Here 


x= pcos, y=psingd, z-—z 
where p > 0, 0 € $ «2m, —oo <z < oo, hj = 1, ha = p, and h, = 1. 


2. Spherical Coordinates (r, 0, 4). 
See Fig. 7-5. Here 


x-—rsin0cosó, y-—rsinOsinó, z-rcos0 


where r 20,0 $ «2, 0x 0 x m, h, — 1, hg =r, and hg = r sin 6. 


Fig. 7-4 


3. Parabolic Cylindrical Coordinates (u, v, z). 
See Fig. 7-6. Here 


2 2 
xci —w), y-2w, z-z 


where —œ < u < œ, v > 0, =œ <z < oo, hı = h, = Ju? + v2, and h; = 1. 
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In cylindrical coordinates, u = ./2p cos (/2), v = /2psin($/2), z = z. 


The traces of the coordinate surfaces on the xy-plane are shown in Fig. 7-6. They are confocal 
parabolas with a common axis. 


y 
= n» 
ME ` 5 
“so vZ? 
KN 
Yo yer? 


Fig. 7-6 


4. Paraboloidal Coordinates (u, v, @). 
Here 


x=uveosd, y-uvsinó, z-iu?-—w) 
where u > 0, v > 0,0 € $ < 2a, h, = hy = Vu? + v?, and hg = wv. 
Two sets of coordinate surfaces are obtained by revolving the parabolas of Fig. 7-6 above about the 


x-axis which is relabeled the z-axis. The third set of coordinate surfaces are planes passing through 
this axis. 


5. Elliptic Cylindrical Coordinates (u, v, z). 
See Fig. 7-7. Here 


x-acoshucosv, y-asinhusinv, z-—z 


where u > 0, 0 € v < 27, —oo < z «oo, h, = h, = ay sinh? u + sin’ v, and h,= 1. 
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The traces of the coordinate surfaces on the xy-plane are shown in Fig. 7-7. They are confocal 
ellipses and hyperbolas. 


K4 v= 3n/2 


Fig. 7-7 


Prolate Spheroidal Coordinates (é, n, 4»). 
Here: 


x=asinhésinyncos¢, y-asinhésin gsinó, z = acoshécos 1 


where £2 0,0 <N < m, 0 € $< 2a, h; — hy = ay sinh’ £ + sin? n, and hy = a sinh £sin n. 

Two sets of coordinate surfaces are obtained by revolving the curves of Fig. 7-7 about the 
x-axis which is relabeled the z-axis. The third set of coordinate surfaces are planes passing through 
this axis. 


Oblate Spheroidal Coordinates (é, n, p). 
Here: 


x=acoshécosycos¢, y-acoshécosqsinó, z=asinhésiny 


where ¿> 0, —7/2- n < 77/2, 0 € p < 27, hg = hy = ay sinh? E+ sin? n, and hg = a cosh € cos n. 
Two sets of coordinate surfaces are obtained by revolving the curves of Fig. 7-7 about the y-axis 
which is relabeled the z-axis. The third set of coordinate surfaces are planes passing through this axis. 
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8. Ellipsoidal Coordinates (A, p, v). 


Here 
2 2 2 
x y z 2 2 2 
=1aA<c<b< 
Pa greg ea e * 
2 2 2 
x y Z 2 2 2 
=1, <p<b< 
cg a go AS s 
2 2 2 
M euenit Veins Se, O E cer a 


v c-—vy 


a-v p 
h =i (u— A)(v — A) 
VT INV = Ae A AY 


h _! (v — p)(A— u) 

"^ 2V (2 — uy? — uc? — u) 
h =} (A—v)(u— v) 

?” 2N (a2 — Y»? — vc? — v) 


9. Bipolar Coordinates (u, v, z). 
See Fig. 7-8. Here 


xX + (y — acot uy =a’csc*u, (x —acothv) + y —a^csch?v, z=z 


or 


asinh v asinu 
6S SYS SS 
cosh v — cos u cosh v — cos u 


where 0 < u < 2m, —œ < v < oo, —œ < z < oo, h, = h, = a/(cosh v — cos u), and h, = 1. 
The traces of the coordinate surfaces on the xy-plane are shown in Fig. 7-8. By revolving the curves 
of Fig. 7-8 about the y-axis and relabeling this the z-axis, a toroidal coordinate system is obtained. 
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SOLVED PROBLEMS 


7.1. Describe the coordinate surfaces and coordinate curves for (a) cylindrical and (b) spherical 
coordinates. 
Solution 
(a) The coordinate surfaces (or level surfaces) are: 


p-—c, cylinders coaxial with the z-axis (or z-axis if cy = 0). 
$-— c3 planes through the z-axis. 
Z=c3 planes perpendicular to the z-axis. 


The coordinate curves are: 


Intersection of p — c; and $ = c» (z curve) is a straight line. 
Intersection of p — c; and z = c3 ($ curve) is a circle (or point). 
Intersection of p = c2 and z= c3 (p curve) is a straight line. 


(b) The coordinate surfaces are: 


r-— c, spheres having center at the origin (or origin if c; = 0). 

0-— c» cones having vertex at the origin (lines if c2 = 0 or 7, and the xy-plane if 
c2 = 77/2). 

$ —cs planes through the z-axis. 


The coordinate curves are: 


Intersection of r =c; and 0— c ($ curve) is a circle (or point). 
Intersection of r =c; and œ= c3 (0 curve) is a semi-circle (c, # 0). 
Intersection of 0 — c2 and œ= c3 (r curve) is a line. 


7.2. Determine the transformation from cylindrical to rectangular coordinates. 


Solution 


The equations defining the transformation from rectangular to cylindrical coordinates are 


x= pcos o (1) 
y = psin ó (2) 
z—z (3) 


Squaring (1) and (2) and adding p^( cos? $ + sin? p) =x? + y? or p= yX + y?, since cos? $ + sin? d= 1 
and p is positive. 
Dividing equation (2) by (1), 


y  psinó 


= —tanó or $ = arc tan 
x pcosd x 


Then the required transformation is 


py (4) 

o = arc tan? (5) 
x 

Z=2Z (6) 


For points on the z-axis (x = 0, y = 0), note that ¢ is indeterminate. Such points are called singular points of 
the transformation. 
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7.3. 


7.4. 


7.5. 


Prove that a cylindrical coordinate system is orthogonal. 


Solution 
The position vector of any point in cylindrical coordinates is 
r = xi + yj + zk = pcos di+ psin dj + zk 
The tangent vectors to the p, $, and z curves are given respectively by dr/dp, dr/dd, and or/dz where 


or or or 
— = cos dii + sin dj, — — —psin di cos dj, — =k 
op di + sin dj ap P gi + pcos dj X 


The unit vectors in these directions are 


dr/dp _ cos di + sin dj 


e =e, = = = cos dii + sin dj 
i " ér/üp| \/cos? p+ sin? $ 
ane or/dd z —psin di + pcos dj cet indi das di 
|ar/d6| — /p sin? 6 + p cos? p 
e3—e = Lr n 
3 ^ Var/az| 


Then 


€,* €; = (cos dii + sin dj) - (—sin di + cos dj) = 0 
e;* e5 = (cos di+ sin dj) * (k) 20 
e2° e; = (—sin dii + cos Pj) + (k) = 0 


and so ei, e», and e3 are mutually perpendicular and the coordinate system is orthogonal. 


Represent the vector A = zi — 2xj + yk in cylindrical coordinates. Thus determine Ap, Ag, and Az. 


Solution 


From Problem 7.3, 


ep = cos dii + sin dj (1) 
eg = — sin di+ cos dj (2) 
e =k (3) 


Solving (1) and (2) simultaneously, 


i = cos de, — sin deg, j= sin de, + cos deg. 


Then 
A= zi —2xj + yk 
= z(cos de, — sin Peg) — 2pcos f(sin $e, + cos hey) + psin de, 
= (zcos  — 2pcos ósin $)e, — (zsin $ + 2p cos? peg + psin $e; 
and 
A, = zcos $ — 2pcos dsin $, Ag= —zsin $ — 2pcos? ¢, A, = psin $. 
d : d ; . er 2 : 
Prove ge deg, g7 — Qe, where dots denote differentiation with respect to time f. 
Solution 


From Problem 7.3 


e, = cos ġi + sin dj, eg = —sin $i + cos dj 
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Then Ce, = —(sin $)di + (cos $)ój = (—sin di + cos pj) = hey 
d y ^ B . 
Hee — os Pdi — (sin 6) $j = —(cos di + sin Pj) = — dep 


7.6. Express the velocity v and acceleration a of a particle in cylindrical coordinates. 


Solution 


In rectangular coordinates, the position vector is r = xi + yj + zk and the velocity and acceleration vectors are 
db ahs ee Ann dr "S 
= — = yl anı L——— -—Xxl 
Node Doce ua iE. 
In cylindrical coordinates, using Problem 7.4. 


r = xi + yj + zk = (pcos $)(cos de, — sin deg) + (p sin $)(sin $e, + cos Peg) + ze. 


= pe, + ze; 
Then dr dp | de, dz Pere Ore 
Ve ge dt tg eb T Pep T PIED zez 
using Problem 7.5. Differentiating again, 
dr d. : 
= Gr = qu Pee + bes + ze) 
de, nz Se ee 
=p, + Pep ph rag pheg + pbeg + ze; 


= póe, + Pep + pb(—de,) + pde; + bheg + e. 
= (p— ph Jey + (pb + 2pó)e, + ze. 


using Problem 7.5. 


7.7. Find the square of the element of arc length in cylindrical coordinates and determine the correspond- 
ing scale factors. 
Solution 
First Method. 
x=pcosd, y=psind, z-—z 
dx=-psinddd+cosddp, dy=pcosddd+sinddp, dz = dz 
Then 


ds? = dx’ + dy’ + d? = (—psin $ d$ + cos  dpY + (pcos $ d + sin $ dp? + (dz 
= (dpy + P (dp? + (dz = hdp? + hildo? + h3 (dz) 


and h; = hp = 1, h2 = họ = p, hz = h, = 1 are the scale factors. 


Second Method. The position vector is r = pcos ¢i+ p sin dj + zk. Then 

or or 
dp 

ip ^ Re 

= (cos di + sin dj) dp + (—psin di+ pcos $j) d$ +k dz 

= (cos $ dp — psin $ doi + (sing dp + pcos o dd)j + k dz 


dr = 


d$ 4 mi 
az 


Thus 
ds? = dr * dr = (cos $ dp — psin $ do} + (sing dp + pcos 6 dd)’ + (dz 
= (dp? + p'(doY + (dz 


CHAPTER 7 Curvilinear Coordinates 


7.8. Work Problem 7.7 for (a) spherical and (b) parabolic cylindrical coordinates. 


Solution 
(a) x=rsinécos¢, y=rsinésind, z=rcosé 
Then 
dx = —rsin 0 sin $ d$ + r cos 0 cos $ d0 + sin 0 cos $ dr 
dy = r sin 0 cos $ d$ + r cos 0 sind d0 + sin 0 sin $ dr 
dz = —rsin 0 d0 + cos 0 dr 
and 


(ds? = (dx? + (dy? + (dz = (dr? + r (d0? + r sin? Addy 


The scale factors are ^; = h, = 1, ho = hg =r, hz = họ = r sin 6. 


(b) x=}? — v3), y — ut, z= 


Then 
dx = u du — v dv, dy = u dv + v du, dz = dz 


and 


(ds) = (dx) + (dyY. + (dz = (WW + vdu)? + W + Ndo} + (dz? 
The scale factors are hy = A, = Vu? + v?, ha = h, = Vu? +07, hz = h, = 1. 


7.9. Sketch a volume element in (a) cylindrical and (b) spherical coordinates giving the magnitudes of 
its edges. 


Solution 


(a) The edges of the volume element in cylindrical coordinates (Fig. 7-9(a)) have magnitudes p dọ, dp, and dz. 
This could also be seen from the fact that the edges are given by 


ds, = hidu, = (1)(dp) = dp, | ds; = hodu; = p dọ, ds3 = (1)(dz) = dz 


using the scale factors obtained from Problem 7.7. 


dV = (r sin 0 dọ)(r dé)(dr) 
dV = (p do)(dp)(dz) =r sin 0dr do dọ 
= p dp dọ dz 


x 


(a) Volume element in cylindrical coordinates. (b) Volume element in spherical coordinates. 


Fig. 7-9 
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(b) The edges of the volume element in spherical coordinates (Fig. 7-9(b)) have magnitudes dr, r d0, and 
r sin 0 dd. This could also be seen from the fact that the edges are given by 


ds; = hi du, = (1)\(dr)= dr, | ds; = h du; =r d0, | ds = hi dus = r sin 0 d 


using the scale factors obtained from Problem 7.8(a). 


7.10. Find the volume element dV in (a) cylindrical, (b) spherical, and (c) parabolic cylindrical coordinates. 


Solution 


The volume element in orthogonal curvilinear coordinates uj, u2, us is 


dV — hihoha du, du» dua 


(a) In cylindrical coordinates, uj = p, u2 = $, us = z, hy = 1, h2 = p, h3 = 1 (see Problem 7.7). Then 


dV = (1)(p)(1) dp dọ dz = p dp dọ dz 


This can also be observed directly from Fig. 7-9(a) of Problem 7.9. 
(b) In spherical coordinates, uj = r, u2 = 0, u3 = $, hy = 1, hp = r, h3 = r sin 0 (see Problem 7.8(a)). Then 


dV = (1)(r)\(rsin 0) dr d db = r° sin dr d0 d 


This can also be observed directly from Fig. 7-9(b). 
(c) In parabolic cylindrical coordinates, uj = u, uz = t, u3 = Z, hy = Nu? + v, ho = Na? + v, hz = 1 (see 
Problem 7.8(b)). Then 


dV = (Va? + PV + v?)(1) du dv dz = (w + 0°) du dv dz 


7.11. Find (a) the scale factors and (b) the volume element dV in oblate spheroidal coordinates. 


Solution 
(a) x = acoshé cos ņ cos ó, y = acosh é cos m sing, z = asinh £ sin n 
dx = —a cosh é cos yj sin $ d$ — a cosh é sin 1] cos $ dn + a sinh é cos n cos $ dé 
dy = a cosh £ cos ņ cos $ d — a cosh é sin y sin $ dy + asinh £ cos 1] sin $ dé 
dz = a sinh £ cos ndn + acosh é sin yn dé 
Then 


(ds = (dx? + (dy? + (dz? = a^ (sinh? £+ sin? (dE? 
+ a^ (sinh? €+ sin? ndn)? 


4- d? cosh’ é cos” (d$)? 


and hı = hg = ay sinh? é+ sin? n, h; = ha = ay sinh? é+ sin? n, h3 = hg = a cosh € cos n. 


(b) dV = (aV. sinh? é + sin? may sinh? é+ sin? )(acosh € cos y) dé dyn d 
= a) (sinh? £ + sin? n) cosh £ cos n dé dyn dd 
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7.12. Find expressions for the elements of area in orthogonal curvilinear coordinates. 


Solution 
Referring to Fig. 7-3, the area elements are given by 

dA, = |(hz duse) x (hz duze3)| = hzh3|e2 x e3|duz dus = hoha du» dus 
since |e) x e3| = |e;| = 1. Similarly 


dA» = \(hy du,ei) x (h3 du3e3)| = hiha du, dua 
dA; = (hı duje) x (hy duye>)| = him du, du» 


7.13. Suppose ui, u2, us are orthogonal curvilinear coordinates. Show that the Jacobian of x, y, z with 
respect to uj, u», us is 
P que əx 3y Oz 


Qui Qui Qui 
TEZZA Ox, y, z) _| Ox Gy & 

(= un, z) ~ aui, uo, u3)  |ðuz Qu, um 
əx dy &z 


Ou Qua Qus 


= hhhs 


Solution 


By Problem 2.38, the given determinant equals 


a a a a d a a 

Sa AC d sie LOL ve (Rca ree e 

Qui Qu, Qui Qu» Qu» Qu» Qua Qua Qua 
or or or 


= . x = h,ej* Me x hae 
a6 Wes We 1€1° he. 3€3 


= hyhyh3e, *e x e3 = hih5ha 


If the Jacobian equals zero identically, then ðr/ðuı, Or/du2, dr/du3 are coplanar vectors and the curvilinear 
coordinate transformation breaks down, that is, there is a relation between x, y, z having the form F(x, y, z) = 0. 
We shall therefore require the Jacobian to be different from zero. 


7.14. Evaluate fff, (x? + y? + 2’) dx dy dz where V is a sphere having center at the origin and radius 
equal to a. 


Solution 


The required integral is equal to eight times the integral evaluated over that part of the sphere contained in the 
first octant (see Fig. 7-10(a)). 


he 


Prya 


dV = dx dy dz r° sin 0 dr dO dọ 


y 


Fig. 7-10 
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Then, in rectangular coordinates, the integral equals 


DEEE 
a vax? Ny a^ —x —y 


s | | | (x? + y? + 2°) dz dy dx 
x=0 y=0 z=0 


but the evaluation, although possible, is tedious. It is easier to use spherical coordinates for the evaluation. 
In changing to spherical coordinates, the integrand x? + y? +z? is replaced by its equivalent r? while the 
volume element dx dy dz is replaced by the volume element 7? sin 0 dr d0 dẹ (see Problem 7.10(b)). To cover 
the required region in the first octant, fix 0 and 4 (see Fig. 7-10(b)) and integrate from r = 0 to r = a; then 
keep ¢ constant and integrate from 0 = 0 to 7/2; finally, integrate with respect to h from $ = 0 to $ = 7/2. 
Here, we have performed the integration in the order r, 0, ¢ although any order can be used. The result is 


T/2 7/2 a T/2 7/2 a 
8 | | | (°)(r’ sin 0 dr d0 do) = 8 | | | r* sin 0 dr d0 d$ 
$=0 6—0 r=0 4—0 6—0 r=0 
T/2 1/2 T/2 T/2 
r = 8a° ; 
= gone ea sin 0 d0 do 
$=0 0-0 iz $=0 6-0 
1/2 1/2 
8a? | 9 Me dó 8a? | dó 4qa? 
——— | —cos = = 
5 8-0 2 5 
$—0 $—0 


Physically, the integral represents the moment of inertia of the sphere with respect to the origin, that is, the 
polar moment of inertia, if the sphere has unit density. 

In general, when transforming multiple integrals from rectangular to orthogonal curvilinear coordinates, the 
volume element dx dy dz is replaced by hıhzh3 du, du» dus or the equivalent 


(22 =) du dus 
Uy, U2, U3 


where J is the Jacobian of the transformation from x, y, z to uj, U2, u3 (see Problem 7.13). 


7.15. Let ui, u2, uz be general coordinates. Show that or/du,, or/duz, or/du3 and Vuj, Vu», Vus are reci- 
procal systems of vectors. 


Solution 


We must show that 


or 1 ifp=q 
—— Vu, = k 
Qu n {0 if p#q 


where p and q can have any of the values 1, 2, 3. We have 


D) D) D) 
dr — X du, l E du» l E dua 
Qu; Qu» 


Multiply by Vu;*. Then 
or or or 
Vu. dr = du, = | Vui’ dui + | Vui* du» + | Vui* dua 
Qui Qu» Ou 


or or or 
Vus —=1, Vuj»—=0, Vu. —=0 
1 Qui D Qu» A Qua 


or 


Similarly, upon multiplying by Vuo+ and Vus* the remaining relations are proved. 
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or or or 
x i 


7.16. Prove . 
[s Qu» Qua 


hivu: Vus x Vua) = 1. 


Solution 


From Problem 7.15, dr/du,, dr/du2, or/du3 and Vui, Vu», Vus are reciprocal systems of vectors. Then, the 
required result follows from Problem 2.53(c). 
The result is equivalent to a theorem on Jacobians for 


Qui Qui Qui 

Ox | Oy Oz 

à ð ð » uo, 

Vui: Vu x Vies 22 22 enm iacu p ee 

Ox | Oy oz X, Y, Z 
Qua Qua Qua 

Ox | Oy Oz 

and so ( fede’ (5 x s) = | using Problem 7.13. 
Uui, U2, U3 X, Y, Z 


7.17. Show that the square of the element of arc length in general curvilinear coordinates can be 


expressed by n 


ds’ = 2o 8 pq duy du, 


p-l q=1 
Solution 
We have 
dr — = du, 4 x du» 4 x dus = o, du, + & du; + 03 dus 
Then 


ds? = dr » dr = a; ° &; du; + o * o du, dun + Q] ° a3 du, dua 


T Q2° Q] du» du, + Q2* Q2 dus + Q2* Q3 du» dua 


+ 3° a dus du, + @3° œ dua du» + @3° Q3 du 


where gj, = Qp* Qg. 

This is called the fundamental quadratic form or metric form. The quantities g,, are called metric coefficients 
and are symmetric, that is, gpg = go». If gpq = 0, p # q, then the coordinate system is orthogonal. In this 
case, 211 hi, 822 hs, $33 hi. The metric form extended to higher dimensional space is of fundamental 
importance in the theory of relativity (see Chapter 8). 


Gradient, Divergence, and Curl in Orthogonal Coordinates 


7.18. Derive an expression for V® in orthogonal curvilinear coordinates. 


Solution 
Let V = fre; + fe; + fge3 where fi, fo, f3 are to be determined. Since 
or or or 


dr = du + du» + d 
K Qui ^ Ou» He Qua "m 


= hye, du, + hye du» T hae; dua 


7.19. 


7.20. 


7.21. 
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we have 
db = V®- dr = hifi du, + hf du» + haf dua (1) 
But 
oo odo odo 
do = du, t du» H dua (2) 
Qui Qu» Qua 
Equating (1) and (2), 
1 oo 1 ob 1 ob 
fi 


"hu 2 do ddr Scd 
Then 


e; o ; e; odo : e; 0D 


Vo = | 
hi Qu, hy Qu» hz Qua 


This indicates the operator equivalence 


0€ à ,€ 8 _& ð 
hi ou, hz Qu» | h3 Qua 


which reduces to the usual expression for the operator V in rectangular coordinates. 


Let ui, u2, u3 be orthogonal coordinates. (a) Prove that |Vuy| = me p= 1, 2, 3. (b) Show that 

ej = E. 

Solution 

(a) Let ® = u in Problem 7.18. Then Vu; = ej/h, and so |Vuj| = lei|/hi = hy}, since |e;| = 1. Similarly, 
by letting ® = u» and us, |Vu2| = Ay! and |Vu3| = h3!. 


V 
(b) By definition, E; — =W p From part (a), this can be written E, = hpVup = e, and the result is proved. 


up| 


Prove e; = /h3Vu» x Vus with similar equations for e; and es, where uj, u2, u3 are orthogonal 
coordinates. 


Solution 


From Problem 7.19, 


Vu et vem vulc 
hi hy h3 
Then 
exe e 
Vu» x Vua = iE 2 = DES and e€ = h5ha3Vu» x Vus. 
Similarly 


eo = h3h,Vu3 x Vu, and e3 = hiha Vu x Vu». 


Show that in o e coordinates 


1 
(a) V*(Aiei) = ihn is E ull) 
D Vx (Are) = Son (Aih1) — Lach) 


with similar results for vectors A2e2 and A3e3. 
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Solution 
(a) From Problem 7.20, 


AE (A161) =V. (Aihzh3 Vu x Vua) 
= V(Aihzh3) $ Vu» x Vus + Ahh V ? (Vus x Vua) 


= V(Ailoha) * — DX x 0 = V(Aih3h3) + 


ej e3 €i 
= Ahh Ajhoh ——(Ayhoh . 
bes 2h) + 2 x m El izh; 


1 
Ahh 
=^ 2h3) 


(b) V x (Ajei) = V x (Aihu Vui) 
= V(Aıhı) x Vu +A,hV x Vu; 


= VB) x x 0 


ei a e 0 €i 
Ajh Ahı) 4 Ajh — 
-| (A1h1) 4 od ii) pu 1 ] i 
e€3 
Ajh 
=a in) huh; Ou A 1) 


7.22. Express div A = V * A in orthogonal coordinates. 


Solution 
V-A=V-> (A161 + Are + A3e3) =V. (A161) +V. (A262) +V. (A3e3) 


1 


RR lu; (Aio hi) ge Aah 1) + Ash m| 


using Problem 7.21(a). 


7.23. Express curl A = V x A in orthogonal coordinates. 


Solution 
VxA=Vx (A161 + A262 + A3e3) =Vx (Aie) +V x (A262) +Vx (A3e3) 


Ed. s iu) ous (Aihi) 4 n PX (Aah) AS (Ash) 

| es “(A shs) ae Ju ; (Asha) 

EA (Ash) EE A E (Ain) = sho] 
"Eas Ls VOU Z in| 


using Problem 7.21(b). This can be written 


he, Mhe hae; 

1 a a D 
hyhoha | duy Ou, 03 
Ath, Ah Azhy 


VxA= 


CHAPTER 7 Curvilinear Coordinates 


7.24. Express Vy in orthogonal curvilinear coordinates. 
Solution 
From Problem 7.18, 
ei df | e dW i e; oY 


Vy = | | E 
b hi Qui Mm Qu» ha Qua 
ð 1 ə 1 ə 
If A = Vy, then A; = y , A2 = i ,As; — y and by Problem 7.22, 
hy Qui hy Qu» hz Ou 


V.A- V. Vy 2 Vy 
zo 9 (mh df) , 9 (h3hi Oy N 3 (hh dy 
B hih5ha Qui hy Qui i u2 Mm Qu» i Qua ha Ou 


7.25. Use the integral definition 


deca pd Ras 
AV—O0 AV 


(see Problem 6.19) to express V + A in orthogonal curvilinear coordinates. 


Solution 


Consider the volume element AV (see Fig. 7-11) having edges hı Aui, ho Au», hi3 Aus. 
Let A = Ae; + A»e? + A3e3 and let n be the outward drawn unit normal to the surface AS of AV. On face 
JKLP, n = —e;. Then, we have approximately, 


[fa e ndS = (A * n at point P)(Area of JKLP) 


JKLP 


= [(Aiei + A2€2 + A3e3) * (—e1)](h2h3 Auz Aus) 
= —Aj,hjh; Au» Au 


On face EFGH, the surface integral is 
Ajhoh3 Nu» Aus "ES Č Aha Au» Au3) Auy 


apart from infinitesimals of order higher than Au; Au» ies Then the net contribution to the surface integral from 
these two faces is 


ð 
—— (Ajloha Au» Aus) Au, = ae (Aio ha) Aui Au» Au 
Qui Qui 
The contribution from all six faces of AV is 
E (A; hzh3) Te 7 Man h3) + a Ash n| Au, Au Aus 


Dividing this by the volume Ai/h3 Au, Au» Aus and taking the limit as Aui, Au», Aus approach zero, we find 


1 
divA=V-A= AIT hihta > Aah ht A h) 
hihzhz 


Note that the same result would be obtained had we chosen the volume element AV such that P is at its center. 
In this case, the calculation would proceed in a manner analogous to that of Problem 4.21. 
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Fig. 7-11 Fig. 7-12 


7.26. Use the integral definition 


iia = E EE 
ORSAY ne SU NS 


(see Problem 6.35) to express V x A in orthogonal curvilinear coordinates. 


Solution 
Let us first calculate (curl A) + ej. To do this, consider the surface Sı normal to e; at P, as shown in Fig. 7-12. 
Denote the boundary of Sı by Cj. Let A = A,e; + A262 + A3e3. We have 

fa-ar= [aa Jae [aa [A-a 

C PQ QL LM MP 


The following approximations hold 


| A * dr = (A at P)* (hy Ause;) (1) 
PQ 
= (Aye; + Ao€ + Ase3) * (h2 Ause5) = Aofo Au» 
Then 
ð 
A • dr = Ash» Au» + ay. 422 Au») Au3 
u 
ML à 
or 
ð 
A. dr = —A3h» Au» — s; 2 Aur) Au (2) 
u3 
Similarly, M 
| A*dr = (A at Py (h3Ause3) = Aaha Aus 
PM 
or 


| A-dr= —A3h, Aw (3) 


MP 
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and 
ð 
A. dr = A3h3 Au + zg Mon Aua) Au» (4) 
u 
QL : 
Adding (1), (2), (3), and (4), we have 
ð D] 
f A* dr = — (A3hz3 Au3) Au» — —— (Arh2 Au») Aus 
[77 Qua 
Ci 


ð ð 
= | — (A3h3) — — (Aoh5) | Au Aus 
Qu» Qua 


apart from infinitesimals of order higher than Au» Aus. 
Dividing by the area of S; equal to /5/13 Au» Aus and taking the limit as Au» and Aus approach zero, 


a 
Qu 


(A3h3) 
2 


1 
1A): e; = 
(curl A)* ei zxl 3 


0 
Ash] 
u3 


Similarly, by choosing areas $5 and $5 perpendicular to e» and e; at P, respectively, we find (curl A) * e; and 
(curl A) + e;. This leads to the required result 


ej 0 0 
1A= A3h Ash 
cur ae Ex 3h3) Bus | 2 »| 
eo à 0 
Ajh Ash 
Tsh, Ex in) om | 3 J 
e3 a 0 
Ash Ajh 
hhz Ex 2h) Bun | 1 »| 


hye, he2 hae; 

1 ð ð ð 
B hy h5ha Qui Qu» Ou 
hA; MA hzA3 


The result could also have been derived by choosing P as the center of area S1; the calculation would then 
proceed as in Problem 6.36. 


7.27. Express in cylindrical coordinates the quantities (a) Vb, (b) V-A, (© VxA, (d) Vo. 


Solution 


For cylindrical coordinates (p, œ, z), 


u =p, w=, W=Z; ej —e, @ =ey, €3 = €z; 
and 
h=h=1, h;-hg-p, hi =h = 1 
1 ob 1 ob 1 ə 
a vob- I t 
(a) DuC hy Qu» S hz Qu E: 


10b — 1ób — 15 
hap 67535 7 “ee = 
ab 13b — 0 


= e, 4 eod 
ap "^ | pap ? az 


€: 
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1 


b) V-A= mU E (hzh3A;) Tee MUT 142) + Eo is^] 


l ə 
DODA) + — (OXP): 
~ OD BO M) + x; DAs) + (D0) >| 


_ifa ðA ð 
= 2] 2 (oA) FA ipno] 


where A = Ape; + Age» + A;es, that is, Aj = Ap, A2 = Ag, A3 = Az. 


he, Mme: hae; ep peg € 

1 ð 0 ð 1| ə a a 
hyhoh3| du, dur — Qus | pldap 3$ az 
hy A, hy A> h3A3 Ap pAg A 


dA, 3 ù ðAp A (a 9A, 
=| (Ga zene) (^ & 3 ' (ae 233 
dici d [2 (s m) | à (‘et a) | a (ut ey 
hih5ha Qu, hy Qui Qu» hy Qu» Ou ha Qus 
od f (onan) ð (20%) | 9 (22%) 
~ (DPD Lae\ D a ab\ p ab)  8zN (D) a 


=12 (ji), 1S Pb 
~ pop Pap)" Pag a2 


© Vx A= 


7.28. Express (a) V x A and (b) Ves in spherical coordinates. 


Solution 


Here u; = r, u = 0, u3 = ; ei = e, e; = eg, e = eg; hı = h, = 1, ha = hg = r, h3 = họ = rsin6. 


hie he hae; e. reg rsin eg 
1 ð ð ð 1 a 
(à Vx A= E ce ie, 
hihaha Qui Qu» Qua (DG sin 0) or 00 dd 
hA; hA h3A3 A, rAg rsin@dAg 
ED ð (rsin d) a Gas 
—Psnd| 00 a [er 
dA, 9. . 0A, 
+| $6 Or Jre + R (rAg) — rin 0 e 


( vhu— 1 [2 (5t v) E. (n v) „2 (te a) 
hih5h Qui hi Qui Qu» hy Qu» Qua ha Qua 
1 (r)rsin6)9JX , 8 ((rsin (ap) , 9 (OP aw 
~ (D(rXr sin 0) s ( (1) E x r 24 ' ab (= P] 
1 24 9/2090 If. 0A, 1 Py 
aa ioi ( *) ZIEL v) i d 


|18(580| , 1 sin e? 4 1 Py 
B ar ERIT 06) * P sin bag? 
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7.29. Wrte Laplace's equation in parabolic cylindrical coordinates. 


Solution 


From Problem 7.8(b), 


uy Hu, Uu» v, U3 Z; hi = v u? + v. h = y u? + v, hi—l 


>, 1 TaN IfA Ifa, nav 
VS P BE ! a(S) ac 3] 


o l (= zi Q0 


Then 


u +v2\au2 | av) aZ 
and Laplace's equation is V7 ys = 0 or 


y y. 


24 42 
T le 


a2 = 


7.30. Express the heat conduction equation U/dt = «VU in elliptic cylindrical coordinates. 


Solution 


Here u = u, u = v, us = z hj = h; = ay sinh? u + sin? v, hz = 1. Then 


1 ð (aU ð (90U ð ðU 
VU = | + — ( à (sinh? u + sin? v) — 
a! (sin? u + sin? 8) RE) a(S) óc (« PO ARARA 


1 U ?U]| ?U 
~ aXsinhlu-siv|à?  a2|' a2 


and the heat conduction equation is 


aU | 1 E U & d x) 
=K i i 
at a(sinh? u + sin? v) | 3u? 8v? az 


Surface Curvilinear Coordinates 


7.31. Show that the square of the element of arc length on the surface r — r(u, v) can be written 


d$? = Edi? --2F du dv + Gd? 


Solution 
We have 
or or 
dr = du+— dv 
Then 
ds? = dr-dr 
or or Or or or or 
IE UU que datei 
Qu. om a m Sap Be 


= E di) +2F du dv + Gd? 
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7.32. Show that the element of surface area of the surface r = r(u, v) is given by 


dS = VEG — F? du dv 
Solution 


The element of area is given by 


ds = or a or a dud or or or or TM 
= au) * aw) T PESAN w) Nau ool A 


The quantity under the square root sign is equal to (see Problem 2.48) 


ər r ər ər ər r ər or EG- P 
ðu ðuj\ðw ðv ðu ov) \ov Qu 


or oor 
x 
ðu ov 


and the result follows. 


Miscellaneous Problems on General Coordinates 


7.33. Let A be a given vector defined with respect to two general curvilinear coordinate systems 


(u1, Uz, u3) and (uj, U2, u3). Find the relation between the contravariant components of the vector 
in the two coordinate systems. 


Solution 


Suppose the transformation equations from a rectangular (x, y, z) system to the (ui, u2, u3) and (ui, u», us) 
systems are given by 


x-—x(u,uo.us) y = yı(u1, u2, us) z= zi, U2, us) (1) 
x = xo(u,, uo, u3), y = yo(ui, uo, U3), Z= Zo(lti, U2, U3) 


Then there exists a transformation directly from the (ui, u2, u3) system to the (uj, M2, 13) system defined by 


Uy = ui, U2, U3), u = ux(ui, Wo, U3), u3 = usur, U2, U3) (2) 


and conversely. From (1), 


9 d 9 
dr = d du, H E duz l = dua = Q] du, + o5 du» + o dua 
Qu, Qu» Qus 
3 9 ð 
dr = fe t T dan t A jm di H Q du» H Q3 du 
Qui Ou» UTE 
Then 
Qı du, + o5 du» + Q3 dus = Q] di F o5 du + o5 dua (3) 
From (2), 
0 a 
du, = dm + diy + — diis 
u1 Qu» Ou 
= Qu» Quo = 
du = d du d 
EXE GE OE cm 
0 a 
dua = du, Ze du» us dua 
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Substituting into (3) and equating coefficients of dui, du», diz on both sides, we find 
a " ou á Qu» à Qua 
dE : Qu : Ou 
E: ou Qu» Qua 
= 4 
n ot Ou» "e Qu» Ya Ou» ( ) 
a X ðu ï Qu» a Qua 
SR Qua ? Qua $ Qua 
Now A can be expressed in the two coordinate systems as 
A = Cia + Ca + C405. and A — CQ) + Coo + C303 (5) 


where Cj, C», C4 and C1, C2, C3 are the contravariant components of A in the two systems. Substituting (4) 


into (5), 
Cia + C205 + C303 = Ci @ + C505 + C305 
Qu, ou 1 Qui Qu» Qu» Qu» 
=C tC tC EIC tC EC 
( : Ou ? ouz > i)a ( ! Ou f Qu» : Jas 
ài a à 
(c BTO SRG 2 as 
Ou, Ou» U3 
Then 
Qui Qu Qu, 
Cj. = C C C 
i t Qui * Ou ? [UTE 
Qu» Ou» Ou» 
C =C C C 6 
2 1 73 2 dii; 3 Jm (6) 
Qua Qua Qua 
Cz3=C C5 — + C3 — 
? : Qui 2 du 3 guz 
or in shorter notation 
dup dup dup 
= ł t =], 2; 7 
Cp e Qu C2 ouz C3 duz P 2 ( ) 
and in even shorter notation 
2 ou 
C=) Co = 1, 2,3 8 
Similarly, by interchanging the coordinates, we see that 
3. 08 
C= C, — —1:2,3 9 
I 3 q Dug P (9) 


The above results lead us to adopt the following definition. 


If three quantities C1, C2, C3 of a co-ordinate 


system (u1, u2, u3) are related to three other quantities C,, C2, C3 of another coordinate system (i), ii», T3) 
by the transformation equations (6), (7), (8) or (9), then the quantities are called components of a contravariant 


vector or a contravariant tensor of the first rank. 


7.34. Work Problem 7.33 for the covariant components of A. 


Solution 


Write the covariant components of A in the systems (ui, u2, u3) and (uj, d», U3) as C1, C2, c3 and T1, Co, C3, 


respectively. Then 


A = cı Vu; l co Vu» t c3 Vus =¢, Vu H 


C Vu» l C3 Vis 


a) 
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Now since it, = up(ui, u2, u3) with p = 1, 2, 3, 


Ou, üp ðu, | OuyOu» , Ou, Qus 
əx Ou, Ox Ou, Ox Juz OX 


Ou, üp ðu; Oy Ou» Oy Qus 


= = 1.2.3 
dy du, ðy ðu Oy | Qus Əy n 


Ou, Ou, ðu, | Ouy Ou» , Ou, OU3 
əz Ou; Oz ðu 0z Qus az 


Also, 

ð 
cı Vui l co Vu» H c3 Vua =|] c1 9 H Ch a H C3 ous i 
ax ox ax 
( Ou, Qu» i ( Qui Qu» x) 
Flo + C2 + C3 Jt+tca Fco + C3 k 
dy dy dy Oz Oz Oz 
and 


Qu ou ou 
ci Vu H C» Vu» H C3 Viz = Ci adl + C2 a) H C3 a i 
ox ox ox 


(f. 9n ,. 9m  _ 05. | (_ du) |, . ði _ 0s 
bipes ene + C3 j+ (c Fco + C3 k 


Equating coefficients of i, j, k in (3) and (4), 


Qui Qu» Qus Ou, Ou» lta 
"n ax us ax i: ax — 5 ox ne ox á ox 
Qui Qu» Qus Ou, Ou, _ Qua 
[4 ay C2 ay C3 ay =C] ay C2 ay C3 ay 
Qui Qu» Ou3 _ ð _ ðh Oui 
Ig 03m «3 la TG Od 


Substituting equations (2) with p = 1, 2, 3 in any of the equations (5) and equating coefficients of 


Qui Qu» Ou Qui Qu» Ou Qui Qu» Ou 
ax’ dx ax’ dy’ dy’ Oy Oz dz’ az 


on each side, we find 


. Ouj _ Oo UTE 
bec Qui c2 Qui i: Qui 
. Qi _ Ou» _ Oua 
SP Sel Qu» : Qu» i Qu» 
Ou; _ Ou» Ola 

€3 = C1 Eo C3 


which can be written 


[o Ou ð 
pca qe. 5. paha 
dup dup dup 
or 
3 =. 
_ Ou 
c= Das p=1,2,3 
=] p 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 
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Similarly, we can show that 


ð 
p=) ur P=L23 


(9) 


The above results lead us to adopt the following definition. If three quantities c1, c», c3 of a co-ordinate 
system (u1, u», u3) are related to three other quantities cj, C2, c3 of another coordinate system (uj, u2, 73) by 
the transformation equations (6), (7), (8), or (9), then the quantities are called components of a covariant 


vector or a covariant tensor of the first rank. 


In generalizing the concepts in this Problem and in Problem 7.33 to higher dimensional spaces, and in 
generalizing the concept of vector, we are led to tensor analysis which we treat in Chapter 8. In the process 
of generalization, it is convenient to use a concise notation in order to express fundamental ideas in compact 
form. It should be remembered, however, that despite the notation used, the basic ideas treated in Chapter 8 


are intimately connected with those treated in this chapter. 


7.35. (a) Prove that, in general, coordinates (uj, u2, u3), 


85 |8231 82 823 


831 832 833 


811 812 813 om. dr ar 2 
5 (= , Qu» 7 x) 


where g,, are the coefficients of du, du, in ds? (Problem 7.17). 
(b) Show that the volume element in general coordinates is „/g du; du» dus. 


Solution 


(a) From Problem 7.17, 


or — or Ox Ox | Oy Oy dz Oz 
—«,*Q,— . = t H 
Era NE Ou, uq  OupOu,  OupOu, =~ OU Og 


p.q=1, 2,3 


Then, using the following theorem on multiplication of determinants, 


4| a Q3 Aj Bj Ci EVI anA2 a3A3 a,B, aB2 a3B3 a1Ci a5 C3 


a 
bi bz b3 A» B5 C5 = bi Ay by A> b3A3 biB, b> Bo b3B3 b1Ci b5C5 
C 


Ci C2 C3 EC B3 C3 A1 C2À5 C3À3 cB, C7 B5 c3B3 c&C CoC 
we have 
àx Oy Op 
Qui Qui Qu, 
& or or) ax Oy à 


Qu» Qu» Qu» 
Ox oy az 
Qua Qua Qua 
Ox ody  Oz||Ox Ox Ox 
Qui Qui Qu; Qui Qu» Qua 
dx y az || ay dy al 811 812 $13 
B Qu» Qu» Qu» Qui Qu» Qua NL E 8&2 823 
Ox Oy Oz ||Oz Oz Oz $31 832 833 
Qua Qua Qua Qui Qu» Qua 


(b) The volume element is given by 


or or or 
dV = || — di *[—d —d = 
IG m) s. i) " (s. «) 


= /gdu; du» du, by part (a). 


or or or 
— + — X — 


du, du» d 
Qu, Qu» Qua oe 


a) 


a3C3 
b3C3 
C3 C3 


Note that VE is the absolute value of the Jacobian of x, y, z with respect to u1, u2, u3 (see Problem 7.13). 
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SUPPLEMENTARY PROBLEMS 


7.36. 


7.37. 


7.38. 


7.39. 


7.40. 


7.41. 


7.42. 


7.43. 
7.44. 


7.45. 


7.46. 
7.47. 


7.48. 


7.49. 
7.50. 
7.51. 
7.52. 


7.53. 


7.54. 


7.55. 


7.56. 


7.57. 


Describe and sketch the coordinate surfaces and coordinate curves for (a) elliptic cylindrical, (b) bipolar, and 
(c) parabolic cylindrical coordinates. 


Determine the transformation from (a) spherical to rectangular coordinates, (b) spherical to cylindrical 
coordinates. 


Express each of the following loci in spherical coordinates: (a) the sphere x? + y? + z? = 9; 
(b) the cone z? = 3(x? + y?; (c) the paraboloid z = x? + y’; (d) the plane z = 0; (e) the plane y = x. 


Suppose p, ¢, z are cylindrical coordinates. Describe each of the following loci and write the equation of each 
locus in rectangular coordinates: (a) p = 4, z 0; (b) p= 4; (c) 6= 7/2; (d) d= 7/3, z= 1. 


Suppose u, v, z are elliptic cylindrical coordinates where a = 4. Describe each of the following loci and write the 
equation of each locus in rectangular coordinates: 


(a) v = 7/4; (b) u = 0, z = 0; (c) u = In2, z = 2; (d) v = 0, z= 0. 


Suppose u, v, z are parabolic cylindrical coordinates. Graph the curves or regions described by each of the 
following: (a) u = 2, z = 0; (b)v = 1, z = 2; (c)1 <u < 2,2 < v < 3, z =0; (d1 <u<2,2<v<3,z=0. 


(a) Find the unit vectors e,, eg, and e, of a spherical coordinate system in terms of i, j, and k. 
(b) Solve for i, j, and k in terms of e,, eo, and eg. 


Represent the vector A = 2yi — zj + 3xk in spherical coordinates and determine A,, Ag, and Ag. 
Prove that a spherical coordinate system is orthogonal. 


Prove that (a) parabolic cylindrical, (b) elliptic cylindrical, and (c) oblate spheroidal coordinate systems are 
orthogonal. 


Prove è, = es + sin 0 bey, èg = —Üe, + cos 0 beg, eg = — sin 0 be, — cos 0 hep. 
Express the velocity v and acceleration a of a particle in spherical coordinates. 


Find the square of the element of arc length and the corresponding scale factors in 
(a) paraboloidal, (b) elliptic cylindrical, and (c) oblate spheroidal coordinates. 


Find the volume element dV in (a) paraboloidal, (b) elliptic cylindrical, and (c) bipolar coordinates. 

Find (a) the scale factors and (b) the volume element dV for prolate spheroidal coordinates. 

Derive expressions for the scale factors in (a) ellipsoidal and (b) bipolar coordinates. 

Find the elements of area of a volume element in (a) cylindrical, (b) spherical, and (c) paraboloidal coordinates. 


Prove that a necessary and sufficient condition that a curvilinear coordinate system be orthogonal is that g,, = 0 
for p # q. 


X, Y, Z 


Find the Jacobian J ( ) for (a) cylindrical, (b) spherical, (c) parabolic cylindrical, 


ui, U2, U3 
(d) elliptic cylindrical, and (e) prolate spheroidal coordinates. 


Evaluate [ffy vx + y? dx dy dz, where V is the region bounded by z = x? + y* and z = 8 — (x* + y?). Hint: Use 

cylindrical coordinates. 

Find the volume of the smaller of the two regions bounded by the sphere x? + y? + z? = 16 and the cone 
Denso TES, 

z eux y 


Use spherical coordinates to find the volume of the smaller of the two regions bounded by a sphere of radius a and 
a plane intersecting the sphere at a distance h from its center. 


7.58. 


7.59. 


7.60. 


7.61. 


7.62. 
7.63. 
7.64. 
7.65. 
7.66. 


7.67. 


7.68. 
7.69. 


7.70. 
7.71. 


7.72. 


7.73. 


7.14. 


7.75. 


7.16. 
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(a) Describe the coordinate surfaces and coordinate curves for the system 
Ds COR. E ; = 
x^ — y^ = 2u, COS uo, Xy = uj SİN Up, Z= u3 
; i X, Y, Z 
(b) Show that the system is orthogonal. (c) Determine J (=) for the system. (d) Show that u; and u are 
Uy, U2, U3 


related to the cylindrical coordinates p and ¢ and determine the relationship. 


Find the moment of inertia of the region bounded by x? — y? = 2, 2 — y? = 4, xy = 1, xy = 2, z = l and z = 3 
with respect to the z-axis if the density is constant and equal to x. Hint: Let x? — y? = 2u, xy = v. 


Find ór/90u,, or/du2, or/du3, Vui, Vu», Vus in (a) cylindrical, (b) spherical, and (c) parabolic cylindrical 


coordinates. Show that e; = Ej, e; = E», e3 = E; for these systems. 


Given the coordinate transformation u; = xy, 2u» = x? + y?, u3 = z. (a) Show that the coordinate system is not 
orthogonal. (b) Find (2) (c) Find ds?. 
Uy, U2, U3 


Find V6, div A and curl A in parabolic cylindrical coordinates. 

Express (a) Vy and (b) V- A in spherical coordinates. 

Find V? in oblate spheroidal coordinates. 

Write the equation (2° @/ax”) + (# ®/dy’) = d in elliptic cylindrical coordinates. 
Express Maxwell’s equation V x E = —(1/c)(0H/0f) in prolate spheroidal coordinates. 


Express Schroedinger’s equation of quantum mechanics V? y+ (87^ m/h”)[E — V(x, y, 2] = 0 in parabolic 
cylindrical coordinates where m, h, and E are constants. 


Write Laplace’s equation in paraboloidal coordinates. 


Express the heat equation 9U/8t = kV?U in spherical coordinates if U is independent of (a) $, (b) ¢ and 0, 
(c) r and t, (d) 4, 0, and t. 


Find the element of arc length on a sphere of radius a. 
Prove that in any orthogonal curvilinear coordinate system, div curl A = 0 and curl grad ® = 0. 


Prove that the surface area of a given region R of the surface r — r(u, v) is fav EG — F? du dv. Use this to 
determine the surface area of a sphere. 


Prove that a vector of length p, which is everywhere normal to the surface r — r(u, v), is given by 


(a) Describe the plane transformation x = x (u, v), y = y (u, v). 
(b) Under what conditions will the u, v coordinate lines be orthogonal? 


Let (x, y) be coordinates of a point P in a rectangular xy-plane and (u, v) the coordinates of a point Q in a rectangular uv- 
plane. If x — x(u, v), and y — y(u, v), we say that there is a correspondence or mapping between points P and Q. 


(a) If x = 2u + v and y = u — 2v, show that the lines in the xy-plane correspond to lines in the uv-plane. 
(b) What does the square bounded by x = 0, x = 5, y = 0, and y = 5 correspond to in the uv-plane? 
X, y 


^ 


(c) Compute the Jacobian J ( ) and show that this is related to the ratios of the areas of the square and its 


image in the wv-plane. 


Let x — 5 (ue — 1°), and y = uv. Determine the image (or images) in the uv-plane of a square bounded by 
x=0,x=1, y=0, y=1 in the xy-plane. 


CHAPTER 7 Curvilinear Coordinates 


7.77. Show that under suitable conditions on F and G, 


t 


| [ere dx dy = Jew | Fuse — u) du ( dt 
00 0 0 


Hint: Use the transformation x + y = t, x = v from the xy-plane to the vt-plane. The result is important in the 
theory of Laplace transforms. 


7.78. (a) Let x = 3u; + u2 — u3, y = uj + 2u5 + 2us, z = 2u, — u — ua. Find the volume of the cube bounded by 
x=0,x= 15, y = 0, y= 10, z= 0 and z = 5, and the image of this cube in the u1u»u3 rectangular coor- 
dinate system. 


(b) Relate the ratio of these volumes to the Jacobian of the transformation. 


7.79. Let (x, y, z) and (ui, u2, u3) be the rectangular and curvilinear coordinates of a point, respectively. 


(a) If x = 3u4 + uo — us, y = uj + 2u5 + 2us, z = 2u; — u — ua, is the system u4u»us3 orthogonal? 
(b) Find ds? and g for the system. 
(c) What is the relation between this and the preceding problem? 

a(x, y, z) 
(ui, u2, u3) 


7.80. Let x =u} + 2, y = ui t uo, z = ud — ui. Find (a) g and (b) the Jacobian J = Verify that J? = g. 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


7.36. (a) u = cı and v = c» are elliptic and hyperbolic cylinders respectively, having z-axis as common axis. z = c3 

are planes. See Fig. 7-7. 

(b) u = c, and v = c» are circular cylinders whose intersections with the xy-plane are circles with centers on the 
y- and x-axis, respectively, and intersecting at right angles. The cylinders u = c, all pass through the points 
(—a, 0, 0) and (a, 0, 0). z = c3 are planes. See Fig. 7-8. 

(c) u = c, and v = c» are parabolic cylinders whose traces on the xy-plane are intersecting mutually perpen- 
dicular coaxial parabolas with vertices on the x-axis but on opposite sides of the origin. z = c3 are planes. 
See Fig. 7-6. 
The coordinate curves are the intersections of the coordinate surfaces. 


DIL 
7.37. (a) r = yx? +y? +22, 0 = arc tan i umm in. 
x 


< 


(b) r= yP +2, 0= arc an^, docendi 
7.38. (a) r 23. 

(b) 0 — 7/6. 

(c) rsin? 0 = cos 0. 

(d) 0 = 77/2. 


(e) The plane y = x is made up of the two half planes ¢ = 7/4 and $ = 57/4. 


7.39. (a) Circle in the xy-plane x? + y? = 16, z = 0. 
(b) Cylinder x? + y? = 16 whose axis coincides with z-axis. 
(c) The yz-plane where y > 0. 
(d) The straight line y — fax, z = 1 where x > 0, y > 0. 


7.40. (a) Hyperbolic cylinder x? — y? — 8. 
(b) The line joining points (—4, 0, 0) and (4, 0, 0), that is, x = t, y = 0, z = 0 where —4 < t < 4. 
2 2 
(c) Ellipse = + y =1,z=2. (d) The portion of the x-axis defined by x > 4, y = 0, z = 0. 
7.41. (a) Parabola y? = —8(x — 2), z= 0. (b) Parabola y? 22x 4-1, z —2. (c) Region in xy-plane bounded by 
parabolas y? = —2(x — 1/2), y? = —8(x — 2), y? = 8(x + 2) and y? = 18(x + 9/2) including the boundary. 
(d) Same as (c) but excluding the boundary. 
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742. (a) &r= sin 0 cos ġi + sin 0 sin dj + cos Ok, eg = cos 0 cos di+ cos 0 sin dj — sin 6k 
eg = —sin di+ cos dj. 


(b) i= sin 0 cos de, + cos 0 cos deg — sin jeg, j= sin 0 sin e, + cos 0 sin peg + cos deg 


k = cos 6e, — sin 6e,. 


7.43. A = A,e, + Ages + Ages where 


A, = 2r sin? 0 sin cos $ — r sin 0 cos 0 sin $ + 3r sin 0 cos 0 cos $ 
Ag = 2r sin 0 cos 0 sin $ cos œ — r cos? 0 sin 9 — 3r sin? 0 cos $ 


Ag = —2rsin 0 sin? $ — r cos 6 cos $. 


7.47. V = v, e, + Voeg + Veeg where v, = F, Vo = ro, vg = rsin Od 


a= a,e, + ageg + agey where a, = P — r9? — rsin? og? 


ld 
ag = —— (r0) — r sin 0 cos 09, 
r dt 


MED UICE IE 
^ rsin bar” se) 


ao 


7.48. (a) ds? = (U? + v?)(du? + di?) + wv? dd’, hy = hy = Vi + 0?, hg = ww. 
(b) ds? = a? (sinh? u + sin? v)(du? + dv?) + dz, hy = hy = av sinh? u + sin? v, h, = 1. 
(c) ds? = a? (sinb? £+ sin? qd + dap) + a’ cosh’ é cos? n dẹ’, 
he = hy = ay sinh? £+ sin? 7, hg = a cosh € cos q. 


7.49. (a) uv? + v?) du dv dọ, (b) a (sinh? u + sin? v) dudvdz, (c) 


7.50. (a) hg = hy = ay sinh? é+ sin? n, hy = asinh£ sin n. 
(b) a3(sinh? £ 4- sin? n) sinh £ sin n dé dn d. 


à? du dv dz 
(cosh v — cos u)? ` 


7.52. (a) pdpdd, pdddx, dpdz, (b) rsin@ drd$, r^sin0 d0 dọ, r dr d0, 
(c) (w+ vdu dv, uv? +? du dd, uvvu +? dv d 


7.54. (a) p, (b) r?sin0, (c) u? +0, (d) a?(sinh? u + sin? v), (e) a? (sinh? é+ sin? gp sinh ¿sin n 


2567 64m2 — V2) T 
7.55. i 7.56. Per NM 7.57. 3 (2a° —3@h+h*), 7.58. (c) 4; (d uu 2 1p, m =2¢ 
7.59. 2k 
3 "d 
7.60. (a) T cos oi -- sin ó j, VS osea quendi: 
dp [x2 + y2 


or : I . —sin $ i 4- cos dj or 
— = —psin di+ pcos dj, Va = ; 
06 i dit pcos dj $ 5 x 
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D 
(b) Z7 sin 0 cos pi + sin 0 sin $j + cos 0k 
E 


a 
a= rcos 0 cos ¢i+rcos 6 sin ġj-— rsin 0k 


30 
or A TA i ; 
T —r sin 0 sin 0i + rsin 0 cos dj 
i ick 
y, =I US. Cid oos dri ossi 0j + cos 0k 
Vr+y+2 
Vv xait+yzj—G@?+y%)k cos cos i+ cos 0sin dj — sin 0k 
0 — — 
(x2 4 y? + z2) / x2 + y? r 
D yi+xj sin $i 4- cos dj 
pT py? c rsin 0 
à ài D) 
(c) Tzu + vj, == vi + uj, =k 
uit vj —vit+ uj 
Mu gd V E V.=k 


(xr + yd? + di) — 4xy du du» 
qe 


iP dui + dui) — 2u, dujdu» 
2(u3 — ui) 


1 
7.61. (b) y (c) d? — H duż = + dui 


vo 1 odo 1 ad od 
= e, 4 ey d e 
Jg + v2 ou Ju + v2 3v az ^ 


1 fa | = | E 
NEM cT. lal A PA) ex (V3 22] ' 


1 dA, oO 
curl A = — |l £ (vie | PA) | Vie + ve, 


7.62. 


u2 + v2 Ov Oz 
ðA 
ð ( u2 f 7A.) Z V + ve, 
az ou 
9 a 
21.2 2 4 42 
bil i vA) = y (V zd 
ap — l9. | 1| y 
7.63. (a) Vp = 8p "7r Lag een bab? 
Vs pow 1 aA 
vu 24,) 4 nos p 
(b) Bg curggo n A oo E 
1 ð ow 
7.64. Vy — i 
Y @ cosh & sinh? £ + sin? n) 8£ (o : x) 


1 a y 1 9 y 
! "PE "y eosam 2 2 
à? cos n( sinh? é+ sin^ n) 9 an à? cosh’ Ecos? 18$ 


7.65. —+—=a'(sinh’ u + sin? v)® 


Lb FË 
ðu? ov 


7.66. 


7.67. 


7.68. 


7.69. 


7.70. 
7.78. 
7.79. 
7.80. 
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1 à ð 
aRSi ||, (RE) gj GE) | 
ð ð ə 
— (SE) — — (RE = 
[56 é) az ose lÈ 
1 0H; 10H, 10H, 
c ot eg c Ot e c ot ed 


ð 
(SE,) = an Ep | es 


where R = sinh ésin n and S = ,/sinh? € + sin? n. 


1 il Py 8mm 


u? +02 | ðu ` a2) o2 ` m 


2 
uv? i (2) + pee (3) F a? 4 p A 
ðu \ ðu av \ dv ad 


QU [la(/,v\, 1 af, ,9U au fla’, 
@ % AG or) aoo (5) | OF =al or) | 


a QU, QU d ( ,dU 
i a = d= LAS = 
(c) sin 6 (sine a) ae? 0 ( T ( =) 0 


ax dx dyad 
ds? = a’[d@ + sin? 0dd?], — 7.74. (b) at YY 


av ðuðv — 
(a) 750, 75; (b) Jacobian = 10 wor, REOR 
(a) No, (b) ds? = 14du? + 6di + 6dud + 6duydu; — 6du, dus + 8duzdu3, g = 100 
(a) g = l6uzu, (b) J = 4uyus 


[E — W(u, v, 2] v = 0, where W(u, v, z) = V(x, y. z). 


CHAPTER 8 


Tensor Analysis 


8.1 Introduction 


Physical laws, if they are to be valid, must be independent of any particular coordinate system used to 
describe them mathematically. A study of the consequence of this requirement leads to tensor analysis, 
which is of great use in general relativity theory, differential geometry, mechanics, elasticity, hydrodyn- 
amics, electromagnetic theory, and numerous other fields of science and engineering. 


8.2 Spaces of N Dimensions 


A point in three-dimensional space is a set of three numbers, called coordinates, determined by specifying a 
particular coordinate system or frame of reference. For example (x, y, z), (p, $, z), (r, 0, p) are coordi- 
nates of a point in rectangular, cylindrical, and spherical coordinate systems, respectively. A point in 
N-dimensional space is, by analogy, a set of N numbers denoted by (x, x*,..., x") where 1, 2,..., N 
are taken not as exponents but as superscripts, a policy which will prove useful. 

The fact that we cannot visualize points in spaces of dimension higher than three has of course nothing 
whatsoever to do with their existence. 


8.3 Coordinate Transformations 


Let (xl, 32,..., xN) and (x!, 2,..., x) be coordinates of a point in two different frames of reference. 
Suppose there exists N independent relations between the coordinates of the two systems having the form 


x = x(Qx,x,...,x") 


x) = Fal, x... XA) 
(1) 
= Wl, 2) 
which we can indicate briefly by 
x = al, x., A k=1,2,...,N (2) 


where it is supposed that the functions involved are single-valued, continuous, and have continuous deriva- 
tives. Then, conversely to each set of coordinates Gl, xX, ..., xP), there will correspond a unique set 
(xl, x2,. .. , x) given by 


x -x(QGxx,.,x) kk =1,2,...,N (3) 


The relations (2) or (3) define a transformation of coordinates from one frame of reference to another. 
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Summation Convention 


Consider the expression a,x! + aox? + - - - + ayx™. This can be written using the short notation uM ajx’. 
An even shorter notation is simply to write it as ajx where we adopt the convention that whenever an index 
(subscript or superscript) is repeated in a given term, we are to sum over that index from 1 to N unless other- 
wise specified. This is called the summation convention. Clearly, instead of using the index j, we could have 
used another letter, say p, and the sum could be written a,x”. Any index that is repeated in a given term, so 
that the summation convention applies, is called a dummy index or umbral index. 

An index occurring only once in a given term is called a free index and can stand for any of the numbers 
1, 2,..., N such as k in equation (2) or (3), each of which represents N equations. 


8.4 Contravariant and Covariant Vectors 


Suppose N quantities A!, A*,..., AV ina coordinate system (x, x2, . .. , x") are related to N other quantities 
A,A ,...,A in another coordinate system (x!, X2,..., x") by the transformation equations 
N a 
= ox? 
A’ = Al’ p=1,2,...,N 
Ox 


which by the conventions adopted can simply be written as 


Avs ox? Aq 
oxa 
Then they are called components of a contravariant vector or contravariant tensor of the first rank or first 
order. To provide motivation for this and later transformations, see Problems 7.33 and 7.34. 
On the other hand, suppose N quantities Aj, A2,..., Ay in a coordinate system (x!, x*,..., x) are 
related to N other quantities A,, A», . . . , Ay in another coordinate system (x!, x”,..., x") by the transform- 
ation equations 


or 


Then they are called components of a covariant vector or covariant tensor of the first rank or first order. 
Note that a superscript is used to indicate contravariant components whereas a subscript is used to 
indicate covariant components; an exception occurs in the notation for coordinates. 
Instead of speaking of a tensor whose components are A? or Ap, we shall often refer simply to the tensor 
A? or Ap. No confusion should arise from this. 


8.5 Contravariant, Covariant, and Mixed Tensors 


Suppose N? quantities A% in a coordinate system (x!, x?, . . . , x) are related to M? other quantities A". in 
another coordinate system (x!, x7, . . ., x") by the transformation equations 
ae 
Il ax? ox” 
pr. Gee. VY AS = 
A" = aa^ HL BN 
s=1 g=1 
or 
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by the adopted conventions, they are called contravariant components of a tensor of the second rank 
or rank two. 
The N? quantities A,; are called covariant components of a tensor of the second rank if 


— Ox? dxs 


BOS Ox axe T 


Similarly, the N? quantities A1 are called components of a mixed tensor of the second rank if 


-p _ xP ax® 
r Ox ox” 5 


Kronecker Delta 
The Kronecker delta, denoted by 5/ , is defined as follows: 


si [0 ifj#k 
k= 1 ifj=k 


As its notation indicates, it is a mixed tensor of the second rank. 


8.6 Tensors of Rank Greater Than Two, Tensor Fields 


Tensors of rank three or more are easily defined. Specifically, for example, AY are the components of a 
mixed tensor of rank 5, contravariant of order 3 and covariant of order 2, where they transform according 
to the relations 


erm ax? Ox" Ox" Ox Ax! gs 
ï ' x4 ax’ axt ax! axl " 


Scalars or Invariants 


Suppose d is a function of the coordinates x^, and let $ denote the functional value under a transformation 
to a new set of coordinates x^. Then 4 is called a scalar or invariant with respect to the coordinate trans- 


formation if @ = d. A scalar or invariant is also called a tensor of rank zero. 


Tensor Fields 


If to each point of a region in N-dimensional space there corresponds a definite tensor, we say that a tensor 
field has been defined. This is a vector field or a scalar field according as the tensor is of rank one or zero. It 
should be noted that a tensor or tensor field is not just the set of its components in one special coordinate 
system but all the possible sets under any transformation of coordinates. 


Symmetric and Skew-Symmetric Tensors 


A tensor is called symmetric with respect to two contravariant or two covariant indices if its components 
remain unaltered upon interchange of the indices. Thus, if Aj?” = AJ", the tensor is symmetric in m and p. 
If a tensor is symmetric with respect to any two contravariant and any two covariant indices, it is called 


symmetric. 
A tensor is called skew-symmetric with respect to two contravariant or two covariant indices if its 
components change sign upon interchange of the indices. Thus, if A77" = —AP*", the tensor is skew- 


symmetric in m and p. If a tensor is skew-symmetric with respect to any two contravariant and any 
two covariant indices, it is called skew-symmetric. 
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8.7 Fundamental Operations with Tensors 


The following operations apply. 


1. Addition. The sum of two or more tensors of the same rank and type (i.e. same number of contra- 
variant indices and same number of covariant indices) is also a tensor of the same rank and type. 
Thus, if AY and By are tensors, then oe = ATE + B is also a tensor. Addition of tensors is 
commutative and associative. 

2. Subtraction. The difference of two tensors of the same rank and type is also a tensor of the same 
rank and type. Thus, if A7? and B7" are tensors, then D7" = A7? — B7" is also a tensor. 

3. Outer Multiplication. The product of two tensors is a tensor whose rank is the sum of the ranks of 
the given tensors. This product, which involves ordinary multiplication of the components of the 
tensor, is called the outer product. For example, A B? = CT" is the outer product of A7" and BY’. 
However, note that not every tensor can be written as a product of two tensors of lower rank. For 
this reason, division of tensors is not always possible. 

4. Contraction. If one contravariant and one covariant index of a tensor are set equal, the result 
indicates that a summation over the equal indices is to be taken according to the summation 
convention. This resulting sum is a tensor of rank two less than that of the original tensor. The 
process is called contraction. For example, in the tensor of rank 5, Ages set r — to obtain 
AG? = Bj”, a tensor of rank 3. Further, by setting p = q, we obtain Bj" = C"', a tensor of rank 1. 

5. Inner Multiplication. By the process of outer multiplication of two tensors followed by a contrac- 
tion, we obtain a new tensor called an inner product of the given tensors. The process is called 
inner multiplication. For example, given the tensors A7" and B; the outer product is Ag” Bg- 
Letting q =r, we obtain the inner product A7"B7. Letting q — r and p= s, another inner 
product A7"B,, is obtained. Inner and outer multiplication of tensors is commutative and 
associative. 

6. Quotient Law. Suppose it is not known whether a quantity X is a tensor or not. If an inner 
product of X with an arbitrary tensor is itself a tensor, then X is also a tensor. This is called the 
quotient law. 


8.8 Matrices 


A matrix A of order m by n is an array of quantities a,,, called elements, which are arranged in m rows and 
n columns and generally denoted by 


aj dio +++) Ain aj dio c^ Ain 
a 422 ::* An a 022 t an 
or 
ml Am2 t5 Am m] Am2 MURUS, Amn 
or in abbreviated form by [apq] or (apq), p = 1,..., m; q = l,..., n. We use the former notation, [apq], 


unless otherwise stated or implied. If m = n, the matrix is a square matrix of order u or simply order m. 
If m = 1, it is a row matrix or row vector; if n = 1, it is a column matrix or column vector. 

The diagonal of a square matrix containing the elements a11, 422, ..., Amm is called the principal or main 
diagonal. A square matrix whose elements are equal to one in the principal diagonal and zero elsewhere 
is called a unit matrix and is denoted by I. A null matrix, denoted by O, is a matrix whose elements are 
all zero. 


Matrix Algebra 


Suppose A = [ap;] and B = [b,,] are matrices having the same order (m by n). Then the following 
definitions apply: 
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(1) A= B if aj; = by, for all p and q. 
(2) The sum S and difference D of A and B are the matrices defined by 


S=A+B= [aq + b], D=A—B = [ap — by]. 


That is, the sum S = A + B [difference D = A — B] is obtained by adding (subtracting) corre- 
sponding elements of A and B. 

(3) The product of a scalar A by a matrix A = [apq], denoted by AA, is the matrix [Aap;] where each 
element of A is multiplied by A. 

(4) The transpose of a matrix A is a matrix A’, which is formed from A by interchanging its rows and 
columns. Thus, if A = [apq], then A’ = [agp]. 


Matrix Multiplication 


Now suppose A and B are two matrices such that the number of columns of A is equal to the number of rows 
of B, say A is an m x p matrix and B is a p x n matrix. Then the product of A and B is defined and the 
product, denoted by AB, is the matrix whose ij-entry is obtained by multiplying the elements of row i of 
A by the corresponding elements of column j of B and then adding. Thus, if A = [aj,] and B = [by], 
then AB = [c;;] where 


p 
ci; = ai bij + anb + +++ + Aipb pj = ) aibi 
=I 


> 


Matrices whose product is defined are called conformable. 


Determinants 


Consider an n-square matrix A = [a;;]. The determinant of A is denoted by |A|, det A, |a,j|, or det [a;;]. The 
reader may be familiar with the definition of det A when n < 3. The general definition of det A follows: 


|A| = (sgn 9)4160)0260) +++ Ano(n) 
g€S, 


Here S, consists of all permutations ø of (1, 2,..., n}, and sign o = +1 according as ø is an even or odd 
permutation. 
One main property of the determinant follows. 


PROPOSITION 8.1: Let P = AB where A and B are n-square matrices. Then 
det P = (det A)(det B) 
Inverses 
The inverse of a square matrix A is a matrix, denoted by A^, such that 
AA =A'A=I 


where / is the unit matrix. A necessary and sufficient condition that A^! exists is that det A # 0. If det A = 0, 
then A is called singular, otherwise A is called nonsingular. 
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8.9 Line Element and Metric Tensor 


The differential of arc length ds in rectangular coordinates (x, y, z) is obtained from ds? = dx? + dy? + dz’. 
By transforming to general curvilinear coordinates (see Problem 7.17), this becomes 


3 
ds? = 3 25 8pq dup du, 


p=1 q=! 


Such spaces are called three-dimensional Euclidean spaces. 
A generalization to N-dimensional space with coordinates (xl, x7,..., x”) is immediate. We define the 
line element ds in this space to be given by the quadratic form, called the metric form or metric, 


N N 


ds’ = 25 X gpg dx" dx? 


p-l q=1 
or, using the summation convention, 
m P qud 
ds^ = gy, dx" dx 


In the special case where there exists a transformation of coordinates from x/ to x* such that the metric 
form is transformed into (dX!) + (dx?) + -- - + (dX? or dx*dx*, then the space is called N-dimensional 
Euclidean space. In the general case, however, the space is called Riemannian. 

The quantities g,, are the components of a covariant tensor of rank two called the metric tensor or funda- 
mental tensor. We can, and always will, choose this tensor to be symmetric (see Problem 8.29). 


Conjugate or Reciprocal Tensors 
Let g = | £pl denote the determinant with elements g,, and suppose g # 0. Define g”! by 


. cofactor of gj, 
8 


g^ 


Then £7 is a symmetric contravariant tensor of rank two called the conjugate or reciprocal tensor of gy, 
(see Problem 8.34). It can be shown (see Problem 8.33) that 


gg, = Ô 


8.10 Associated Tensors 


Given a tensor, we can derive other tensors by raising or lowering indices. For example, given the tensor 
Apq, by raising the index p, we obtain the tensor A^, the dot indicating the original position of the moved 
index. By raising the index q also, we obtain A77. Where no confusion can arise, we shall often omit the 
dots; thus A74 can be written A??. These derived tensors can be obtained by forming inner products of 
the given tensor with the metric tensor g,, or its conjugate g1. Thus, for example 


AG = g" Arg, AP = g"g"A,, EU = gig AT, Age = g gong" ATS, 
These become clear if we interpret multiplication by g? as meaning: let r = p (or p = r) in whatever 
follows and raise this index. Similarly, we interpret multiplication by g,, as meaning: let r= q 
(or q = r) in whatever follows and lower this index. 
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All tensors obtained from a given tensor by forming inner products with the metric tensor and its con- 
jugate are called associated tensors of the given tensor. For example A” and A,, are associated tensors, the 
first are contravariant and the second covariant components. The relation between them is given by 


Ap = 8pqA? or A? =g?A, 


For rectangular coordinates gj, = 1 if p = q, and O if p#q, so that A, = A", which explains why no 
distinction was made between contravariant and covariant components of a vector in earlier chapters. 


8.11 Christoffels Symbols 


The following symbols 


| l(8gp., Ogqr — Ogpa 
d x Te o 


| | = g" [pq. r] 
Pq 


are called the Christoffel symbols of the first and second kind, respectively. Other symbols used instead 
of E | are {pq, s} and T; q The latter symbol suggests, however, a tensor character, which is not true 


in general. 


Transformation Laws of Christoffel's Symbols 
Suppose we denote by a bar a symbol in a coordinate system x*. Then 
ax? dx? ax" ax? 8x1 
ax! ax® ax” SP gem xig 
n| [s Ox” Ox? OxI Ox" Qix4 
jk] | pq J 3x5 ad axk © àx« ax'ox* 


Lik, m] = [pq, r] 


are the laws of transformation of the Christoffel symbols showing that they are not tensors unless the second 
terms on the right are zero. 


8.12 Length of a Vector, Angle between Vectors, Geodesics 


The quantity A’B,, which is the inner product of A" and B,, is a scalar analogous to the scalar product in 
rectangular coordinates. We define the length L of the vector A? or A, as given by 


I? = APA, = g"A,A, = go, AP AT 
We can define the angle 0 between A" and B, as given by 


APB, 


J (APA, )(B?B,) 


cos 0 = 


Geodesics 


The distance s between two points ft; and f» on a curve x” = x'(t) in a Riemannian space is given by 
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That curve in the space, which makes the distance a minimum, is called a geodesic of the space. By use of 
the calculus of variations (see Problems 8.50 and 8.51), the geodesics are found from the differential 
equation 
d r |d? dxi | 
d?  |pa 
where s is the arc length parameter. As examples, the geodesics on a plane are straight lines whereas the 
geodesics on a sphere are arcs of great circles. 


Physical Components 


The physical components of a vector A” or Ap, denoted by A,, Ay, Aw, are the projections of the vector on the 
tangents to the coordinate curves and are given in the case of orthogonal coordinates by 


Ai A» EC 
——, A, = /85A = ——, Ay = 834^ = 
Lm $22 fo §33 "gi 


Similarly, the physical components of a tensor A”? or Aj, are given by 


Au = mi = 


An 12 A12 
Am = gii A! ———— Aw = /21182A C 
$11 A/ 811822 


8.13  Covariant Derivative 


A13 
Auw = /g1g33AP = ————, ete. 
A/ 811833 


The covariant derivative of a tensor A, with respect to x? is denoted by A,,, and is defined by 


a covariant tensor of rank two. 
The covariant derivative of a tensor A" with respect to x? is denoted by A and is defined by 


3AP 
A = « P le 
2 


a mixed tensor of rank two. 

For rectangular systems, the Christoffel symbols are zero and the covariant derivatives are the usual 
partial derivatives. Covariant derivatives of tensors are also tensors (see Problem 8.52). 

The above results can be extended to covariant derivatives of higher rank tensors. Thus 


Pi'Pm 
PvUps = DAD E 
ritn, q əxa 
$ pvp $ Pip $ pvp 
E Amr v AU d CE A 
rıq Tq Td 
Pı 5 P2 Pm 
Sp2:Pm DASp3: Pm Vue Di Pmn-5 
+ APE Pn p |^ LAISSER g... APP 
qs qs qs 


is the covariant derivative of mr with respect to x4. 

The rules of covariant differentiation for sums and products of tensors are the same as those for ordinary 
differentiation. In performing the differentiations, the tensors gp, g?4, and o, may be treated as constants 
since their covariant derivatives are zero (see Problem 8.54). Since covariant derivatives express rates of 
change of physical quantities independent of any frames of reference, they are of great importance in 
expressing physical laws. 
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8.14 Permutation Symbols and Tensors 


The symbol e,,, is defined by the following relations: 
€123 = ezi = €312 = +1, C213 = €132 = 321 — —l, epr = 0 


if two or more indices are equal. 

The symbol e”?" is defined in the same manner. The symbols epqr and e" are called permutation symbols 
in three-dimensional space. 

Further, let us define 


1 
Épgr = — € 
pqr Va pqr» 
8 


It can be shown that €q; and €" are respectively, covariant and contravariant tensors, called permutation 
tensors in three-dimensional space. Generalizations to higher dimensions are possible. 


e?" — A/ge" 


8.15 Tensor Form of Gradient, Divergence, and Curl 


1. Gradient. If &b is a scalar or invariant, the gradient of ® is defined by 


| 0o 


EET 


V® = grad P= Ë, 


where 6, is the covariant derivative of ® with respect to x^. 


2. Divergence. The divergence of A” is the contraction of its covariant derivative with respect to x^, 
i.e. the contraction of A’. Then 
div A? — A, = zi ES (/gA*) 
Jg àx* 


0A JA 
E 2 a tensor of rank two. The curl is also defined 


3. Curl. The curl of A, is Aj, — A; = T 
x x 


as —e?" A, | 
4. Laplacian. The Laplacian of ® is the divergence of grad ® or 
1 9 z OD 
P Ms Jk ^7. 
uU (vs : ss) 
In case g < 0, ,/g must be replaced by ,/—g. Both cases g > 0 and g < 0 can be included by 
writing 4/|g| in place of ,/g. 


V?o = div ® 


8.16 Intrinsic or Absolute Derivative 


OAp 
The intrinsic or absolute derivative of A, along a curve x? = e denoted by "ee is defined as the inner 


dx? 
product of the covariant derivative of A, and — dr , that is A , and is given by 


Pr 
8A, dA, [rr], dé 
t dt Pa| ' dt 


Similarly, we define 


6A? _ dA" P \ar dx? 
& — dt qr dt 
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The vectors A, or A? are said to move parallelly along a curve if their intrinsic derivatives along the curve 
are zero, respectively. 
Intrinsic derivatives of higher rank tensors are similarly defined. 


8.17 Relative and Absolute Tensors 


A tensor A7! 7" is called a relative tensor of weight w if its components transform according to the equation 


l4 8 ax us BED ax m Ox4"» əx"! " Ox!" 
wow Ola ores quer ated gx” 
Ox] . : A : ; 
where J = B is the Jacobian of the transformation. If w = 0, the tensor is called absolute and is the type of 
x 


tensor with which we have been dealing above. If w — 1, the relative tensor is called a tensor density. The 
operations of addition, multiplication, etc., of relative tensors are similar to those of absolute tensors. See, 
for example, Problem 8.64. 


SOLVED PROBLEMS 


Summation Convention 


8.1. Write each of the following using the summation convention. 


ð 
(a) do = ot as! I +. VEN : S dx, (d) d= gu(dxly + gay (dx? + gas (diy? 
d^. xtd ox de 9x* dx 
b) & = ,L Sr de" p 
bh scc ub pH E on (e) Y S vd xP dx 


p=1q=1 


(c) KP +0? + OY aA 


Solution 
ab, dxk ax dx” 
A dij es HM kk 
QAO ge Oe ae ge Qe 
(d) ds* = kk dx*dx*, N = 3, (e) gp, dx? dx*, N = 3 


8.2. Write the terms in each of the following indicated sums. 


a dx! ax* 
(a) ajx“, (b) Ap A’, (c) Ers = Sik — ox” oe ? N = 3 
Solution 
" N i ; : 
(a X apt = aix! + apx! ax", (b) Y AgAT = Api AY + AAT + +--+ ApwA™ 
k=l qal 
3 3 jak 
_ ax! ax 
© &.— 2,2, S a 
j=l k=l 
_ Y ax! ax! àx ax? l ax! x 
E j=l Sara Saa P E 
ax! ax! ax2 dx! 8? ax! 
= gi dx ae F 821 arae | $31 ax. ae 
ax! ax? x? ax? Ax? ax? 
Page gara 5 ae ae 
ax! ax? ax? ax? ax? ae 


arae Via Gat Oa oe 
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8.3. 


Suppose x, k= 1,2,..., N,are rectangular coordinates. What locus, if any, is represented by each 
of the following equations for N = 2, 3, and N > 4. Assume that the functions are single-valued, 
have continuous derivatives and are independent, when necessary. 


(a) a,x* = 1, where a; are constants (c) x* = x*(u) 
(b) xx = 1 (d) x* = x*(u, v) 
Solution 


(a) For N = 2, a,x! + ax? = 1, a line in two dimensions, that is, a line in a plane. 


For N = 3, aix! + ax? + a3x? = 1, a plane in three dimensions. 


For N > 4, aix! + ax? +--+ + ayx = 1 is a hyperplane. 
(b) For N = 2, (x! + @’)? = 1, a circle of unit radius in the plane. 
For N = 3, (x! + Q2Y + Q3)? = 1, a sphere of unit radius. 
For N > 4, (x! + Q2Y +--+ (XP? = 1, a hypersphere of unit radius. 


(c) For N = 2, x! = x! (u), x? = x^(u), a plane curve with parameter u. 
For N = 3, x! = x! (u), x? = x?(u), x? = x(u), a three-dimensional Space curve. 


For N > 4, an N-dimensional space curve. 


(d) For N = 2, x! = x! (u, v), x? = x(u, v) is a transformation of coordinates from (u, v) to (xl, x2). 


For N = 3, x! = x!(u, v), x? = x?(u, v), x = x(u, v) is a three-dimensional surface with parameters u 
and v. 


For N > 4, a hypersurface. 


Contravariant and Covariant Vectors and Tensors 


8.4. 


8.5. 


Write the law of transformation for the tensors (a) A! jc (b) Brie (C). C^, 
Solution 
ax? ax! àx* 
(a) Aj, = ik 
‘Ox! ART ax” H 
As an aid for remembering the transformation, note that the relative positions of indices p, q, r on the left side 
of the transformation are the same as those on the right side. Since these indices are associated with the x coor- 
dinates and since indices i, j, k are associated, respectively, with indices p, q, r, the required transformation is 
easily written. 
= ax? ax Ax! Ax! xk pa ax? 
(b) B = aaa (CO u.c" 
) Ox” Ox" ax av ax Y Ox" 
A quantity A(j, k, l, m), which is a function of coordinates xl, transforms to another coordinate 


system x' according to the rule 


ax! 3x1 Ox" ax 


apio ax? axk ax! ax Pet 


(a) Is the quantity a tensor? (b) If so, write the tensor in suitable notation and (c) give the contra- 
variant and covariant order and rank. 
Solution 


(a) Yes, (b) AP", (c) Contravariant of order 3, covariant of order 1 and rank 3 + 1 = 4 
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8.6. Determine whether each of the following quantities is a tensor. If so, state whether it is contravariant 


8.7. 


2 TG 8d(xl,..., xN 
or covariant and give its rank: (a) dx*, (b) Ss 
x 
Solution 
20 8x) 
(a) Assume the transformation of coordinates x/ = x/(x!,...,x). Then dx/ = "I and so dx* is a contra- 
x 


(b) 


variant tensor of rank one or a contravariant vector. Note that the location of the index k is appropriate. 


Under the transformation x* = x*(xl,..., x"), @ is a function of x* and hence xÝ such that 

pal, ..., x0) = d(xl,..., X), that is, $ is a scalar or invariant (tensor of rank zero). By the chain rule 
dd ə Od əx ox A a —  dxk 8 

for partial differentiation, $ = $ = i ad =— $ and $ transforms like A; = —A,. Then ag 
ax! Ox ~—axk ax! ao axk ax! axk 


is a covariant tensor of rank one or a covariant vector. 


Note that in i. the index appears in the denominator and thus acts like a subscript which indicates its 
x 


: 9 ; . 
covariant character. We refer to the tensor oe or equivalently, the tensor with components as the 
x 


k a 
gradient of ¢, written grad ¢ or V¢. 


A covariant tensor has components xy, 2y — z?, xz in rectangular coordinates. Find its covariant 
components in spherical coordinates. 


Solution 


Let A; denote the covariant components in rectangular coordinates xlb=x,x 


? — y, x3 = z. Then 


Aj =xy= xà, A= 2y — P= — wy), A3 = xl 


where care must be taken to distinguish between superscripts and exponents. 


Let A, denote the covariant components in spherical coordinates x! = r, x? = 0, 3? = ġ. Then 


= ax! 
Ay = age (1) 


The transformation equations between coordinate systems are 


x! =x! sin xX cos X, xX =x! sinx sinx’, X =x! cos X 


Then equations (1) yield the required covariant components 


= (sin? cos x*)(x! x”) + (sinx? sinxX*)(2x? — (x°)*) + (cos xalx) 
= (sin 0 cos d)(r? sin? 0 sin $ cos ¢) 
+ (sin 0 sin Q)(2r sin 0 sin $ — r? cos? 0) 


+ (cos 0)? sin 0 cos 0 cos œ) 


Se ax! ax? ax? 
ZA st A24 2 
ox ax? ox 


= (r cos 0 cos ¢)(7’ sin? 0 sin $ cos $) 


A3 


+ (r cos 0 sin $)(2r sin 0 sin $ — r° cos? 6) 


+ C rsin 0)(r? sin 0 cos 0 cos ¢) 
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= (=r sin 0 sin $)(r? sin? 0 sin $ cos $) 


+ (r sin 0 cos d)(2rsin 0 sin $ — r° cos? 0) 


+ (0)(r sin 0 cos 0 cos p) 


dA, . : > 
8.8. Show that oa is not a tensor even though A, is a covariant tensor of rank one. 


Solution 
ox? 


By hypothesis, A; = = 
T 


Ap. Differentiating with respect to x*. 


dAj ax? Ay PP Ax? 0A, QU PP ax? av JA, P 


ax av axk ox a " ax ax? axk oax'av "  avax oc  ox'a ? 


! 0A 
Since the second term on the right is present, Eu does not transform as a tensor should. Later, we shall show 
x 
how the addition of a suitable quantity to —2 causes the result to be a tensor (Problem 8.52). 
q y dx4 
x 


8.9. Show that the velocity of a fluid at any point is a contravariant tensor of rank one. 


Solution 
; ; ; ie m 
The velocity of a fluid at any point has components p in the coordinate system x*. In the coordinate system X7, 


dxi 
the velocity is x But, by the chain rule, 
dx! ax! dx* 
dt ax* dt 
and it follows that the velocity is a contravariant tensor of rank one or a contravariant vector. 
The Kronecker Delta 
8.10. Evaluate (a) o, AT, (b) 0707. 
Solution 
Since 6? = 1 if p = q and 0 if p # q, we have 


(a) SPAY = AP^, — (b) 801 = 8^ 


ax? 
8.11. Show that — = 6?. 
Ox 4 
Solution 
Ox? . ax? , ; 
If p =q, — = 1 since x? = x?. If p # q, — = 0 since x? and x? are independent. 
Ox Ox 
p 
Then EE =% 


axı 7 
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x? ax4 
8.12. Prove that ae dy = ð. 
Ox? ax" r 


Solution 


Coordinates x? are functions of coordinates x7, which are in turn functions of coordinates x”. Then, by the chain 
rule and Problem 8.11, 


OxP OXP OXI 


ax’ alaw C 


= Ox? Ox? — 
8.13. Let A? = 2" 42. Prove that A? = Č AP. 
oxa Ox 


x? 
Solution 
EN ox? Ox" 
Multipl tion A” = 1 by — 
ultiply equation Te y LE 
Ox" -p Ox dx? A B 
Then —A = ———A4-— à, A‘ = A" by Problem 8.12. Placing r = q, the result follows. This indicates 
ax? Ox? OxI 


that in the transformation equations for the tensor components, the quantities with bars and quantities 
without bars can be interchanged, a result which can be proved in general. 


8.14. Prove that 9, is a mixed tensor of the second rank. 
Solution 


If a is a mixed tensor of the second rank, it must transform according to the rule 


0x! ax? 
The right side equals — ag age = ôl by Problem 8.12. Since & = = ôl = = lifj =k, andOifj z k, it follows that a 


is a mixed tensor of rank two, justifying the notation used. 
Note that we sometimes use 6,, = 1 if p = q and O if p z q, as the Kronecker delta. This is, however, not a 
covariant tensor of the second rank as the notation would seem to indicate. 
Fundamental Operations with Tensors 
8.15. Suppose A77 and B? are tensors. Prove that their sum and difference are tensors. 
Solution 


By hypothesis A77 and B?4 are tensors, so that 


ax! ax* ax” 


Al m a hoe nd B= Z BM 
/ Ax? x4 ax! ax? ada o" 
Adding, 
—k oi ax! ax* ax” 
Al Bk APT 4 BPI 
Ai 1)= xP Ax4 a Ar r) 
Subtracting, 
-jk j ax! ax* ax" 
Al p= API — BPI 
A 1)= Ox? àxi ax Ar p) 


Then A7? + BP? and A7? — B? are tensors of the same rank and type as A77 and BP, 
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8.16. Suppose A?! and BY are tensors. Prove that Cf" = A"4B' is also a tensor. 
Solution 


We must prove that C7" is a tensor whose components are formed by taking the products of components of 
tensors A77 and By. Since A77 and B; are tensors, 


EE ax! ax* ax” m ax" ox! 
A =Z Z A AP" and B= Zp 
|o axP axa axl ^ a " axs ax”! 
Multiplying, 
. IJ avk ayr aum 
ape ax! ax” ax" ax" ax apps 


^ ^ 9xP Ox? ax! ax’ ax” ' 


which shows that A?’B* is a tensor of rank 5, with contravariant indices p, q, s and covariant indices r, t, thus 
warranting the notation C77". We call C7 = AP4B the outer product of AP4 and B5. 


8.17. Let A?! be a tensor. (a) Choose p = t and show that A77, where the summation convention is 
employed, is a tensor. What is its rank? (b) Choose p — t and q — s and show similarly that An 
is a tensor. What is its rank? 


Solution 
(a) Since A’ is a tensor, 


A . RI AE av ac àv ay, (1) 
Im^ AxP axe ax! ax" gx" (v 


We must show that AS, is a tensor. Place the corresponding indices j and n equal to each other and sum 


over this index. Then 


uk _ OR! ark ax’ ax’ axl Q^ Oxi del OFE OC, 
imp; - OxP Ox4 ax! ax" axi rst ~~ axi OxP 3x4 ax! ax" rst 
sk avr oa. —k yur s 
_ g OX" ax ox pq — & Ox" Ox’ T 
P 9x4 ox! Ox” rst axd ax! gx" rsp 


and so AN, is a tensor of rank 3 and can be denoted by B7.. The process of placing a contravariant index 
equal to a covariant index in a tensor and summing is called contraction. By such a process a tensor is 
formed whose rank is two less than the rank of the original tensor. 


(b We must show that An, is a tensor. Placing j = n and k = m in equation (1) of part (a) and summing over j 
and k, we have 


six O aR Ax" ax ax! Q _ ax! OR ax’ aK ax”, 
Ti “xp axa axl axk axl" ~ al ax? ox av ax 75 
—88 Ox" qpa = Ox" apa 


pq ax! rst T ax! rqp 


which shows that An, is a tensor of rank one and can be denoted by C,. Note that by contracting twice, the 
rank was reduced by 4. 


8.18. Prove that the contraction of the tensor AL is a scalar or invariant. 
Solution 


We have 


8.19. 


8.20. 


8.21. 
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Putting j = k and summing, 


Then A’ = A? and it follows that A? must be an invariant. Since A” is a tensor of rank two and contraction 
with respect to a single index lowers the rank by two, we are led to define an invariant as a tensor of rank zero. 


Show that the contraction of the outer product of the tensors A? and B, is an invariant. 


Solution 
a ax! _ 3x1 

Since A” and B, are tensors, A= s AP, B, — ad B,. Then 

Ox? Ox 

gp, F yp 
ax axt 1 

By contraction (putting j = k and summing) 

EN ax! àx4 

Tp. c EET p p 
AB; — aa? agit By = = OjA B, =A’B, 


and so APB, is an invariant. The process of multiplying tensors (outer multiplication) and then contracting is 
called inner multiplication and the result is called an inner product. Since A? B, is a scalar, it is often called the 
scalar product of the vectors A? and B,. 


Show that any inner product of the tensors A? and B7' is a tensor of rank three. 


Solution 


Outer product of A? and B7 = A? BF. 
Let us contract with respect to indices p and f, that is, let p = t and sum. We must show that the resulting 
inner product, represented by ALBI, is a tensor of rank three. 


By hypothesis, A? and B7' are tensors; then 


ELLE NEL 
k apar U 7 agde 
Multiplying, letting j — n and summing, we have 
xp" av av ax ax" ax pot 
Kd axe ark axa oe gU "^! 
, 0x" ax! ax" pak 
m xd axs ^" f 
ax” ax! ax” P 


~ xk ax dc ^? 
showing that ALB? i is a tensor of rank three. By contracting with respect to g and r or s and r in the product 


AP BH, we can similarly show that any inner product is a tensor of rank three. 


Another Method. The outer product of two tensors is a tensor whose rank is the sum of the ranks of the given 
tensors. Then A? B% is a tensor of rank 3 + 2 = 5. Since a contraction results in a tensor whose rank is two less 
than that of the given tensor, it follows that any contraction of A? B" is a tensor of rank 5 — 2 = 3. 


Let X(p, q, r) be a quantity such that X(p, q, r)B?" = 0 for an arbitrary tensor B7". Prove that 
X(p, q, r) = 0 identically. 


Solution 


Since B?” is an arbitrary tensor, choose one particular component (say the one with q = 2, r = 3) not equal to 
zero, while all other components are zero. Then X(p, 2, 3)B3" = 0, so that X(p, 2, 3) = 0 since B? z 0. By 
similar reasoning with all possible combinations of q and r, we have X(p, q, r) = 0 and the result follows. 
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8.22. Suppose in the coordinate system x^, a quantity A(p, q, r) is A(p, q, r)B7' = C; where BY is an 
arbitrary tensor and C; is a tensor. Prove that A(p, q, r) is a tensor. 


Solution 


In the transformed coordinates x', AÇ, k, DB, = C. 


— aR AR” AN pgs ms OR” ax? "-— 
en — A a 
S D aa tie Gel ag e a gu odes 
or 
Ox" ox” — 
AG, k 1 aA D [BY =0 
De ap ax A FD 7 quA »| 


A A 


o. a. 
Inner multiplication by a (i.e. multiplying by ai and then contracting with t = m) yields 
x 


ax* ax ax? 
oo) k, 1 aj BY = 
p Gi, k, D— w.a] 0 
or 


E ax" 


Ox? 
—A k, I a^ B” = 
OC AG. k D - ZAO. d. »| 0. 


Since B7" is an arbitrary, tensor, we have by Problem 8.21, 


0x* ax! — 
k, 1 - =A ,r)-0 
Da AQ. k, D) (p. q,r) 
x1 ax" 
Inner multiplication by xr yields 
= Ox? 3x1 ax" 
k ony A 
6,0, AQ, k, D) — aul ax On A(p, q, r) = 
or 
ax? 0x1 ax” 
A 2 
Oe) Sai ae ag Cee 


which shows that A(p, q, r) is a tensor and justifies use of the notation A’. 
In this problem we have established a special case of the quotient law which states that if an inner product of 
a quantity X with an arbitrary tensor B is a tensor C, then X is a tensor. 


Symmetric and Skew-Symmetric Tensors 


8.23. Suppose a tensor A7" is symmetric (skew-symmetric) with respect to indices p and q in one coordinate 
system. Show that it remains symmetric (skew-symmetric) with respect to p and q in any coordinate 
system. 


Solution 


Since only indices p and q are involved, we shall prove the results for B?4. If B"4 is symmetric, B"? = BP. Then 


Bik _ dx 0g ss zi Ox Ox! ap Dg) 
OxP x4 Ox4 OXP 


and BP4 remains symmetric in the X! coordinate system. 


If B"4 is skew-symmetric, B^? = —B^^, Then 
ae ax! ax* Pq ax* axi BP — Bi 
OxP dx4 Ox4 OxP 


and BP4 remains skew-symmetric in the X! coordinate system. 
The above results are, of course, valid for other symmetric (skew-symmetric) tensors. 
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8.24. Show that every tensor can be expressed as the sum of two tensors, one of which is symmetric and 
the other skew-symmetric in a pair of covariant or contravariant indices. 


Solution 


Consider, for example, the tensor B’?. We have 


p = (BP4 + BI) 4 (BP Bar) 


But R?? = 5(BP4 + BP) = RPP is symmetric, and $^? = 5(BP4 BP) = —S® is skew-symmetric. By similar 


reasoning, the result is seen to be true for any tensor. 
8.25. Let ® = a;,A/A*. Show that we can always write b = bj,A/A* where bj, is symmetric. 
Solution 
® = a;A’A* = aA IA = aA AM 


Then 
2Ọ = ajA AĂ + aj AMA! = (ajk + ag)AiAX and  — lag + ag)AVAK = b AIA 


=i = : : 
where bj, = 5(ajk + ag) = Dy is symmetric. 


Matrices 


8.26. Write the sum S = A + B, difference D = A — B, and products P = AB, Q = BA of the matrices 


3 1 -2 2 0 —-1 
A= 4 —2 3|, B—|-4 1 2 
—2 1 -l 1 — 0 
Solution 
3+2 1+0 2-1 5 1 -3 
S=A4 al 4—4 241 342)= 0 1 5 
241 1-1 14-0 —1 0 -1 
3—2 1—0 2+1 1 1 -l 
D=A al 4+4 2-1 3-2 |= 8 3 1 
2-1 1+1 1—0 —3 2 -1 
(392) c (0074) - -2)0) | €) c CDOD 4-2) - BCD E M2) + C-2)(0) 
P | (4)2) - -2)-4) +O) (400 - (-2)00 ++ 9-7 D. (007 D E (7220) + (0) 
(-2)0) -- (00-4) - - DO). 20+ d) + CC DC D C2) 7 D H+ (000) + EDO) 
0 3 -1 
| 19 -5 —8 
—9 2 4 
8 1 -3 
Q = BA =| —12 —4 9 
—1 3 —5 


This shows that AB z BA, that is, multiplication of matrices is not commutative in general. 
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2 1 —1 
8.27. Leta=| 1 1 and B =| 3 


=) 

Solution 
rte a opc ieee rs (A+ B)(A—B) = ae 

ES 3. Thea. | el rae -2 ijl- 
eere F 

^ |-131][-13] L-5 sp | L3 -2 3 -2 = 

2 g.[-4 H 
Then A B -[ A al 
Therefore, (A + B)(A — B) 4 A? — B?. However, (A + B(A — B) = A? — AB + BA — B?. 


8.28. Express in matrix notation the transformation equations for (a) a covariant vector, (b) a contravar- 


iant tensor of rank two, assuming N = 3. 


Solution 


: H = Ox . 
(a) The transformation equations A, = ap^ can be written 
x 


ax! a ae 
A, ax! ox! ox! 
— ax! ag ax? 
A 2 = 
EN ax? a oe 
As ax! ag ax? 
aàó a? ax? 


[A Az A5] = [A; A A3] 


ax! 


ax? ax" 


(b) The transformation equations A" = 
Ox xs 


ax! ax ox 
AU QU Ae àd à! 38 [rau 
T2 ^ t 
gà ogg us z us AM 
A ue X IX IX: A?! 
A Ae A ao ox ae 
ax! à D 


Extensions of these results can be made for N > 3. For higher rank tensors, however, the matrix notation 


fails. 


ax! 


ax? 


ax? 


aR? 


ax? 


ar? 


A® can be written 


ax! 


ax? 


ax? 


ae 


ax? 


ae 


axi 
ax! 
axi 
ax 
axi 
a3 


A Show that (A + B)(A — B) z A? — B". 


ax 


ax! 


ax 


3x2 


ax 


E 
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The Line Element and Metric Tensor 


8.29. 


8.30. 


8.31. 


Suppose ds? = Sik dx dx* is an invariant. Show that gj. is a Symmetric covariant tensor of rank two. 
Solution 


By Problem 8.25, ® = ds, A’ = dx and A‘ = dx‘; it follows that gj, can be chosen symmetric. Also, since ds? 
is an invariant, 


ax d ax! ax 
= -p =q o k = e — 
gy, dX dx! = gg dx dx^ = gj oP dx" and dx! = gj aa? au dx" dx! 
_ ax! ax* ; ; ; 
Then 8,4 = gj => ——; and gj, is a symmetric covariant tensor of rank two, called the metric tensor. 


ax? ax! 
Determine the metric tensor in (a) cylindrical and (b) spherical coordinates. 
Solution 


(a) As in Problem 7.7, ds? = dp? + p? dd’ + dz. 


If x! = p, x2 2 d, x =z, then gii = 1, g2 =p’, 933 = l, g12 = 821 = 0, 923 = 832 = 0, 831 = 813 = 0 
81 21 813 1 0 0 
In matrix form, the metric tensor can be written | g2 g2 gz |=|0 p? O 
831 $232 833 0 0 1 
(b) Asin Problem 7.8(a), d? = dr? + r? dÈ +r’ sin? 0 d. 
1 0 0 
If x! = r, x? = 0, X = @, the metric tensor can be written | 0. 7? 0 
0 0 Pr sin’? 6 


In general, for orthogonal coordinates, gj; = 0 for j # k. 


$11 812 813 
(a) Express the determinant g = | 92; 2»? 823 in terms of the elements in the second row and 
$31 $32 833 


their corresponding cofactors. (b) Show that gj,G(j, k) = g where G(j, k) is the cofactor of gj, in 
g and where summation is over k only. 


Solution 


(a) The cofactor of gj, is the determinant obtained from g by (1) deleting the row and column in which gj 
appears and (2) associating the sign (—1)** to this determinant. Thus, 


Cofactor of gj; = (—1)°*! 812, 83| Cofactor of metir si e| 
$32 833 Wa ess 
Cofactor of g23 = (- 1? 8u 812 
831 82 


Denote these cofactors by G(2, 1), G(2, 2), and G(2, 3) respectively. Then, by an elementary principle of 
determinants 


821G(2, 1) + 222GQ. 2) + 82362, 3) = g 


(b) 


By applying the result of (a) to any row or column, we have gj, G(j, k) = g where the summation is over k 
only. These results hold where g — RA is an Nth order determinant. 
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8.32. 


8.33. 


8.34 


8.35. 


(a) Prove that g21G(3, 1) + GG, 2) + 3 GG, 3) = 0. 
(b) Prove that gi G(p, k) = 0 if j z p. 
Solution 
$1 812 813 
(a) Consider the determinant | g2; 22 23 | which is zero since its last two rows are identical. Expanding 
$21 822 823 
according to elements of the last row we have 
82163, 1) + 822G(3, 2) + g23G(3, 3) = 0 
(b) By setting the corresponding elements of any two rows (or columns) equal, we can show, as in part 
(a), that g;j,G(p, k) = 0 if j # p. This result holds for Nth-order determinants as well. 
x GG. k) EN 
Define g/* = ——— where G(j, k) is the cofactor of gj, in the determinant g = | Sit | #0. Prove 
that gj g"* = . 
Solution 
Gq, k) " ww 
By Problem 8.31, gj = | or gig" = 1, where summation is over k only. 
8 
G(p, k ; 
By Problem 8.32, gj Oe 0 or gg =O if p z j. 
Then gag” (= 1 if p = j, and 0 if p  j) = f. 

We have used the notation g/ although we have not yet shown that the notation is warranted (i.e. that g/* is a 
contravariant tensor of rank two). This is established in Problem 8.34. Note that the cofactor has been written 
G(j, k) and not G* since we can show that it is not a tensor in the usual sense. However, it can be shown to be a 
relative tensor of weight two which is contravariant and with this extension of the tensor concept the notation 
G* can be justified (see Supplementary Problem 8.152). 

Prove that g/ is a symmetric contravariant tensor of rank two. 
Solution 
Since gj, is symmetric, G(j, k) is symmetric and so g* = GG, k)/g is symmetric. 
If B" is an arbitrary contravariant vector, B; = g,,B? is an arbitrary covariant vector. Multiplying by gl, 
g"B, = gg, B" = 5), BP = Bi or eB, = Bi 
Since B, is an arbitrary vector, g! is a contravariant tensor of rank two, by application of the quotient law. The 
tensor g/* is called the conjugate metric tensor. 
Determine the conjugate metric tensor in (a) cylindrical and (b) spherical coordinates. 
Solution 
1 0 0 
(a) From Problem 8.30(a),g=|0 p? 0|= 7 
0 0 1 
1 _ cofactor of gi; 1p 0 1 33 _ cofactor of g33  1|1 Of] | i 
g pio 1 i g pop 
5; cofactor of gu 1 | 1 | 1 12 Cofactor of gi; 1 lo i 
= = = 7, = = — 0 
g Pio il pg g pio 1 
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Similarly, g* = 0 if j 4k. In matrix form, the conjugate metric tensor can be represented by 


0 
1 0 0 
(b) From Problem 8.30(b), g=|0 7? 0 = rf sin? 8 
0 0 Pr sin? 6 
1 : 
f 11 22_ + 43 Lt ; . : z 
Asin part (a), we find g 1, g a? Zain? and g^" = 0 for j # k, and in matrix form this can 
be written 
1 0 0 
0 1/r 0 


0 0 I/rsin* @ 


8.36. Find (a) g and (b) g* corresponding to ds? = 5(dx!)* + 3(dx?)? + 4(dx?)° — 6 dx'dx? + 4 d? dw. 


Solution 


(a) giu =5, g2 = 3, 933 = 4, 812 = 821 3, 823 = 832 = 2, £13 = 831 = O. 


5. -3 0 
Then g=] -3 3 2ļ|=4. 
0 24 


(b) The cofactors G(j, k) of gjg are 


G(1, 1) = 8, G(2, 2) 2 20, G(3, 3) = 6, G(1, 2) = G2, 1) = 12, G(2, 3) = G(3, 2) = —10, 
G(1, 3) = GG, 1) = —6 


Then gi! 2 g? 5, g? 3/2, gl? gl 3, g? g? 5/2, gh xu gl = —3/2 
Note that the product of the matrices (g;x) and (g) is the unit matrix I, that is 


5 —3 0 2 3 —3/2 1 0 0 
—3 3 2 3 5 —5/2 |=| 0 1 0 
0 2 4 —3/2 —5/2 3/2 0.0 1 


Associated Tensors 
8.37. Let Aj = gi.A*. Show that A* — g"A;. 


Solution 
Multiply A; — gj. A^ by g4. Then gA; = gg A* ES 5A‘ = A’, that is A? = gA; or Ak = g*Aj. 

The tensors of rank one, A; and AF, are called associated. They represent the covariant and contravariant 
components of a vector. 


8.38. (a) Show that L? = g,,A" A is an invariant. (b) Show that L? = g?4A,Ag. 


Solution 


(a) Let A; and A* be the covariant and contravariant components of a vector. Then 


CHAPTERS Tensor Analysis 


8.39. 


8.40. 


8.41. 


and 
id Ox! ax? ; ; 
p k k 
A,A = 25 s = 6,A;A* = AjA! 


so that AjA! is an invariant which we call L2. Then we can write 


L = AjA! = g AA = gy, AAT 


(b) From (a), L? = AjA! = Ajg Ap = g' AjA, = g"A,A,. 
The scalar or invariant quantity L = ,/A,A? is called the magnitude or length of the vector with covari- 
ant components A, and contravariant components A^. 


(a) Suppose A" and B^ are vectors. Show that g,,A" B^ is an invariant. 


AP p4 
(b) Show that — Spe ^" ^ ig an invariant. 


(APA, )(B1B,) 
Solution 


(a) By Problem 8.38, APB, = A? 8pqB4 = gy,A" B? is an invariant. 
AP BY 
(b) Since A"A, and B7B, are invariants, „/ (APA, )(B4B,) is an invariant and so Spa 


We define M (APA )(B4B,) 


AP B1 
0S0 = . Spe D' o 
(APA, )(BIB,) 


as the cosine of the angle between vectors A" and B?. If g,,A?B4 = A?B, = 0, the vectors are called 


is an invariant. 


orthogonal. 


Express the relationship between the associated tensors: 


(a) A and A,,,, (b) Ax and A4, (c) A?’ and Avs! 


qr» qe jak * 


Solution 

(a) AM = gP g1 g! Ape Or Apa = Sip 8kq8lr All 
(b Af = gira or At = gig" AY 

(c) AZ; —g"g"guAL? or AL? = goigug" A a 
Prove that the angles 012,023, and 03, between the coordinate curves in a three-dimensional coordi- 
nate system are given by 


812 


J/81822. 


823 831 
cos 03; = 


A/ 822833 i A/ 833811 


cos 0j» = cos 055 = 


Solution 


? — constant and x? = constant. 


d. 1 
Then, from the metric form, ds? = g1,(dx!)? or Pt s 


ds gu 


Along the x! coordinate curve, x 


: : Y. xs : 
Thus, a unit tangent vector along the x! curve is A = ôi. Similarly, unit tangent vectors along the x? and 
A81 
1 1 
3 : r r r r 
X^ coordinate curves are A5 = —— ô; and A} = —— ô;. 
2 Vv 822 3 ? Vv $33 : 
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The cosine of the angle 6j? between Aj and Aj is given by 


1 |] 812 
COS O12 = gy, A Ad = gy, —————— 0,01 = . 
IS PM JET V82 is A/ 811822 


Similarly, we obtain the other results. 
8.42. Prove that for an orthogonal coordinate system, 21? = 223 = 23; = 0. 


Solution 


This follows at once from Problem 8.41 by placing 012 = 653 = 03; = 90°. From the fact that gj; = gqp, it also 
follows that 221 = 32 — g13 — 0. 


8.43. Prove that for an orthogonal coordinate system, gj; = E g22 = EN 33 = a 
Solution 
From Problem 8.33, g"g,, = 9. 
Ifp=q=1, g"ga = 1 or ggu Fg" gni t gP?g3i = 1. 
Then, using Problem 8.42, gj; = T 
Similarly, if p = q = 2, 82 = a and if p = q = 3, 833 = a 


Christoffel's Symbols 


S s s 
8.44. Prove (a) [pq, r] = [qp. r], (b) bx] = bo | (c) [pq. r] = en | 


Solution 


l(8gp. , 0ggr  O8pg| — 1(O8qr , Ə8pr  Ogap 
(9 be, n=3(% "se al DN oe ae ae) ub 


S Sr cay Sr M" 5 
(b) MEE ips. n - lap. - | 2] 
(c) SM | = gks” [pq. r] = ô, lpa, r] = [pq. k] 


or 
M M 
, k] = gis ; that is, , T] = rs ; 
[pq. k] e] [pq. rl 2 8 ta 


Note that multiplying [pq, r] by g?' has the effect of replacing r by s, raising this index and replacing square 
brackets by braces to yield P | Similarly, multiplying s | by grs or g;, has the effect of replacing s by r, 


lowering this index and replacing braces by square brackets to yield [pq, r]. 


8.45. Prove 


0 P4 
(a) SA = pm, q] - [qm. pl, (5) 7 =-g"| s |- er | 
X X 


7 ND 
o [^] "aste 


Solution 


líO0gp, | O0gmq — Ogpm 1/93 O8mp 98am ə 
(a) lom, ql + lgm p) = (CR Su JE (Se Sp s) Sm 


Ox" ' aP xd am ^ àx8$ a) a 


CHAPTERS _ Tensor Analysis 


d à 
(b) 5; (88u) = zy (81) = 0. Then 


Ox" 
dg; , dg! ag! üg; 
JE "oU qo ROT di c Th jk € 
üx" ax” ?" O cor gy Ox" Ox" 
Multiplying by g^, 
0 Qe/* "n 
Li HERES C jk SOY 
By Ox" Ox" 
that is 
y agsk ir ii f f à A 
jas = o8 8^ im, j] + Um, i) 
Or 


dg" —— k Jg] ^ 
à" — $ [im $ jm 


and the result follows on replacing r, k, i, j by p, g, n, n, respectively. 
(c) From Problem 8.31, g = gj.G(j, k) (sum over k only). 


a G(j, r). Then, summing over j and r, 
jr 


= G(jr) 


Since G(j, k) does not contain 9x explicitly, 


08 jr 
ox! 


dg _ 98 Bir 
Ox" — 9gj, Ox” 


jr og ir rer . 
= gg! Tm = gg (ljm, r] + [rm, j]) 


H (ol . | HE ] 5 M 


13 ; : 
LI J or J = i In 
2g ox" jm jm ox" 


The result follows on replacing j by p and m by q. 


Thus 


8.46. Derive transformation laws for the Christoffel symbols of (a) the first kind, (b) the second kind. 


Solution 
; E ax? dx? 

(a) Since g = av agi SP 
OB jx — Ox" Ox! Ang Ox" , Ox? 9x 9x axt (1) 
àv" — awl axk ac ax” ^ gu ay"ox OM" aero gx 5 

By cyclic permutation of indices j, k, m and p, q, r, 

Iim Ox? OX” Ogg, OX? | Ox? 9x Ox? dx" Q) 
axi ax* ax” à» ax!  ox*ax/ax" d ax/ax* ax" Sar 
Bing Ox Ov Og, OXI Ax" PP Px! à» (3) 


àx* — ax" ax! à ox* | ax" ax axi ®” aka axl 8” 
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Subtracting (1) from the sum of (2) and (3) and multiplying by 1 we obtain on using the definition of the 
Christoffel symbols of the first kind, 


TATI ] Ox? dx? ax" ee xP axt (4) 
; Di = WU age agin PD NT guias agn 80 
yn ox” 
(b) Multiply (4) by g"" = Be g“ to obtain 
Ox! ox! 
ompr E E Bx BE" ay r) PP ax’ ax" aR” y 
,m|-—-— = rit : = ; 
£ ax! ax ax™ à axd È PE gelant o" ow axt © FP 
Then 
n ax? ax? ax" Qu ax 
PLE Rp dfe óg st 8t g* R 
s] av ax as 28 Pe TI sagst ays O18" re 


| Ox? oxtox | s Qu ax 
~ ax! ox axs | pq J | ax/ax* axe 


. 5 
since à; g"[pq. r] = g"[pq. r] = | 2d | and fg" gp, = "gp, = Ôp. 


2 Tn) P yd 
8.47. Prove —— TE ái He E y OE 
ax/ax* ax” ax ax* | pg 


Solution 


Ox? Ox4 =| S | ) O2xP ax" 
pq 


n 
From Problem 8.46(b), b: | Tad as + LITE 


ox" 
Multiplying by am 


n|ox" — ox? oxt [s x? 
, — = uS +a, 
jk] ox" | ax! ax* * | pq ax! ax* ! 


dx? xt fm | | ax” 
~ ax axă | pq ' axlax® 


92 m 
Solving for E the result follows. 
Ox! OX 


8.48. Evaluate the Christoffel symbols of (a) the first kind, (b) the second kind, for spaces where g,, = Oif 


p 7 q. 

Solution 

(a Ifp=qe=r, Ipq. r] = [pp, p] = ; (m “Bee n) = E 
If p=q#r, [pq. r] = pp. rl — ; t Pu xæ) = lx 
Ifp=r#q, [pq. rl = [p4, pl = ; (m E es) = Tu 


If p, q, r are distinct, [pq, r] = 0. 
We have not used the summation convention here. 
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"NE! 
(b) By Problem 8.43, g! = — (not summed). Then 
jj 


P | = 2" [pq, r] = 0 if r Z s, and = g?[pq, s] 


By (a): 


[pq. s] 


(not summed) if r — s. 
SS 


E i 1 a 18 
If P= q=5S, | | | P | [pp p] Epp In gy. 
Pq PP Spp 28pp Ox? 2 0x? 
Ifp-—qz-zs, | Jep- 1 Ogpp 
Pq pp 85s 2gs 0x 
s , 1 og, 10 
If p — 5 q, | | | p | [pa. p] ewl ng, 
Pq Pq Spp 28pp Ox 2 dx4 


; Kj 
If p, q, s are distinct, 
p.q Ls] 


8.49. Determine the Christoffel symbols of the second kind in (a) rectangular, (b) cylindrical, and 


(c) spherical coordinates. 


Solution 


We can use the results of Problem 8.48, since for orthogonal coordinates gj, = 0 if p z q. 


(a) In rectangular coordinates, gj, = 1 so that PA = 0. 


(b) In cylindrical coordinates, x! = p, x? = $, X =z, 


we have by Problem 8.30(a), 


g&u =l, 


g2 = p^, 833 = 1. The only non-zero Christoffel symbols of the second kind can occur where p = 2. 


These are 
1 1 8 lo 
= m = ( p) e 
22 2211 ox 2 dp 
2| [2] 1388 1 Boys! 
a2] |] ~ 2gn dx! ~ 2p? dp’ p 
(c) In spherical coordinates, x! = r, x? = 0, xX? = $, we have by Problem 8.30(b), g1 = l, g» = 7°, 
g3 =r sin? 0. The only non-zero Christoffel symbols of the second kind can occur where p — 2 or 3. 
These are 
1 1 8 la 
= 822 (rehus 
22 2g1 ax! 20r 
2 2 DO» 1905] 
L— = = r = 
21 12 2922 ax! 2r2 or r 
1 1 8 la 
= E ( sin? 0) = —r sin? 0 
33 2g1 ax! 20r 
: 1 8g» T9 dcs ; 
Ee Roco EC C d 
3 3 l 0g3 1 ED 1 
= E = r^ sin’ 0) = — 
| 31 | | 13 | 2g33 Ox! 2r? sin? 93 ) r 
3 3 1 0833 1 E 
= = = r^ sin’ 0) = cot 0 
| 32 | | 23 | 2g33 Q0! 2r? sin? 990° ) 
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Geodesics 


8.50. 


8.51. 


Prove that a necessary condition that J = p F(t, x, x) dt be an extremum (maximum or minimum) 
: OF d (dF 
is that — — —{—] = 

x 


Solution 


Let the curve which makes / an extremum be x = X(t), ti < t € t. Then, x = X(t) + en(t), where e is 
independent of t, is a neighboring curve through f, and t» so that (tj) = n(t2) = 0. The value of J for the neigh- 
boring curve is 


ty 


I(e) = | Fo. X + en, X + eip dt 
ti 


TE - ; : dl 
This is an extremum for e = 0. A necessary condition that this be so is that — 


= 0. But by differentiation 
under the integral sign, assuming this valid, Ele=0 


which can be written as 


oF d (oF 
Since 7 is arbitrary, the integrand — 3 —({(—)]= 


x dt - 
The result is easily extended to the integral jig F(t, xl, xl, x2, 3°,..., x", X) dt and yields 


OF d(aF\ _o 
axk = dt \axk) — 


called Euler’s or Lagrange’s equations (see also Problem 8.73). 


Yan : : : pa r | dx? dx? 
Show that the geodesics in a Riemannian space are given by dé + ——=0 


Solution " 
We must determine the extremum of E &pg4X X! dt using Euler's equations (Problem 8.50) with 


ti 


F = gy X X1. We have 


oF 
Ox! ak 


oF 1 ee ; 
(goo X" X?) 1/22” 


O8pq .5. 
XP XA)? OPT sp 54 = 
T g T ac 2 


ds 
Using 7 — = V 8p, X  X!, Euler's equations can be written 


d gak 1 O8nq pa 
dt $ 


5 25 axk 


or 


p , Bpk -p.q 1 O8pq Ep S 
Spx? 4 HP x4 2a 7 s 
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Writing 


a 1 /dgn 9 ET ; 
Spk pig — Spk | Sak ) psa this equation becomes 
Ox 2 N ox4 ax? 


5 oe PS 
8p” + [pq, kx! = so 
If we use arc length as parameter, $ = 1, $ = 0 and the equation becomes 


a? x? dx? dx? 
.k = 
&pk ds? pa. k] ds ds 


Multiplying by g^, we obtain 


dé [r]|dede _ 
d?  |pa|dsds 


The Covariant Derivative 


ðA 
8.52. Suppose A, and A? are tensors. Show that (a) Aj, = IB. | 7 l^ 


dA? D 
P= s 
and (b) AY 38 + | d ^ are tensors. 


Solution 


. ox 
a) Since A; = — A,, 
S | ax! 
dA; x 0A, dx! 8x 
A; (1) 


axt av Ox! axk  axiox* 


From Problem 8.47, 


gx _ fn ov ax’ ax! [r 
axox* ~~ | Jk J ax" ax’ ax* | il 


8A; _ ax" Ox OA, | | n | ax" ax! ax! | i| 


Substituting in (1), 


axk av ox axt | 


| Ox? Ax? JA, | n la Ox? 3x1 | s | 


aia oxa jk] " axox | pa 
or 
Ox jk ax! əx" X ox4d Pq 
0A, s ; . : xad : 
and qu P A; is a covariant tensor of second rank, called the covariant derivative of A, with respect 
to x? and written Aj ,. 
_; 0X 
(b) Since A’ =“ a", 
Ox" 


dA’ axl aA" ax! PT ax, 


ax* ax Ox! ox | dvróx axk 


(2) 


From Problem 8.47, interchanging x and x coordinates, 


Ox fn) ax Ffi 
àvrax \ rtf əx” ax ax | il 


8.53. 


8.54. 


8.55. 


CHAPTERS _ Tensor Analysis 


Substituting in (2), 


dA’ — ax ax! 3A" [ | àv ax’ , ox ax! ax! | ‘| " 
il 


ax® ax" axk ax! rt | dx" axk ax" ax! axk 
ax! ax! 9A" n) oxi at oe [Jj], 
= avr ack =k 8). [A 

Ox" ax əx! rt | ox” ox ax’ il 


ax! Ax? JA? ME axt | j ls 


~ àvox axa ^ | sq | ov axt ik 
Or 
dA’ [j] ari axt (aa? p 
mE A =, A5 
a t | ki | ax? ax* e g | qs 
oA? Pla: ; , TS : 
and [S + a A" is a mixed tensor of second rank, called the covariant derivative of A? with respect to 
x 


x1 and written AD. 


Write the covariant derivative with respect to x? of each of the following tensors: 
(a) Aj, (b)A*, (c)AL (Aj, (e AR. 
Solution 


0A; Kj KY 3AF j ` k lix 
(a) Aga = 55 — b. ls -[z Jas (b) Ail =+ | j l| Ww 


-A 2» ae (00 0A x ds slj j 
dV LL tug J J s Ji Acer Kb —. ro J J s 
(0 A, = Ew le lh * | qs ls (d) Aug = xd | kq la | lq li, d | qs ls 


ikl : 

(e) AM = 9A, = 5 AÑ — 5 AH ER J ASH ES k A de l Als 
mn,q əxa mq sn nq ms qs mn qs mn qs mn 

Prove that the covariant derivatives of the following are zero: (a) g;, (b) gk, (c) öl. 


Solution 


5 5 Ogk v. : 
(a) gn, = 2E — gs Bj = —— ig, k] — [kq, j| = 0 by Problem 8.45(a). 
i j kq] - Qx4 


à . 
(b) g! = og" + | J le 4 | ja le —0 by Problem 8.45(b). 
i x 


Find the covariant derivative of A) pl" with respect to x4. 


Solution 


j 0 A, pin M : S ; j l r m ; 

ALB") = BAB) AB — Alpin +} 7 Vaspin ALB" + Al B! 

kn son ks kn kn kn 
4 oxa nq qs qs qs 


S ue? a A - ead amu k 
dxt (kaj è las àx nq} qs as 


i pl j pl 
= Ai Br ALB, 
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This illustrates the fact that the covariant derivatives of a product of tensors obey rules like those of ordinary 
derivatives of products in elementary calculus. 


kı kı 
8.56. Prove (giA7") = giArs- 
Solution 
knY __ km km 
(8A, ‘a= = Sik, a F SikAng = UU SKA, nq 
since gj, = 0 by Problem 8.54(a). In covariant differentiation, gx, g*, and öl can be treated as constants. 
Gradient, Divergence and Curl in Tensor Form 
8.57. Prove that div A? = — — 
rs “(V8 5. 
Solution 


The divergence of A? is the contraction of the covariant derivative of A”, that is, the contraction of AY, or AP. 
Then, using Problem 8.45(c), 


aak 
div A” = A? =f] A Ja 


axk pk 
_ 8A* à k 9A. 1 0/8 gd ð É 
c» (amva) 9» (=; ax a ~ Jgov (V^) 
a ab 
2 kr 
8.58. Prove that V = = T (vas 2) " 


Solution 


The gradient of is grad P = V® = AM /dx", a covariant tensor of rank one (see Problem 8.6(b)) defined as the 
covariant derivative of ®, written ®,. The contravariant tensor of rank one associated with d, is 
A* = g''üdb/àx'. Then, from Problem 8.57, 


od 1 ə od 
2 EM kr 
V^ = div (e 5e a) - —— (vas =) 


8.59. Prove that Aj; —Agp = 


dA A A, OA 
Apa — Agp = |72- s I^) = : "ue » [^ =e _ a 
axa P4 Ox qp oxı Ox 


This tensor of rank two is defined to be the curl of Ap. 


Solution 


8.60. Express the divergence of a vector A" in terms of its physical components for 
(a) cylindrical coordinates, (b) spherical coordinates. 


Solution 


(a) For cylindrical coordinates x! = p, x? = Q, x? = z, 


0 
0|— p! and /g —p (see Problem 8.30(a)) 
1 
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The physical components, denoted by A,, Ag, A; are given by 
A, = VIA! =A', Ag =V EnA — pA, A, = SYA? — A? 
Then 
ə 


1| ə 
div A? = ae (/gA*) = p E (pAp) 4 3$ 2 (Ag)4 gon] 


(b) For spherical coordinates x! = r, x? = 0, x? = @, 


1 0 0 
g=|0 pP 0 —r'sin0 and /g=r'sin@ (see Problem 8.30(b)) 
0 0 P’sin? @ 


The physical components, denoted by A,, Ag, Ag are given by 


A, = J/8g1A! =A', Ag =A — rA, Ag = gx) = rsin 0 A? 


Then 
dya =L 2 
iv Ja (8^ Ej 
l 7 (^ sin 04) +È pir sin BAe) + S 
=a I(r " r r 
r? sin 0 | dr 0 7 ad $ 
18 loa. 1 8A, 
1A.) 4 A tum 
cueg d peed? ord Ob 


8.61. Express the Laplacian of b, V*®, in (a) cylindrical coordinates, (b) spherical coordinates. 


Solution 


(a) In cylindrical coordinates g!! = 1, g? = 1/p?, g? = 1 (see Problem 8.35(a)). Then from Problem 8.58, 


Ifa / ab. a (1a®\ | a ( à 
- lap? 5) wa (pas) «e a 
13 / \) 196 go 
=F (ap) pap ad 


(b) In spherical coordinates g!! = 1, g?? = 1/1’, g? = 1/r? sin? 0 (see Problem 8.35(b)). Then 


"0 = aan (rie) 
ie E s) | a (sno) | » G73) 


ee es 
= 25; anti a0) ' r2sin? 68d? 


CHAPTERS _ Tensor Analysis 


Intrinsic Derivatives 


8.62. Calculate the intrinsic derivatives of each of the following tensors, assumed to be differentiable 
functions of t: (a) an invariant ®, (b) A’, (c) Ai, (d) AP. 
Solution 

ôP dx! obdx! d® 

ôt " dt axt dt dt 


(a) 


, the ordinary derivative. 


J . dx4 j j J dx4 j 
(b) 6A jj dx (= n lu) = dx I rs 


& "d Noxa dqs dt Qc dt [qs] dt 
dA i) dx! 
=— + 7 A’ — 
dt qs dt 


6A, dt fa fs); fj dxf 
=A -[I Al Ay | — 
©) ôt ka qr E | kq | st | qs | ‘} dt 


dA! | dx! j|] dx4 
=| uo Lut 
qs dt 


jk jk 
o 9s, S6 (Hn [lae — | Ju 
ôt 4 dt Ox4d Iq) ` mq) ` 


s l; j k \ j, \ dxt 
nq qs qs dt 


-Pim [° Jaz =] y le | g Jaz dx? 
l 


dt sm dt mq] | dt nq] "5 dt 
jaa dé fk) js dx 
+{ | lmn dt + lmn dt 


8.63. Prove the intrinsic derivatives of g, g/*, and 6, are zero. 


Solution 
Og ix dx! ôg” 4, dx? 68, ; dx! 
EE ig: =0, SE =0, — & — = 0 by Problem 8.54. 
ót (Sica) dt 8t 054 dt ôt ka dt RS 


Relative Tensors 


8.64. Let A; and B7 be relative tensors of weights w, and w2, respectively. Show that their inner and outer 
products are relative tensors of weight w; + w2. 


Solution 
By hypothesis, 


aR) ax p qm pn BEAR" Ax! prs 
àv axk Vo” ax” ax’ ax”! 


The outer product is 


, Ix e a t 
A B". pee Qr Ox? dy QT dx AP B's 
an axP ax* ax” Qo dx" T! 
a relative tensor of weight w; + w2. Any inner product, which is a contraction of the outer product, is also a 
relative tensor of weight w; + w2. 


8.65. 


8.66. 
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Prove that ,/g is a relative tensor of weight one, i.e. a tensor density. 


Solution 


ax? ax? 

The elements of determinant g given by g,, transform according to gj, = ag age err 
x/ ox 

: . . _  |ex||axt 

Taking determinants of both sides, g — asl [ask 
x 


g =J’ g or yg = J/g, which shows that ,/g is a relative 
tensor of weight one. 


ax* 


Prove that dV = ,/g dx'dx* - - - dx" is an invariant. 
Solution 


By Problem 8.65, 
dV = Vg dx d? ... dx = /gJ dx dx)... dx" 


à 
- Vis dd? ...dy* = Jg dxldd -- -dð = dV 
x 
From this it follows that if ® is an invariant, then 


[ste epos 


V 
for any coordinate systems where the integration is performed over a volume in N-dimensional space. A 
similar statement can be made for surface integrals. 


Miscellaneous Applications 


8.67. 


8.68. 


8.69. 


Express in tensor form (a) the velocity and (b) the acceleration of a particle. 
Solution 
(a) If the particle moves along a curve x* = x*() where t is the parameter time, then v^ = p is its velocity 

and is a contravariant tensor of rank one (see Problem 8.9). 

k qe 

(b) The quantity E a is not in general a tensor and so cannot represent the physical quantity accelera- 

tion in all coordinate systems. We define the acceleration a* as the intrinsic derivative of the velocity, that 

v : 

is a = a which is a contravariant tensor of rank one. 
Write Newton’s law in tensor form. 
Solution 
Assume the mass M of the particle to be an invariant independent of time t. Then, Mad‘ = F*, a contravariant 
tensor of rank one, is called the force on the particle. Thus Newton’s law can be written 

dv" 
F* = Ma = M— 
ot 
Pe aN dx k | dx? dx* 
Prove that a^ = —-=—>+ =, 
ot dt P4 J dt dt 

Solution 


k 


Since v* is a contravariant tensor, we have by Problem 8.62(b) 


ôk dit k) dx du k E dé dx k | dx? dx* 
— = — v — = — = fi 
ot — dt qs) dt d? qp d dt? pq) dt dt 
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8.70. Find the physical components of (a) the velocity and (b) the acceleration of a particle in cylindrical 
coordinates. 
Solution 
(a) From Problem 8.67(a), the contravariant components of the velocity are 


dx! dp dx dọ do dz 
= —, = and — = 
dt dt dt dt dt dt 


Then the physical components of the velocity are 


dx! dp dx? do do dz 
= E = d — = — 
NEU ap ae VE Oa O ye h T de 


t 
using 211 = 1, g2 =p", 833 = 1. 


(b) From Problems 8.69 and 8.49(b), the contravariant components of the acceleration are 


M dx! 1 | dê dè p do? 
df? 22) dt dt dt dt 
uu dx 2 | dx! dx? | 2 | dx? dx! » Lo | 2dpdd 
dt 12] dt dt 21] dt dt dt pdt dt 
and 
B d^ uu d?z 
~ dÊ dP 


Then the physical components of the acceleration are 
Jgua'=p—pb, gna —pó-c2pó and Jgsa = 
where dots denote differentiations with respect to time. 


8.71. Suppose the kinetic energy T of a particle of constant mass M moving with velocity having magni- 
tude v is given by T = 3Mv? = $ MgpqX” x". Prove that 


d ( 0T oT 
— | — | -— = Ma, 
dt \ðxt) — axk 

where a, denotes the covariant components of the acceleration. 


Solution 


Since T = 1 Mgj4 X", we have 


oT 
axk 


jeu. ƏT j ar "DEM 
1 Pq = q 
zM 3x xP x4, = MgX! and ( - ) = M (eu + 3 x/xt 


Then 


d ( 9T oT " OLkg .;. lg, .,. 
—[—|]——-—M q d yA yd Pd sp sq 
dt (5) ax (si ad 28k * 


= (nuit (Rm | Ogip 1:312) 


2\ ar Ox. Ox 
= M(gigx! + [pq, k]x"x?) 


A 
= M8gkr ( + | ee) = Mgya' = May 
Pq 


using Problem 8.69. The result can be used to express the acceleration in different coordinate systems. 


8.72. 


8.73 


8.74. 


8.75. 
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Use Problem 8.71 to find the physical components of the acceleration of a particle in cylindrical 
coordinates. 


Solution 


Since d? = dp? + ? dẹ? +. dc^, ? = (ds/dr. = p+ gd? +? and T - 1Mv?  1MM(p) + gd? +2). 
From Problem 8.71 with x! = p, x = 4, x? = z, we find 


a —p—pd), ay (pd), m=? 
Then the physical components are given by 


aj a» a3 
VEI AER 4/833 
since gı; = l, g22 P, 233 = 1. Compare with Problem 8.70. 


oV 
Suppose the covariant force acting on a particle is given by Fg = — àx where V(x!,..., x) is the 
x 


d ( 9L oL 
potential energy. Show that di (=) Nx 0 where L — T — V. 


Solution 


oL 


oT 
From L = T — V, m = ar since V is independent of x, Then, from Problem 8.71, 
X x 


AAN OR rog aV a E(N _ 6 
= ae = — — i — — — = 
dt\axk} — axk Rea axk dt \ax¥) ax 


The function L is called the Lagrangean. The equations involving L, called the Lagrange equations, are 
important in mechanics. By Problem 8.50, it follows that the results of this problem are equivalent to the state- 
ment that a particle moves in such a way that fe L dt is an extremum. This is called Hamilton’s principle. 


Express the divergence theorem in tensor form. 
Solution 


Let A* define a tensor field of rank one and let v; denote the outward drawn unit normal to any point of a closed 
surface S bounding a volume V. Then the divergence theorem states that 


[^ dV — [^ d$ 


For N-dimensional space, the triple integral is replaced by an N tuple integral, and the double integral by an 
N — 1 tuple integral. The invariant A‘. is the divergence of A* (see Problem 8.57). The invariant A‘v, is the 
scalar product of A* and v, analogous to A - n in the vector notation of Chapter 2. 

We have been able to express the theorem in tensor form; hence it is true for all coordinate systems since it 
is true for rectangular systems (see Chapter 6). Also see Problem 8.66. 


Express in tensor form Maxwell's equations: (a) div B = 0, (b) div D = 47p, 
1 3B 4mI 

(VOCE (d VxH= 

c ot c 

Solution 


Define the tensors B*, D*, Ex, Hx, I^ and suppose that p and c are invariants. Then the equations can be written 


(a) Bi —0 and (b) Di = 4mp 
1 9B/ ; 1 9B/ 


ji k 
(c) — Ep = ——— or &“E,, =-— 
ý c Ot "7 côt 
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; Ani 4n] 
(d -e4H,,=—— or Hpg = ——— 
Cc C 


These equations form the basis for electromagnetic theory. 


8.76. (a) Prove that Apgr — Ap,rq = R5, A, where A, is an arbitrary covariant tensor of rank one. 


(b) Prove that Ri; is a tensor. (c) Prove that Rpgrs = SnsR,,, is a tensor. 


aus 
pr 
ð k j 9A l 
E j a-l Ven la 
axr pr n jq qr Ox! Dj 
a ð j J | 3A; J | dA; J k 
IL cp qM ! um 
dxv'üxX! 3x | pq) ` pq) 9x pr J ox4 prs (j4 
j | oA, j l 
E ed Po i Al 
qr) 99  larjipj 
By interchanging q and r and subtracting, we find 
: k 3 ] . k ; 
TIE METTI ET 
pr) Ua ax" | pq pa J (jr x? | pr 
k j 0 j k j ð j 
of | a Pe A MIL 
pr J AU kq ax" | pq pq) \ kr àx? | pr 


= Rig Aj 


o] bo] “ae Le} Ue ta n] 


Replace j by n and the result follows. 

(b) Since Ap gr — Ap,rg is a tensor, R; grAn is a tensor; and since A, is an arbitrary tensor, Roar is a tensor by the 
quotient Hoe This tensor is called the Riemann- Christoffel tensor, and is sometimes: witen R” "pri R; "s : 
or simply R p qr 

(c) Rogrs = 8EnsRp ar is an associated tensor of Roar and thus is a tensor. It is called the covariant curvature 
tensor and is of fundamental importance in 'Einstein’s general theory of relativity. 


Solution 


(a) Apgr = (Ap, 4), = 


where 


SUPPLEMENTARY PROBLEMS 


8.77. Write each of the following using the summation convention. 


(a) ayx!x? + axr H- + ay (d) ggu +87 801 + g?gsi + g" gai 
(b) A?! B, + AB; + ABB, +--+ AN By (e) Bi?! + B!2 + B2! + B22 
(c) AB! + ALB? + ALB? + +--+ ABN 
8.78. Write the terms in each of the following indicated sums. 
(a) 3 (VBA, N=3 (b A*B'C,N-—2 (c) ccs 
8.79. What locus is represented by axx = 1 where x*, k = 1,2,..., N are rectangular coordinates, a, are positive 


constants and N — 2, 3, or 4? 


8.80. 
8.81. 


8.82. 


8.83. 
8.84. 


8.85. 


8.86. 


8.87. 


8.88. 


8.89. 
8.90. 


8.91. 


8.92. 


8.93. 


8.94. 
8.95. 
8.96. 
8.97. 


8.98. 


8.99. 


8.100. 


8.101. 


8.102. 


8.103. 


8.104. 
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Let N = 2. Write the system of equations represented by aj,x? = bp. 
Write the law of transformation for the tensors (a) AÏ, (b) Bik, (c) Crm, (d) Am. 


Suppose the quantities B(j, k, m) and C(j, k, m, n) transform from a coordinate system x! to another x! accord- 
ing to the rules 
= 8x/ àx* ax" = ax? ax" ax" ax* 
a) B(p, q, T) = Sa BU k, b) C(p, q, r, S) = — — — C(j, k, m, n). Determine whether 
(a) Bip. qr) = ses BU. km) 0) Cp qur) = So prre CU, Km, n) w 
they are tensors. If so, write the tensors in suitable notation and give the rank and the covariant and contravar- 


iant orders. 


How many components does a tensor of rank 5 have in a space of 4 dimensions? 
Prove that if the components of a tensor are zero in one coordinate system, they are zero in all coordinate systems. 


Prove that if the components of two tensors are equal in one coordinate system, they are equal in all co-ordinate 
systems. 


Show that the velocity dx* /dt = v* of a fluid is a tensor, but that dv" /dt is not a tensor. 


Find the covariant and contravariant components of a tensor in (a) cylindrical coordinates p, œ, z, (b) spherical 
coordinates r, 0, d if its covariant components in rectangular coordinates are 2x — z, xy, yz. 


The contravariant components of a tensor in rectangular coordinates are yz, 3, 2x 4- y. Find its covariant com- 
ponents in parabolic cylindrical coordinates. 


Evaluate (a) oH. (b) DAT, (c) 00 Ò; (d) 8,0,0,0. 
Suppose A?! is a tensor. Show that A?” is a contravariant tensor of rank one. 


1 jak. ; : nm 
Show that 5x = | J is not a covariant tensor as the notation might indicate. 


0 j+ 
Let A, = wi . Prove that Ay = wg . 
p = apad q = ga P 
Let A? = W D ae Prove that A? = pam 
"o axd ax” ^C * axP ax’ ^ 


Suppose is an invariant. Determine whether 9?/ax"àx? is a tensor. 

Let AL and B, be tensors, prove that ALB" and ALB? are tensors and determine the rank of each. 

Suppose A7? is a tensor. Show that A77 + AIP is a symmetric tensor and A72 — A?" is a skew-symmetric tensor. 
Suppose A’? and B,, are skew-symmetric tensors. Show that C? = A"4B,, is symmetric. 


Suppose a tensor is symmetric (skew-symmetric). Are repeated contractions of the tensor also 
symmetric (skew-symmetric)? 


Prove that Aj44?x? = 0 if Aj, is a skew-symmetric tensor. 


What is the largest number of different components that a symmetric contravariant tensor of rank two can have 
when (a) N — 4, (b) N — 6? What is the number for any value of N? 


How many distinct non-zero components, apart from a difference in sign, does a skew-symmetric covariant 
tensor of the third rank have? 


Suppose A? is a tensor. Prove that a double contraction yields an invariant. 


Prove that a necessary and sufficient condition for a tensor of rank R to become an invariant by 
repeated contraction is that R be even and that the number of covariant and contravariant indices be equal 
to R/2. 


Given A,, and B" are tensors. Show that the outer product is a tensor of rank four and that two inner products 
can be formed of rank two and zero, respectively. 


CHAPTERS Tensor Analysis 


8.105. 


8.106. 


8.107. 


8.108. 
8.109. 


8.110. 


8.111. 


8.112. 


8.113. 


8.114. 


8.115. 


8.116. 


8.117. 


8.118. 
8.119. 


8.120. 


8.121. 


Let A(p, q)B, = C? where B, is an arbitrary covariant tensor of rank one and C? is a contravariant tensor of 
rank one. Show that A(p, q) must be a contravariant tensor of rank two. 


Let A? and B, be arbitrary tensors. Show that if AB, C(p, q) is an invariant, then C(p, q) is a tensor that can be 
written C7. 


Find the sum S = A + B, difference D = A — B, and products P = AB and Q = BA, where A and B are the 
matrices 


2 0 1 1-1 2 
@ a=|> nah sal “il (b)A=]-1 -2 2], B=| 3 2 -4 
-1 3-1 -1 -2 2 


Find (3A — 2B)(2A — B), where A and B are the matrices in the preceding problem. 


(a) Verify that det(AB) = {det A}{det B} for the matrices in Problem 8.107. 
(b) Is det(AB) = det(BA)? 


—3 2 -1 
Leta=| j E: Al B= 13 -2 
21 2 


Show that (a) AB is defined and find it, (b) BA and A + B are not defined. 


2 =l 3 x 1 
Find x, y, and z such that 1 2 —4 y| =] -3 
-1 372 Zz 6 
The inverse of a square matrix A, written A^! is defined by the equation AA~! = J, where Z is the unit matrix 
having ones down the main diagonal and zeros elsewhere. 
1 -1 1 
Find A^! if (a) A= | 3 x (DA-2|2 1 -I1]|.IsA^!A— I in these cases? 
—5 4 
1 -l 2 
2 1 -2 
Prove that A = | 1 —2 3 | has no inverse. 
4 -3 4 
Prove that (AB)! = B-!A^!, where A and B are non-singular square matrices. 


Express in matrix notation the transformation equations for (a) a contravariant vector (b) a covariant tensor of 
rank two (c) a mixed tensor of rank two. 

2 
=3 
(depending on A). These values of A are called characteristic values or eigenvalues of the matrix A. 


Given A = | E | , determine the values of the constant A such that AX = AX, for some nonzero matrix X 


The equation F(A) = 0 of the previous problem for determining the characteristic values of a matrix A is called 
the characteristic equation for A. Show that F(A) = O, where F(A) is the matrix obtained by replacing A by A 
in the characteristic equation and where the constant term c is replaced by the matrix c/, and O is a matrix 
whose elements are zero (called the null matrix). The result is a special case of the Hamilton—Cayley theorem, 
which states that a matrix satisfies its own characteristic equation. 


Prove that (AB)? = BTA’. 


Determine the metric tensor and conjugate metric tensor in (a) parabolic cylindrical and (b) elliptic cylindrical 
coordinates. 

Consider the affine transformation x” = a,x? + b", where a, and P" are constants such that aa, = a. Prove 
that there is no distinction between the covariant and contravariant components of a tensor. In the special 
case where the transformations are from one rectangular coordinate system to another, the tensors are called 
Cartesian tensors. 


Find g and g corresponding to ds? = 3(dx!)* + 2(dx*)* + 4(dx*)* — 6(dx! dx). 


8.122. 


8.123. 


8.124. 


8.125. 


8.126. 
8.127. 
8.128. 
8.129. 


8.130. 


8.131. 


8.132. 
8.133. 
8.134. 
8.135. 


8.136. 


8.137. 
8.138. 


8.139. 


8.140. 
8.141. 


8.142. 
8.143. 


8.144. 
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Let A* = g/KA;. Show that A; = gj, A* and conversely. 
Express the relationship between the associated tensors 


E] r è or 
(a) A" and A, (b) A?” and Ai, (c) A 


and Al A 

Show that (a) AB" s = APBors, (b) APTIB = Ay Ber = AY B. Hence demonstrate the general result that a 
dummy symbol in a term may be lowered from its upper position and raised from its lower position 
without changing the value of the term. 


Show that if A. = B^ Cr, then Apar = B,,C, and AT = Bj C". Hence demonstrate the result that a free index 
in a tensor equation may be raised or lowered without affecting the validity of the equation. 


Show that the tensors g,,, e"? and 9, are associated tensors. 
x! ox! g OX? ax* 
g, — = neea p“ — = pq 
Prove (a) gj ap T "ue (b) g KTE aw 
Let A? be a vector field. Find the corresponding unit vector. 


Show that the cosines of the angles which the three-dimensional unit vector U' make with the coordinate curves 
Ui U2 U3 

Jen f82 485 

Determine the Christoffel symbols of the first kind in (a) rectangular, (b) cylindrical, and (c) spherical 

coordinates. 


are given by 


Determine the Christoffel symbols of the first and second kinds in (a) parabolic cylindrical, 
(b) elliptic cylindrical coordinates. 


Find differential equations for the geodesics in (a) cylindrical, (b) spherical coordinates. 
Show that the geodesics on a plane are straight lines. 

Show that the geodesics on a sphere are arcs of great circles. 

Write the Christoffel symbols of the second kind for the metric 


ds? ES (dx! Y [c^ oy |x? 


and the corresponding geodesic equations. 

Write the covariant derivative with respect to x? of each of the following tensors: 
(a) AT, (b) AL, (c Ah, (d) AK, (e) AIL. 
Find the covariant derivative of (a) g,A*, (b) A/By, and (c) A; with respect to x4. 


Use the relation A/ = g/*A, to obtain the covariant derivative of A/ from the covariant derivative of Ag. 


Suppose ® is an invariant. Prove that P pg = D op; that is, the order of covariant differentiation of an invariant 
is immaterial. 


Show that €,,, and €”? are covariant and contravariant tensors, respectively. 


Express the divergence of a vector A? in terms of its physical components for (a) parabolic cylindrical, 
(b) paraboloidal coordinates. 


Find the physical components of grad ® in (a) parabolic cylindrical, (b) elliptic cylindrical coordinates. 
Find V’® in parabolic cylindrical coordinates. 


Using the tensor notation, show that (a) div curl A” = 0, (b) curl grad ® = 0. 
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8.145. 


8.146. 
8.147. 


8.148. 


8.149. 


8.150. 


8.151. 


8.152. 
8.153. 


8.154. 


8.155. 


8.156. 


8.157. 
8.158. 
8.159. 
8.160. 
8.161. 


8.162. 


8.163. 


8.164. 


Calculate the intrinsic derivatives of the following tensor fields, assumed to be differentiable functions of t: 
(a) Ax, (b) AM, (c) A;B, (d) Al, where œ is an invariant. 
Find the intrinsic derivative of (a) gA“, (b) 8,A), (c) gAn. 

d 6A 
Prove qe Arad) = 294, are 


Show that if no external force acts, a moving particle of constant mass travels along a geodesic given by 


ô (dP 

CASA d 

ôs ( ds ) 
Prove that the sum and difference of two relative tensors of the same weight and type is also a relative tensor of 
the same weight and type. 


Suppose A77 is a relative tensor of weight w. Prove that gv 2APd is an absolute tensor. 


Let A(p, q)B7* = Cpr where B% is an arbitrary relative tensor of weight w; and Cpr is a known relative tensor of 
weight w2. Prove that A(p, q) is a relative tensor of weight w2 — w1. This is an example of the quotient law for 
relative tensors. 


Show that the quantity G(j, k) of Solved Problem 8.31 is a relative tensor of weight two. 
Find the physical components of (a) the velocity and (b) the acceleration of a particle in spherical coordinates. 


Let A” and B” be 2 vectors in 3-dimensional space. Show that if À and u are constants, then C" = AA” + uB” is 
a vector lying in the plane of A” and B”. What is the interpretation in higher dimensional space? 


P dp |. 
Show that a vector normal to the surface dx!, x?, x?) = constant is given by A? = g?4 = Find the corre- 
x 


sponding unit normal. 


ð 
The equation of continuity is given by V - (øv) + A = 0 where ø is the density and v is the velocity of a fluid. 


Express the equation in tensor form. 

Express the continuity equation in (a) cylindrical and (b) spherical coordinates. 

Express Stokes’ theorem in tensor form. 

Prove that the covariant curvature tensor Rpqrs is skew-symmetric in (a) p and q, (b) r and s, (c) q and s. 


Prove Rpgrs = Rrspq: 


Prove (a) Rpqrs + Rosqr + Rpisq — 0, (b) Rpars | Ryps | Ryspq | Rosrq = 0. 


Prove that covariant differentiation in a Euclidean space is commutative. Thus show that the Riemann— 
Christoffel tensor and curvature tensor are zero in a Euclidean space. 


dx? 
Let T? = ae be the tangent vector to curve C whose equation is x” = x?(s) where s is the arc length. (a) Show 
s 
oT! 1677. , 
that gp "T7 = 1. (b) Prove that g, 7? us T 0 and thus show that N1 = NUN is a unit normal to C for 
S K Ós 


6N4 

suitable x. (c) Prove that Em is orthogonal to N3. 
s 

With the notation of the previous problem, prove: 


fs) q 

(2) gy T^N! — 0, ©) g T^ ^2 

ON’ 
os 


ONY 
= —k OF gy, T? E TER KT?) — 0. 


1 
Hence show that B" = — ( + xr’) is a unit vector for suitable 7 orthogonal to both 7? and N4. 
T 


8.165. 


8.166. 


8.167. 
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Prove the Frenet—Serret formulas 


oT? ON? OB? 
—— = KNP, = 7B? — KTP, hu ME Y. 
os os n s os E 


where 7?, NP, and B" are the unit tangent, unit normal, and unit binormal vectors to C, and x and 7 are the 
curvature and torsion of C. 


Show that ds? = c?(dx*)? — dx*dx* (N = 3) is invariant under the linear (affine) transformation 


x = ya! — vx), r= x, r= x, x= x" — Ea) 
c 


where y, B, c, and v are constants, B = v/c and y = (1 — B’)~'””. This is the Lorentz transformation of special 
relativity. Physically, an observer at the origin of the x! system sees an event occurring at position x!, x?, x? at 
time x^ while an observer at the origin of the x’ system sees the same event occurring at position x! , x”, X? at 
time X^. It is assumed that (1) the two systems have the x! and x! axes coincident, (2) the positive x? and x? axes 
are parallel respectively to the positive X? and X? axes, (3) the x! system moves with velocity v relative to the x! 


system, and (4) the velocity of light c is a constant. 


Show that to an observer fixed in the x/(x') system, a rod fixed in the x'(x) system lying parallel to the x! (x!) 


axis and of length L in this system appears to have the reduced length Ly 1 — £. This phenomena is called the 
Lorentz—Fitzgerald contraction. 


ANSWERS TO SUPPLEMENTARY PROBLEMS 


8.77. 


8.78. 


8.79. 


8.80. 


8.81. 


8.82. 


8.83. 
8.87. 


8.88. 
8.89. 
8.94. 
8.95. 


(a) ax? (b) AB; (c) BE (d) gaga, N —4 (e) BY, N—2 


pr? 
a a a ; 
(a) Sy 6/84) + 55 Q/8A)) + 35 Q/847). (b) AN BUC) + ABYC + APB2Ci + AT BC; 
(e) Gx! ox oe Ox... On x" 
ax! ax” © Ax? ax” " ax ax” 
Ellipse for N = 2, ellipsoid for N = 3, hyperellipsoid for N = 4. 


anx! + ax = bi 
anx! + ax? = by 
= ax? ox? axk  ;; = Ox? dx? ox" Ox” —.. = Ox" gx" = Ox" 
AU Ge AÏ (b) ees Be Coq ———— Cm (d Ap = — Am 
DA = ar ag aes © BS =arar ak ae O Cn = aw ga (d) Ar = x 
(a) B(j, k, m) is a tensor of rank three and is covariant of order two and contravariant of order one. If can be 


written Br. (b) CG, k, m, n) is not a tensor. 
4 = 1024 
(a) 2pcos? $ — zcos b+ p? sim? $ cos? , —2p? sin $ cos + pzsin $ + p^ sin $ cos? œ, pzsin œ. 
(b) 2rsin? 0 cos? œ — r sin 0 cos 0 cos $ + r? sinf 0 sin? $ cos? $ + r° sin 0 cos? 0 sin $, 
27? sin 0 cos 0 cos? œ — r? cos? 0 cos $ + 7* sin? 0 cos Osin? $ cos? $ — r° sin? 0 cos 0 sin $, 
— 2r? sin? 0 sind cos $ + r° sin 0 cos 0 sin $ + r^ sinf 0 sin $ cos? b 


wuz + 3v, 3u — uz, i? + uv — Vv? 


(a) B^, (b) A", (c) 8, (dN 8.98. Yes. 
It is not a tensor. 8.100. (a) 10, (b) 21, (c) N(N + 1)/2 
Rank 3 and rank 1, respectively. 8.101. N(N — 1)(N — 2)/6 
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72 -1 —4 14 10 18 8 
8.107. @ s- [5 7 »-] 4 3 ap 3! gc ES 


3 -1 3 1 1 -l 1 -4 6 
s=] 2 0 -2|, D2|-4-4 6|, P=]-9 -7 10], 
—2 1 1 0 5 -3 9 9 —16 
1 8 —3 
Q= 8 —16 11 
—2 10 -7 
3 —16 20 
8.108. (a) E E! (b) 9 163 —136 8.110. E E E] 
—61 -—135 132 
2 1 1/3 1/3 0 
8111. x——1,y23,z-2 8.112. (a) (b) | —5/3 1/3 1 |. Yes 
5/2 3/2 
-1 0 1 
ax! ax! ax 
jl àv ae Qe Al 
sim wap ]s3E 35 x. 
A ox! ox? ax? A 
a? o = ax? 
ox! ax a» 
ax! 8a ae ax! Ox! ay! 
Be = qd a 3 qu x2 m3 
Ao SA SAT or gr: a Am Ap Ag or. x m 
— = = Ox  Ox^ Ox Ox. ax" Ox 
(D | Ai An Az |=| 5 = A» An Az ERE Ac ete 
4 X a2 ao ae ax! a oe 
A31 A32 A33 A31 A32 A33 
ax! a ae à)? a ax? 
ax? a oe ax! a ae 
ox! ax! ax! dx! Ox! ay! 
ql Jl 1 a4. M3 El a2 a3 
A, A, A dx! à a9 lA o Ox ax Ox 
P qe au ae oe at | | 41 42 Ad) | ae a? ae 
OJ A 4,/=|—5 zs s (41 & 4} / a a a 
Br NE ONES Ox! = ax? ax? A A A3 Ox ox Ox 
A, A, A; a? oa ax? i à i à? a ax? 
ox! ox? ax ax! a o 
8.116. à= 4, —1 
: 0 0 
w TO 0 0 u? + v? 
8.119. (a) 0 w+ Of, 0 1 0 
0 0 1 u2 + v2 
0 0 1 
1 
a? (sinh? u + sin? v) 0 0 a? (sinl? u + sin? v) 
(b) 0 a (sinh? u + sin? v) O |, 0 
0 0 1 
0 
4/3 0 1 


8121. —6,(95—-| 0 1/2 0 


0 
1 


a? (sinh? u + sin? v) 


0 


1 
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AP AP 
8.130. (a) They are all zero. (b) [22, 1] = —p, [12, 2] = [21, 2] = p. All others are zero. 
(c) [22, 1] = ~r, [33, 1] = —r sin? 0, [33, 2] = —r? sin 6 cos 0 
[21, 2] = [12, 2] = r, [31, 3] = [13, 3] = r sin? 8 
[32, 3] = [23, 3] = r? sin 0 cos 0. All others are zero. 


8.123. (a) AP! = g/A,, (b) APT = gg" Aj, (c) A = ggg" A", — 8.128. 


8.131. (a) [11, 1] = u, 22,2] = v, [11, 2] = —v, [22, 1] = —u, 
[12,1] = [21, 1] = v, [21, 2] = [12, 2] =u. 


1 u 2 v 1 —u 2 —U 
Wj 2-42] wt (22| +o (if eH? 
1 1 v 2 2 u 
= Dc = = —————. All others are zero. 
21 12 u? + v2 21 12 u? + v? 


(b) [11, 1] = 2a? sinh u coshu, [22, 2] = 2a? sin v cos v, [11, 2] = —2a° sin v cos v 
[22, 1] = —2a° sinh u coshu, [12, 1] = [21, 1] = 2a’ sin v cos v, [21, 2] = [12, 2] = 2a’ sinh u cosh u 


| 1 | sinh u cosh u | 2 | sin v cos v | 1 | —sinh u cosh u 


ie a 22| sinh?u+sin?v’ |22| sinh? u + sin?v’ 


2 —sin v cos v 1 1 sin v cos v 
11] sinàu-si?v |21J [12] © sinh? u+ sin? v’ 
2 2 sinh u cosh u 
= ——3 —5-. All others are zero. 
21 12 sinh* u + sin^v 


ap do. d^ 2dpdd dz 
.132. = = 0, = 
Bee en ds? (<2) 0; ds pds ds 9 ds? 


=" . . > 
sinh? u + sin? v 


d de? dd? lO 2drd dd 
(b) ore y do — rsin? 0 dé =0, R arat ee a =0 
ds? d. d. 


ds s ds? ` rds ds s 
do ,2drdó | 2 cot 904949 — 0 
d? ‘ rds ds ` ds ds — 
8.135 pe ee cg ee lene "a m ee All others are zero 
4. 142Jj "'|:2J |21J q»-oc»'|22] 2)? = a 
ax! (ae dà 2x! dx! d? x dà. 
Hx =0, H | = 
ds? ds ds? (xy — (2)? ds ds P — (x1? \ ds 


; 3AF , ; x 
8.136. (a) A7, =F | : IE J lar + b li 


Ox lq qs S 
alk k 
jk lm 5 jk _ S Jk J sk Js 
(b) Aung Ox4 | zl sm E m F ee m + | qs za 
j aA! s \ slg s j j 
J ES kim _ ao J E J s 
(c) Aya 2d axa | kq Jain | lq Jakan | mq Jaks T | qs Akim 


3 9AJH s i j k i l j 
jee x i jkl J skl jsl jks 
(D Amg ax4 | mq L 7 | qs ls T | qs ls y | qs Jai 
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8.137. 


8.141. 


8.142. 


8.143. 


8.145. 


8.146. 


8.153. 


8.156. 


8.157. 


8.158. 


aay sl sl k 
mn __ jk _ jk _ jk sk js 
(e) Ang = əxa | lq A mq Asn nq Aims + A Aimn + qs Ain 


(a) T , (b) Al Bi - ABr q, (©) 8A; 


O aser roro] +4 
? + v tu àv 
(b) 1 a w u2 + vA,) 4 Ë wie FPA yl 1 A, 
uv(u2 + v?) | 8 u v m ae 
pe a 4 B0 a a 
Par wre ee e 
l e e ab 
(b) C Gr e.) = " 
ay sinh? u + sin? v V9" ðv a 


where e,, e, and e, are unit vectors in the directions of increasing u, v, and z, respectively. 


1 [£d o , 5 
u + o? E | 9v? PUE »| 
6A, dx! OAK Ky dx! — dAx s dx! 
= A = As = As Un 
GU “4 qr Gs lal J2 db dt -[2] * dt 
GA* — qA* j dx? k | dxi 
b z3 A* T ua AP “ao 
b) ôt dt A afa dt 


o Sar- i pt ALES (Lg ANa Ea digs 
Figur gt TN ar Na Paese e | 


o Mi 8b dA, j | dx s) dxt\ d, 
d) = (A) = ky A =® A —— A’ — | + —A! 
a 5 E Sa aa (a | | ML )s f 


(a) 8A* — dA. k | sae! 
a) ER x ERU qs dt 
; ÔA; ; (dA; s dx! dA, s dx 
bb, 228 t 1, Sa As — 
b) & ôt (S ja [| ^ dt dt kq | ° at 
. 6A" dA’ s dx r dx 
oe — " n or A^ C A3-—— 
(c) Sik, St «(s Lol s itla] P i) 


, x : .. ld ; ; 
(a) iż, rð, rsino | (b)? — r0? — rsin? 09?, UE 0) — r sin 0 cos 09, 
r 


eens sin? 6) 


a(o v1 vi Q 9 
ee) | SCALE: | 25 O where v? are the contravariant components of the velocity. 
oxa 2g dx? Ot 


ð 1 a 2 ð 3 ov! ao 
t ! t = 0 
(a) ap o") ae. ap p 8 
a a : 8 
(b) —(ov!) ô (ov) +—(ov)+o P+ v? cot 6) + 2 = 0 where v!, v), and v? are the contravariant 
or 00 Ob r ot 


components of the velocity. 


P ds 
C S 
unit normal to the surface S, which has C as boundary. 


dx? dx? 
fa ods = -|lewa, [tp dS where "e is the unit tangent vector to the closed curve C and v” is the positive 
s 
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Index 


absolute: contraction, 192 
derivative, 197 constant of integration, 97 
tensor, 198 contravariant: 
acceleration, 45 components, 158 
addition of vectors, 2 tensor of the first order (rank), 190, 199 
affine transformation, 73 vector, 180 
algebra of vectors, 3 coordinate: 
angle, 1, 77 surfaces, 72 
between tensors, 195 transformation, 72, 189 
angular: Cortiolis acceleration, 68 
momentum, 62 cosine, law of, 26, 42 
velocity, 33, 41 covariant: 
anti-derivative, 97 components, 158 
arbitrary constant vector, 97 curvature tensor, 225 
areal velocity, 102 derivative, 196 
arc length, 159 tensor of the first order (rank), 190 
associated tensors, 197 vector, 182, 190 
associative law, 3 cross product, 22 
cross-cut, 134 
base vectors, 9, 10 curl, 71, 81, 197 
binormal vector B, 49, 56 current density, 147 
bipolar coordinates, 163 curvature, 49, 56 
curve (space), 45 
calculus of variations, 196 curvilinear coordinates, 57 
cancellation law, 3 cycloid, 154 
Cartesian tensors, 227 cylindrical coordinates, 160 


central force, 66, 102 
centripetal acceleration, 54, 62, 68 


charge density, 147 A, (del), 69 
Christoffel symbol: A’, (Laplacian), 72 

of the first kind, 195 definite integral, 97 

of the second kind, 195 del, 69, 128 
circular helix, 59 dependence, linear 5, 14 
circulation, 98 derivative, 44 
circumcenter, 41 partial, 47 
column matrix (vector), 192 Descartes, folium of, 154 
commutative law, 3 determinant, 193 
components, 158 dextral system, 4 

of a vector, 4, 10 difference of vectors, 2 
conformable matrices, 193 diffential geometry, 48 
conjugate tensor, 194 differentiable function, 46, 47 
conservative vector field, 87, 99, 108, 199 of order n, 46 
continuity equation, 81, 147 diffusivity, 148 


continuous function, 46 direction cosines, 15, 25 


directional derivative, 62 
distributive law, 3 
divergence, 70 

theorem, 126 
dot product, 21 
dummy index, 190 
dyadic, 87 
dynamics, 49 


eigenvalue, 227 
ellipsoidal coordinates, 163 
elliptic cylindrical coordinates, 161 
energy, 112 
equal: 
vectors, 1 
matrices, 193 
equilibriant, 8 


field, (scalar, vector), 5 

flux, 100 

folium of Descartes, 154 
four-leafed rose, 154 

free index, 190 

Frenet—Serret formulas, 49, 56 
fundamental quadratic form, 171 
fundamental tensor, 194 


Gauss’ theorem, 145 
geodesic, 196 
gradient, 69, 159, 197 
Green’s first identity (theorem), 127, 142 
Green’s second identity, 127, 143 
Green’s symmetrical theorem, 127, 143 
Green’s theorem, 127, 130 

in space, 127 


Hamilton—Cayley theorem, 227 
heat equation, 148 

helix, circular, 59 
hyperellipsoid, 230 

hyperplane, 199 

hypersphere, 199 

hypersurface, 199 

hypocycloid, 154 


ijk coordinates, 3 
indefinite integral, 97 
independence, linear, 5 
initial point, 1 

inner multiplication, 192 
integral, 97 


intrinsic derivative, 197 
invariant, 73, 90, 191 
inverse matrix, 193 
irrotational vector, 86, 108 


Jacobian, 92 


Kepler’s laws, 103, 122 

kinematics, 49 

kinetic energy, 112 

Kronecker’s (delta) symbol, 
91, 191, 201 


Lagrange: 
equation, 216 
multiplier, 70 
Laplace’s equation, 79, 156 


Laplacian operator (A), 72, 197 


law of cosines, 26 
for spherical triangles, 42 
law of sines, 31 
for spherical triangles, 37 
leminscat, 154 
length of a: 
tensor, 195 
vector, 22 
linear combination, 5 
linear dependence, 5, 14 
linear independence, 5 
line: 
element, 194, 208 
integral, 98, 104 


Lorentz — Fitzgerald contraction, 230 


magnitude of a vector, 22 


main (principal) diagonal, 192 


matrix, 88, 192, 206 
column matrix, 192 
nonsingular matrix, 193 
null matrix, 192 
row matrix, 192 
singular matrix, 193 
square matrix, 192 
unit matrix, 192 

matrix transpose, 193 


Maxwell’s equations, 86, 94, 224 


mechanics, 49 

metric, 194 
coefficient, 171 
form, 171, 194 
tensor, 194 

mixed tensor, 190 


Index 


Index 


Moebias strip, 119 radius: 
moment, 33 of curvature, 49, 56 
momentum, 49 of torsion, 49, 56 
moving trihedral, 49 vector, 4 
multiply-connected region, 131 rank (of a tensor), 91 
reciprocal sets (systems) of 
nabla, 69 vectors, 22 
N-dimensional Euclidean spaces, 194 reciprocal tensor, 194 
negative, 3 rectifying plane, 49 
of a vector, 1 rectangular coordinates, 3 
Newton’s law, 49, 102, 222 repulsive force, 100 
non-orientable surface, 119 resultant vector, 2 
non-singular matrix, 193 Riemann—Christoffel tensor, 225 
normal: Riemannian spaces, 194 
plane, 49 right-handed coordinate system, 3, 4 
vector N, 49 rotation, 71, 73 
null matrix, 192 pure, 73 
rotation plus translation, 73 
oblate spheroidal coordinates, 162 row matrix (vector), 192 
orientable surface, 119 
origin, 1 scalar, 1, 6, 191 
orthocenter, 41 field, 5 
orthogonal, 157 function of position, 5 
curvilinear coordinate multiplication, 2, 6 
systems, 157 potential, 87, 94, 99 
transformation, 73 product, 21 
osculating plane, 49 scale factors, 158 
outer multiplication, 192 Schroedinger’s equation, 184 
outward drawn unit normal, 61, 99 simple closed curve, 98 
simply-connected region, 130 
parabolic cylindrical coordinates, 160 sines, law of, 31 
paraboloidal coordinates, 161 singular: 
paralellogram law, 2, 7 matrix, 193 
partial derivative, 47 points, 164 
permutation symbols, 197 sink, 17 
physical component tensor, 196 sink field, 17 
Poisson’s equation, 156 skew symmetry, 191 
position vector, 4, 45 skew-symmetric tensor, 191 
positive: solenoidal vector, 82 
direction, 107, 127 solid angle, 146 
unit normal, 99 source, 17, 142 
potential energy, 112 source field, 17 
principal (main) diagonal, 192 space: 
principal normal, 48, 56 curve, 45 
product of matrices, 194 integral, 100 
projection, 23 spherical: 
prolate spherical coordinates, 162 coordinates, 160 
proper vector, 2 triangles, 42 
pure rotation, 73 spheroidal coordinates, 160 
square matrices, 192 
quadratic forms, 171 stationary scalar field, 5 


quotient law, 192, 205 stationary vector field, 6 


steady state 
scalar field, 5 
vector field, 6 
Stokes’ theorem, 126 
sum: 
of matrices, 193 
of vectors, 2 
summation convention, 190 
superscripts, 189 
surface: 
curvilinear coordinates, 178 
integral, 99, 113 
symmetric tensor, 191 
symmetry, 191 


tangent vector T, 48 
tensor: 
addition, 192 
analysis, 88, 182, 189 
contraction, 192 
density, 198 
inner multiplication, 192 
first rank, 190 
outer multiplication, 192 
quotient law, 192 
rank zero, 191 
subtraction, 192 
terminal point, 1 


three-dimensional Euclidean spaces, 194 


toroidal coordinate system, 163 
torsion, 49, 56 


transformation of coordinates, 157, 189 


translation, 73 
triad, 49, 88 
triadic, 88 
triangle law, 7 
trihedral, 49 
triple product, 22 
twisted cubic, 65 


umbral index, 190 
unitary base vectors, 158 
unit: 
dyads, 87 
matrix, 192 
multiplication, 3 
vector, 3, 158 


vector, 1, 6 
area, 32 
column, 192 
difference, 2 
elements, 159 
end of, 1 
field, 5 
function of position, 5 
initial point of, 1 
null, 2 
origin of, 1 
potential, 94 
proper, 2 
resultant, 2 
row, 192 
space, 3, 6 
sum, 2, 6 
terminal point of, 1 
terminus of, 1 
unit, 3 

velocity, 45 

volume integral, 100 

vortex field, 86 


wave equation, 86 
work, 27 


Zero: 
matrix, 192 
vector, 2 
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